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PEKFACE TO THE 1896 EDITION. 


The prciicnt book aims at giving a clear knowledge of the 
principles of the subject, in. as elementary and even popular a 
manner as is consistent with careful accuracy, and without 
assuming any mathematical knowledge beyond the most rudi- 
mentary algebra. At the same time it * 18 ^ hoped that students 
who use this manual will be able to master the elements of the 
science^ in such a way that they may rise from it to more 
advanced treatises, not only without having anything to un- 
learn, but with a very sound knowledge of principles. Copious 
illustrations and explatiations have been inserted, and the needs 
of students who are without the aid of a teacher have been kept 
steadily in view. 

The subject is treated as an Jntroduction to Physics, and its 
law^s are deduced from the first principles of familiar experi- 
ence rather than from special experiment. Experiments in 
Mechanics have a subordinate though most useful part in 
illustrating and emphasising the facts, but the author has no 
faith in making the establishment of principles depend on 
special experiments. So also jn Geometry : drawing, measuring, 
and weighing may well beHied for purposes of instruction and 
illustration, but propositions should be otherwise proved. 

The early examples at the ends of the chapters are typical 
ones, and ore intended not only to be worked without looking 
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at the answers, but also to be i^eacl almost os part of the book, 
because they frequently direct atteiition to important details, 
A lai'go number of examples for pmctice have now been 
added to these, and the text has been thoroughly revisecb In 
this work, as stated on the title>page, the author has had the 
collaboration of his brother. 

The statements made in a book should be carefully criticised, 
and not taken for granted ; and all kinds of special cases should 
be thought of or tried, to see if an exception cannot be fouiKb 
It is h}j thinking on€*$ self on a snlgect that it becomes really known 
to one^s self ; it tcill never he really known if ice only try to tnnfer* 
stand and remejither what (he book says. 

Tiic author thinks "that students will derive benefit from 
referring to Part L of Deschuners Natural Philosoidiyy trans- 
lated by Dr Everett, os a supple men Uiry well-ill u.stratefi work 
introductory to general Physics, and reference is accordingly 
made to it or to the corresponding portion of Oanot’s Physics 
for details wliich would unduly swell the size of the present 
bo<jk. From the more engineering shle, Professor Perry's 
Practical Mechanics is also to Ixi recoiimiended. 

The book, as now revisecl, U intended to be not only an 
easy intnxluctioii to the subject, but, as far as it goes, a pliilo- 
sophical work. If at any place it is unable to staml the test 
of hostile criticism, the failure is a defect whicli the author 
will gladly utilise the aid of the critic to remove.* From 
friendly critics he has already received several welcome minor 
corrections. 


OLIVER J. LODflE. 



sucjoestioKs for reading. 

lUXiiNNKiis are recoiiiiiicnded to omit the following sections 
on a tirst rea<Ung : 17, 18, 31, 40-43, 53, 55, 66, 76, 80-82, 104, 105, 

123; and then to return and read the omitted |K>r(ions together, 

0 * 

and iinally to read the whole book carefully through without 
oiiiittiiig anything. Students preparing only for London Uni- 
versit^^matriculation, or for the elementary stage of the Science 
and Art Department, may with safety omit any of the aliove 
sections over which they ex|)erience much ditticulty until the 
cxaininatioii is over. *l'he introduction l>eing harder than many 
other [larts of the Ixmk, its complete reading may be deferred* 
It is imulvisable to l>egui the study of either Mechanics or 
riiysics without a knowle<1ge of the Greek alphabet. 
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INTRODUCTION. 

OK FOBOE. 

1. Physics is tlie comprehensive science which deals 
with the general relation and properties of the three funda- 
mental facts or phenomena — Space, Xime, arfd Matter. 

Mechanics is the foundation of Physics, and deals with 
the simplest and most direct relations among these same 
phenomena. 

(There are other branches of Natural Philosophy, such as 
Chemistry, which discusses particularly the properties 
whereby forms of matter differ from each other, and 
Astronomy, which deals with the motions and constitutions 
of laige and distant masses of matter.) 

Metaphysics, on the other hand, attempts to solve 
problems aa to the ultimate nature of the above phenomena, 
seeking to express them in terms of mind and consciousness, 
or vice versd ; and it also considers how far the things called 
space, time, and matter really exist Physics silently accepts 
their existence, and seeks to express all their properties and 
relations in the simplest terms. The science of Mechanics . 
or Dynamics embraces that part of Physics in which this 
attempt has been so far successful This is the scientific 
use of the temi Mechanics ; it used to mean chiefly the 
science of Machines, and this is still a part of the subject ; 
usually now this part is specially distinguished as Applied 
Mechanics, and the more general aspect of the science its^ is 

A 
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called Djaamics, which aignihes a treatment of the action 
of the fact or conception which links tc^ether the tlirec 
fundamental phenomena already specified — namely, tlie very 
important fact or conception of * Force/ 

2. By the term Force we are to understand muscular 
exertion, and whatever else is capable of producing the 
same effects. 

Muscular action impeded gives us our primitive itlea of 
force ; our sense of muscular exertion itself is a primary 
one for which we have special nerves, and it is not n?solved 
into anything simpler. When any inanimate agent im>- 
duces an effect on IxxUes exactly similar to that which 
would lie produced by muscular exertion on the i>art of an 
animat, it also is said to exert force. Thus, a steam>engine 
exerts force wJien proj^elJing a carriage, or pumping water, 
or turning a mill ; gunpowder exerts force on a (jannondxilt 
during the time tlm ball is passing from the lu’eech^ to the 
muzzle of the gun. But in onler that an agent may exert 
force it must meet with some resistance ; in other avoixIs, 
force is always the mutual action of i^co Ixxlios against one 
another, and the amount of the force is precisely equal to 
the amount of resistance. Thus, a flying 'meteor or a 
eannon4)a]l is not exerting force (except, indeo<l, on the 
earth, by reason of the fact of gravitation) unless it meets 
with some resistance: but if the air mb against it and resist 
its motion, it will exert a force against the air ; and when it 
strikes a target, it meets a very greiit resistance, and therefore 
exerts a very great force, ixjssibly smashing the target. A 
running stream exerts very little force unless it meets with 
an obstacle ; hut if you resist its motion with your hand, it 
will press against your hand ;*or if yoti dip in the vanes of 
a water-wheel, it may force the i^eel round. 

3. Staresa — Forces, then, always occur in pairs, con- 
stituting a mutual action, a pulling or pushing l>eiween two 
bodies and the action (pull or push) of the one on the other 
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is always precisely equal to the reaction (pull or push back) 
of the other on the one. In other words, action and 
reaction are equal and opposite. Tliis pair of forces which 
always go together it is convenient to have a name for, and it 
is called a stresa. It is a temion if the forces are acting 
away from e^h other, and a pressure if they are acting to- 
wards each other. If the stress be directly betu^een two dif- 
ferent lx)dies, it is always a pressure ; if l^etween different 
parts of the same lx)dy, as at any section of a rod, it may be 
either a pressure or a tension, and is in either case called an 
internal stress. (The effect which a stress produces in an 
onlinary solid iKjfore rupture is called a strain; see sect. 5.) 

Therc^ are indirect actions between Ixxlies, such as Gram- 
taiion^ Cohesion^ Magnetic and Electric • Forces^ &c., 
wlu’ch are not yet thoroughly understood, but which prob- 
ably arise from intenial stresses in some energetic connecting 
medium which thus exerts equal pressures on both bodies, 
forcing them towartls or away from each other, as the case 
may l>c. So far as the Iwxiies are concerned, therefore, 
these forces may lie glassed under the head of Pressures^ 
not l)etween the two bodies, but 1)etween the medium and 
each l>ody. When the earth is one body and a stone the 
other, the gravitational pressure which is driving them 
together is commonly called the ‘ weight ^ of the stone. The 
peculiarity of gravitational pressure is that it acts on every 
atom of l)oth bodies tliroughout their entire mass. 'WHiere 
two contiguous ]iartieles of the same body are being con- 
sidered, the pressure which holds them together is called 
cohesion : and it is the existence of this remarkable , 
molecular stress which permits the possibility of Tension of 
any kind in material bodies. 

It is often convenient to isolate one of tlie components of a 
stress between a pair of liodies, and to consider only the force 
acting on one )>ody ; but we only do so by attending to this one 
and neglecting the other component, which always necessarily 
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exiAta and is acting on tlie other bociy of the pair. Moreover, 
which of the forces wa choose to call the ilirect action, and which 
the reaction, is merely a matter of convenience ; hut it will be 
obviously c«>ttvenient to s{)eak of that component which acU on 
the piece of matter we are dealing with as the forcCf or the itc/ion 
of the other piece of matter, while that component which aflecS 
this other piece of matter will of course be tlie reaction of the first 
piece on it. An absiml puzzle is sometimes made out of the 
fact that a cart always pulls back the liorse with precisely the 
same foi'ce as the horse pulls forward the cart. It is aske<l. * How, 
if that Ije so, can they ever start?* The puzzle can only lie felt 
by those who forget that each force acts on a dillerent hmly. In 
the simplest case, there is no equilibrium or Imlance of forces 
acting on the cart : there is only one force acting on the cart — 
namely, the puli of the horse, and this force is quite tinhalanceil ; 
the reaction or pull hack of the cart does not act on the cart, but 
on another body altogether—namcly, the horse. It neetls there- 
fore no knowledge of mechanics to see clearly the way out of 
this puzzle ; it neetls only a little thought and some comtnon-senBe. 
To explain why a horse or a steaiii engine is able to exp.rt force 
At all— that is, to explain how the system of hoi-se and -cart is 
able to progress— is more complicated. 

We have spoken of force a.s exertisl //y matter. Of inert 
matter this is hanlly correct. Matter docs not of itself 
exert force ; it must l)e set in motion, or have some other 
form of Energy conferred uj>on it, Iwfore it can exert force. 

Remembering this, however, we shall do no harm hy 
habitually using the convenient |ihra.se, ‘ the force exertiMl 
by such and such a iKxly.' Even in the case of the indirect 
actions Wtween two bodies, such as gravitation, ^c., almve 
mentioned, it is customary to talk of the force as if it were 
exerted by one liody on the other, although, strictly 
speaking, the forces are between each body and the con- 
necting medium. Thus we s^ that the weight of a stone 
is due to the pull of the eartl^^ upon it ; but, since the 
action is really a stress in the surrounding medium, it 
follows that a stone exerts precisely the same force on the 
earth as the earth exerts on the stone. 
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4. Equilibrium. — A biM>k lyiug on a table is at rest. 
Why ? Not because no foitje is acting on it, for the earth 
is pulling it ; but because another and equal force is also 
acting on it in the opposite direction — namely, the ^resistance 
of the table. This is the condition of all bodies at rest near 
the surface of the earth ; they are subject to two or more 
forces whicli neutralise each other as far as motion is 
concerned, though they do not neutralise each other as 
regards afrain. Indeed, when we wish to i)roducc strain and 
not motion, we must subject the body to the action of two 
equal opposite forces ; for exaniple, if you want to tear a piece 
of paper, or l)n3ak a string, or stretcli a piece of elastic, or 
crack a nut, it is no use pulling or pushing at (me side only ; 
you must apply a force to both ends cn* sides — that is, you 
must apply a tension or a pressure ; you must subject the 
b(Kly to an internal stress. 

Strictfy Kpeaking, motion ap]>eais to 1>e the nonnal coiulition of 
matter at present ; all known iKxlies are moving through space 
with considerable speed, and no such thing as ahsolvte rest is 
known. We can, there(pre, only consider the motion of bodies 
relative to some Ixxly regarded for the time being a.s fixed. It is 
generally convenient, in mechanics pro|>er, to consider the earth 
as a IxKly at rest, and to leave the study of the motion of it, and 
of the group of bodies to winch it belongs, to Asti*onomy, wliicli is 
really a branch of mechanics in a wide sense. It may sometimes 
he convenient to consider the earth to he moving through space 
in any direction desired. It is also often advantageous to consider 
the motions of two bodies, or parts of a body, as if one of the two 
wore fixed, although both or either may be moving relatively to 
the earth. For example, on board ship, one generally considers 
the motions of the various people and movables with i*egard to 
ttie ship, and not with regard to the water or dry land ; and in 
applied mechanics the study of the relative motions of the 
various parts of a machine it^i^ry important. 

5. Tlio effects of force on matter are 

^ Wlmtever other efTects of force there nmy* eppesr to be, sre studied auder 
Phjfsic$t end phyelcisU ere hoping to reduce ell of them ultimetely to the ehove 
two foniiM. Hence Pltyaioe ie conetantly tending to become more end more 
lueohenlcel. 
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A. Change of motion, whioli ia called Acceleratioit 
I>. Change of size or sliaf)6, wliich in called Strain 
or deformation. 

If only one force acts on a iKnly, it must prtHluce the 
effect A, and it may |mxluce B also. If two or more forces 
act in different directions on different i>arts of a Ixxly which 
is not absolutely stiff and rigid, they must produce B, and 
they may prcxluce A also. 

G. The two kinds of effect, A and li, are distinct; and 
each would funiish a meimne of force. 

A force may Ixi measuiiMl by the amount of motion it can 
jmxluce in a given piece of matter in a given time ; and 
tliis is the measure we sludl mostly use. 

Or a force may 1x3 ^meu.sured by the amount of strain it 
can produce in a ccjrtain piece of matter : the amount it (‘an 
1»end a certain sjiring, for insUuice, as in a dynamomet(»r ; 
or the amount it can twist a certain win*, as in a't(»rsion 
or spiral spring Imlance. If we are not concerne*! with 
measuring fi»rces absolutely, but mendy wish U) romjiare 
two foices, we may of course simply balance them one 
against the other, as is done in a balance or steelyard. 

Of the two classes of effect, A and B, A is much the 
simpler, and constitutes the branch of mechanics of which a 
IK>rtion is studied in an elementary course ; it is the only 
bninch suitetl to elemenbiry cxjiosition such as the present. 
But before pnwjecding to our actual subject, the motive* 
effect of force (called Dgnamks^ from ivvdfut, force), it is 
convenient to study motion itself a little in the alistract, and 
without referen(3e to either force or matter. (The subject of 
abstract motion is called Kimmutics^ from motion.) 

We may conceive a geometri^l^ point or surface moving 
about in all sorts of ways without troubling ourselves with 
the cause of tKe motion, and the propositions which we so 
discover will be useful when we come to the motion of an 
actual piece of matter under the influence of a force. 
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CHAPTER I. 

ON MOTION (Kinenmtm)^ 

I. MOTION OF A POINT (TRANSLATION). 

(a) Rectilinear Motion^ 

7. A Ixxiy is said Uy move when it is in different positions 
at different times. This is to 1)e regarded as the essential 
chanicteristic of motion — it involves a reference to both 
space and time. Geometry deals with space alone. Kine- 
matics deals with both time and space. 

Now motion has two primary pro^Krties to l)e studied — 
Speed and Direction ; both of which are sometimes held to 
1)0 intluded under tho one name, Velocity. Isjt us take 
them in onler. 

When a Ixxly m()ve8 over ccjuai spaces in equal times, its 
motion is said to be uniform^ or its speed is said to be con- 
stant,* For instance, the tip of tho hand of a clock has 
such a motion as regaixls speed, in spite of the fact that its 
direction of motion is constantly changing. The apparent 
motion of a fixed star across tho field of a telescope is 
another instance of uniform motion. 

When a Ixxly moves over Rwequal spaces in equal times, 
its velocity is said to be variable. As an example of 
variable velocity, we may take the case of a falling stone, 
which moves quicker and quicker as it descends ; or of a 
stone thrown upward, which has a decreasing velocity till it 

* It it probable that our idea o| motion (that of llree motcular action) pro* 
ceilet and suggetts oi\r idea of tliifb ; and that otir notion attqwd intervelioi Ume 
depends on our recognition of motUnu Brery meaaurer of time is simply 

a uniformly moving body. The most uniibrmly moving body we know to the 
earth, which rotates on its axis in a period of always the same duratton ; this 
period Is token ss onr Ibndamentol unit of time, and the ytf vxth part of it is called 
a tmnd of * msaa solar time,* and is used as the practical unit. 
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[sect. 7. 

Teaches its highest point ; or of the hob of a pendulum^ 
which has a velocity alternately increasing and decreasing, 
as well as changing in direction. To begin with, we sliall 
consider motion in a straight line only — that is, with ctni- 
stant direction. 

8. Velocity is defined as the rate of motion of a bo<ly. 
When imifomi, it is nie<isured by the distance tmveljc<l, 
divided by the time taken in the journey ; when variable, 
its average value is measurefl in the siune way. Thus, if a 
point move over a distance in a time /, its velocity is 8jt ; 

or V = 

t 

For example, if a train goes 80 miles in i hours, its 
average sj)ee<l is 20 miles an hour. This expw'ssion may \>ei 
put in tlie form of a ffaction, and may l)e written 

80 miles 20 miles ^ 1 mile 
4 hours i hour ~ 1 hour ^ 

the last fraction denoting a velocity of 1 mile [Hft hour. 

Similarly, or, shortly, denotes a speed of 1 

1 second sec. 

j)er second, which we may consider as a sort of standard 
British unit of s{)eed, suited to the majority of problenus 
with which we shall have U) deal. The speed of the above 
train may if we please 1x5 reduced to feet per second, as 
follows : 

80 miles 80 x 1760 x 3 feet 88 - . i 

, ass -- — . - ~ - ss - •-* feet per secomi. 

4 hours 4 X 60 X 60 seconds 3 

• 

The mode of dealing with units indicatetl at full length 

in this extremely simple example will be found of con* 
siderable service in more complex cases. 

Note that a velocity is length j)& Hme^ and that it is not 
correct to speak of a velocity of so many feet We speak of 
a length of so many feet — or a time of so many seconds — but 
a vdodtij of so many feet per eecond. 
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The unit of velocity is of course ; that is, 

unit of time 

1 foot 1 centimetre i i ^ i 
1 second 1 second * 

second). Strictly speaking, it is incorrect to sjieak of a 
velocity 6 simply, hut it is sometimes done wlien the par- 
ticular unit of velocity is specified by the context. 

9. The above measure of velocity as the ratio of s to f is 
independent of the size of 8 and so that it remains per- 
fectly tnie when s and t are very small. Thus in the case 
of a body moving iinifonnly 6 feet every secon<l, its velocity 
6 1 1 

may be written either -- or ^ or ; and any of these 

fractions represents its velocity eqiiMy well so long as it be 
uniform. But if the velocity were variable, tlie Ixxly might 
still go 6 feet in a second, so that its average velocity would 
still ke 6 ; but its ariudl^ velocity at each instant might take 
all kinds of values, some greater and some less. Thus a 
train which had gone from London to York, 200 miles, in 
6 hours, would have had an average speed of 40 miles an 
hour ; but its actual speed would have varied greatly; some- 
times rising to 60 perhaps, sometimes falling to 0, as at a 
station. The whole distance travelled, divi<led by the whole 
time taken, will always give us the average velocity for that 
distance ; and in the case of uniform motion, the average 
velocity coincides with the actual velocity at each instant 
But to get information on the actual velocity, at any one 
I>lace, of a thing whose speed varies continually, it is neces^ 
sary to suppose a small distance taken at that place, and 
divided by tlie time taken to traverse it The smaller the 
distance taken, the less posbibility is there of variation, and 
the more exact will th%* specification be ; hence the actual 
velocity of any moving body at a given instant is the 
infinitely small distance then being described divided by the 
infinitely small time required for the purpose* 
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(The facts are often expressed in a form which api)ear 8 
more simple, but which involves less inifKirtant ideas — 
namely: Unifonn velocity is measured hy the H|)ace do- 
scrilml in unit time. VariahJe vekn^ity, hy the sjKice which 
1)0 descril>ed in a unit of time if at the given moment 
the velocity were to cease to vary.) 

»So then, using little p to stand for actual velocity at any 

g 

instant, c = ^ is true when s and / are small ; but, using big 

g 

V to stand for average volt>city thnnighout any time, V « - 
is always tnio unconditionally. 

RXAMPLES-~1. 

(1) A train h travelling at the mte of 26 miles an hour. How 

long will it take to travel lietween two telegra[)h |K)le« 100 
yards apart ? • 

Then? are iHnalty about 24 t«leKra{>h^>lea to the mile, heiico the 
of a train nmy Iw roughly e»tinmbN| by a traveller. It may be 
ahown ill fact that in that cane the )»t>e*?«l of the train, In iitilcH {M;r hour, 
la 1^ thvhled by the number of jM^comU |ak«u to travel between two 
polea. Because if 

a ni. I tel. pole 
1 bour*^ # iiecomU ’ 

It fulluwe that 

— I hour ^ 1 tel. tK>le_3S00_lW 
"‘aaccowla I mile ^24*^ 

Another way of putting the result h to »ay that the epeed, in tutleJi an 
hour, ia 2^ timea the ttmuber of telegraph poles paase<i {ler minute. 

(2) A iinui walking from A to B at 3^ miles an hour aivives at B 

in 1 hour 3^ minutes. A cyclist starting fmm A an hour 
later arrives at B at the same time ; at what rate per hour 
was ho travelling ? 

(3) H 100 iftchess254 centimetres, how many centimetres |>er 

second is equivalent to 3 inil^ an hour ? 

(4) A man walks at the rate of 2 yards a second. What is his 

speed in mites per hour ? 

Tbo nwtttt in s conventoat hMt to ismember : 2 yards a second is 4 
miles an hour, roughly. 

(5) How many feet does the tip of the minute hand of a clock 

travel in 24 hours if it is 4 feet long? How much does it 



VKLOCITT. 


CHAP. 1.] 


H 


move for each complete swing of ita pendulum if it ticks 40 
to the minute ? 

(6) If a snail crawl at the rate of i inch a second, how far will it 

go in an hour ? 

(7) Ifow long would a train take to go 100 yards at the rate of 

20 miles an hour ? 

(8) With what velocity must I walk in order to go half a mile in 

five minutes ? 


ANSWERS TO 1. 

(Worked ill full to hHow the inode of dealing with units.) 

3x30 

i I \ A * X HO X seconds 90 j o ® j 

=11 seconda= 8 ^r seconds. 

m 

11 

( 2 ) «='^1 minutes 

= •■*4 '"^**^+36 m>rt^ 

1 hour ^ 

J9 

i= ut miles i>er ho|ir 
7 

i=94 miles per hour. 


(3) 


(4) 


5280 
254 
la^iOO ' 
261400 
21120 
1341 ' 


3 miles 3 x 1760 x 36 inches 
1 hour 60 X 60 seconds 

n OOxii fH 254 ^iitiinetres 
^ X ^ 100 seconds 
100 

^ 134 centimetres per second. 


2v^._i:xn6qjdC 

1 60 X 60 

00 


. __!?x1Wx(W_45_,‘ 


10. Aceelnation.— Hie rate of change of veloeity ia 
called aeederaHon. Velocity luey change in magnitude and 
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in direction^ and the rate of either change is called acceleia* 
tion. 

When uniform, the acceleration in any direction is 
measured by the velocity gained in tliat direction in a 
certain time, divided hy the time taken to gain it. When 
variable, its average value is meiisuretl in the same way. 

Thus, if a falling Ixxly acquire a velocity of 96 feet }>er 
second in three seconds, its avemgo acceleration is said Uy 
he or 32 units of velocity per i^eund. 

Hence acceleration l»ear8 the «inio relation to velocity Jis 
velocity ilid to distance ; and denoting it hy n, we have 

0 

1 

as the algehmic 'stotenicnt of the measiin^ of acceh*mtion ; 
rememl)ering that c st’^nds for the velocity yained hy the 
body in the time /, and need not stand for any velocity actu- 
ally possessed hy the Inxly, Thus the alnivc falling bo<ly, 
instead of simply falling from r(*st, iniglit have btH»a thrown 
down from a l>all<Km with an initial veh^city of 100 feet a 
second ; but if at the end of thrive seconds its %'elcHuty weni 
196, then its yain of velixjily would 1)C |m*cifiely the same as 
befon^ and its accelemtion thei’efore still or 32. Hence, 
generally, v may be said to stand for the dilVercnce l)et>veen 
the final and the initial vekicities, which are conveniently 
denoted by i\ and respectively, so that r » *- Vq, and 



11. W^hen a Ixsly moving in a straight line acquires 
equal increments of velocity in ecpial intervals of time, its 
acceleration is said to be cons{gnt : for instance, a falling 
stone has constant accelemtion / ijs velocity uniformly in- 
ereasea It gains in fact a velocity 32 feet per second 
daring every second of its motion. In all that follows^ the 
accelemtion is supposed to be constant^ unless it is otherwise 
stated. 
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Note that aecelemtion is veheity per time, and that it is 
absurd to speak of an acceleration of so many feet^ or even 
of an acceleration of so mmy feet per eecond, for this last is 
a velocity. An acceleration may properly be specified as so 
many feetpei'-aecond per second. The expression for acceler- 
ation can be put in a fractional form ; thus the acceleration 


96 feet r)or sec. ^ sec. ft./sec. , . , , . . 

^ ~ I, =r 32 — ' ; which last is com- 

o see. .5 sec. sec. 

iiionly treate<I like an ordinary fraction, and briefly written 

ft 

. Vo j though it must lie admitk*d that the notion of a 
(sec.)- 

.s<piare(l second is absunl. Tliere is, however, no principle 
involved in this iikhIo of writing ; it is merely an abbrevi- 
ation, and it must always Ixi interpreted as above. 

Tlic unit of accMderation appn>priat<j to the C.G.f^. system of 

cm, , , 
and the 

in British units trans- 


1 centim./sec. 


or 


units (8<3e page 308) is j 

accelemtion already expressed alwn- 
lutes itself easily into C.O.B. units, l>y the knowledge that a 
frM)t equals 30*48 centimetres, thus : 

ft ^ , 30*48 centim. centim. 


Similarly, 981 centim. second units equal 32*2 foot-second 
units very nearly. 

12. If then the velocity of a Ixxly increases^ its accelera- 
tion is the gain of velcxuty in e,ach second of time ; but if 
its velocity decreases^ tlien the acceleration is really a 
retardation, and it must bo reckoneti negative, but as 
numerically equal to Uie Ic^ of velocity in each second. 
Thu.s, 8upix)8e that in 3 Ajconds the velocity of a body 
changes from 196 to 1()D, its acceleration is --32. If the 
velocity of a body is constant^ then of course its acceleratioii 
(or rate of change of velocity) is aero. 

The Use of the NegoHot Is a welhknown method to 
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(liBtingnish between opjKwite lUi-ections by oi>|Kmte Thn««, 

if a)l «iistances »neiw»ure<l to the right of any j^int reckoiiwl 
positive, any distance to the left will Iks negative, so that -30 feet 
will mean «30 feet to the left. 

It i« ttsiiah to reckon diataiices ?</) as jKwitive, and hence 
distances as negative. The same may l>e exten(fe<l to 

velocities, and a velocity upward may be called a positive velocity, 
a velocity downward a negative one. Thus, the velocity of a 
falling stone may be called negative, and it is continually getting 
mmerically greater (though algebraically lees) : so the aceelera* 
tion prodnced by gravity ought on the same convention to lie 
called negative, becanse it is negative velocity which is added by 
it every second. In fact, an increasing negative quantity corre* 
i^pcmds in algebra to a decreasing positive one, and vtd; versd. 


EXAMPLES-n.» 

(1) A IxKly starts from rest and acquires a velocity of 60D feet 

per 5iecond in half a minute. What is its acceleration ? 

(2) A liody starts with a velocity 50 feet per second, and in 6) 

seconds has acquired the velocity 102 feet per second. 

What is its acceleration ? 

(3) A iMMly moves with acceleration 32 ft. /(sec. starting with a 

velocity of 20 feet per second. What is its velocity in I, 2, 

3, 6 seconds respectively? 

(4) A train acqiiin^ n velocity of 20 myes per hour 5 minutes 

after leaving the station. What was its avemge accelera> 

tion during this time ? 

(5) How many miles an hour per hour is 32 feet a second per 

second? 

(6) A train going 40 miles an hour is hronght up in 40 seconds 

l>y the brakes. What Is the rate of retardation in feetqnjr* 

second per second ? 

* Alt these sre merely profit and loss questions. Velocity cormponde to 
cspitel, ami acceleration to rate of gain. Th»e question 3 may be paraphrasetl 
thaa : * A man ataita in bnsiness with gains £32 every year. How much 

has lie got in 1 , 2, 8, e years nmpeeUvely t' 

And No. S thns : * A man starts with A12S, a^ loses £82 attntiatty. How soon 
win he have lost all ? and what will he have in 1, 8, 5, 7 years t* Obvionaly he 
will have lost all in four years, and in seven yean he will be £88 in debt. 

A less simple hind of qnesUon is one that Involvea ; for some examples, 

iseXs. IV. p.8». 
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(7) A l>o<ly Starting with velocity 100 feet per second has only a 

velocity 52 in 4 seconds. What is its acceleration ? 

(8) A IxKly with acceleration ~ 32 foot second units starts with 

velocity 128. How soon is itis velocity zero? and what is 
its velocity after 1, 3, 5, 7 seconds respectively? 

(9) A Inniy dropped from a stationary balloon falls with ac< 

celeration and hits the ground with a velocity 512, the 
units being feet and seconds. How long w'as it in falling? 

(10) Tlie acceleration of a moving point expiessed in terms of 

centimetres and seconds is 200. Explain exactly what 
thh means. Find w|^t number expresses the same aeoel^ 
emtion in terms of metres alnd half^seeonds. 

(11) The aeealmation of a falling body is 9S1 when referred to 

cettHmetres and seeonda If 1 foot were used as unit of 
length, and 1 minute as unit of time, how wonld this 
aoederation lie represented ? 

1 f<x>t9»S0*48 centimetres. 

(12) A train starts from rest, and 24 se<^nds later is moving at 

240 yards )>er minute. Find its average acceleration. 

(13) .Wiiiat acceleration is needed in order to get up a speed of 60 

miles an hour in 2 minutes ? 

(14) What rate of retardation will destroy tiiis motion in 5 

seconds? 


(5) Ctirvilinear Motion of a Point 

13. Besides change in the magnitwle of velocity or rate 
of motion, there is another thing to lie considered — namely, 
change in its direction. Hitherto we have only considered 
motion in a constant direction — that is, in a straj^it line ; 
but when the direction of a point’s motion is constantly 
changing, the path described is a curved line, or the motion 
is curvilinear. The rate of change of direction per unit 
length of a curve is called its cniratura ; and this again 
may lie constant or variabtet Most curves (the parabola, 
sect. 29, for instance) hai?a variable curvature. A circle or 
helix has constant curvature. A straight line possesses imro 
curvature. The curvature of a circle is inversely proper 
tionarto its linear dimensions ; because the angle which the 



!6 


KliKinENTART MECHAKICS. 


[sKcrr, IS, 

direction of motion turns tiirough in going once round any 
circle is four right angles^ which in circular measure is 2ir 
(see sect. 14), and the curvature will be (his angle divided 
by the distance iravelletl — that is, by the circumference, 
2ar; hence the curvature of a circle is imnierically equal 
to the reciprocal of the mdius, for 

2ir ] 

~ — rs curvature of a circle. 

2?rr r 

And the curvature at any point oT any other curve is defined 
on the strength of this, as the reciprocal of the radius of 
that circle which coincides most closely with the curve at 
the |X)int 

14. The cir€nlar measure o( an angle at the centre of a 
circle is obtained by measuring or estimating tlie arc 
subtended by the angle and dividing this arc !)y the nulius. 
The value of tliis ratio, arc - is iiulcptnulent^of the 

size of the circle, and dei)ends only on the angle to l)c 
measured. The angle subtended by an arc which equals 
the radiixs woulil, on this system of m^surement, l)c denoted 
by 1, and is calleil a radian. It is akmt 57’ 17' 45", 
king equal to 360*-=-2ir. Tlie circular measure of any 
other angle is equal to the number of radians it contains. 
Four right angles, express<^l in circular mcasun^ 

circumference 27rr « 

—r -a W jJJT, 

radius r 

where v denotes the ratio of the circumference of the 
circle to its diameter, and is approximately equal to or, 
more nearly, 31416. Hence, 4 right angles « 2ir radians. 
We can now more fully state what is meant by curvature. 
For, as we have seen, the curv%iture of a circle eqimls 

ang^e tamed through in going round the circl e 4 right angles 
distance travelled circumference 

2r radians 1 radian 

m ■' *x • 

8irr r 
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That is, the angle turned through by the direction of motion 
is 1 radian for each portion of the circumference tmyelled 
whose length equals the radius of the circle. For example, 
if the radius is 4 feet, a radian is turned through for each 
4 feet of arc travelled, or \ radian for each foot, so tliat the 
curvature of this particular circle is J radian per foot of arc 

travellecL The numerical value of the curvature is when 


the angles are measured in radians, but this expression must 
be considered as an abbreviation for 1 radian per arc-equal- 
to-radius, which finally in any given case becomes such and 
such a fraction of a radian per foot, or per inch, or per 
whatever unit of length is used. 

15. A point moving in a curve, besides any acceleration 
it may have alcmg the curve increasing its velocity, pos- 
sesses an acceleration at right angles to the curve, or normal 
to the •direction of its motion ; this acceleration being pro- 
portional to the curvature of the curve, and affecting only 
the direction and not the piagnitude of the velocity. Its 
magnitude is the rate^t which velocity normal to the curve 
is gtiined by the point. Tills normal acceleration is called 
centripetal acceleration, and is further discussed in sects. 58- 
61, where it will be found to be proportional to the square of 
the vehxiity of the point as well as to the curvature of 


the curve ; to be equal, in fact, to t?* x 


1 

r 


Although the i>oint is always gaining velocity normal to 
the curve or along its radius at this rate, dt does not follow 
that it ever posmms any such velocity. It is in fact im- 
possible for a point to possess jany velocity except that along 
the curve, or at right angto fo the radius of curvature ; for 
as fast as velocity dhng t&e radius is generated, so fast does 
the direction of the ra^us change ; in tihe same sort of way 
that a promise for to-morrow need never be fulfilled, because 
‘ to-morrow never oomes.^ 


B 
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IL MOTION OF AN JBXTBNnRD BOOT (ROTATION). 

16. A point can only move along, it cannot »pin; or 
lather, spinning makes no difference whattwer to it or to ita 
motion : but an extended body, whether it )>e a line, surface^ 
or solid, may not only move bodily along or be tmnslated ; 
it may also turn round or rotate. The most general motion 
of on extended body is a combination of tranalaiion and 
rotation, but it is simpler to consider them 8e{)arately. All 

we have said about the motion of a point is equally 
true of the motion of an extended Innly so far as its tmns- 
laiion is concerned ; because, in simple translation, if wo 
know the motion of any single jsiint, we know that of tlm 
whole. Ita ibtation , involves different ideas, which must 
now Iks considered Ifriefly. 

17. \Vl»en a IxmIv n>tates, every i>oint of it dcscrilK^s a 
circle rmind some ix>int or line which is the centre or axis 
of rotation. 

The velocity of a |X)int far fnun the axis is gnviter than 
that of a |K>int nearer the axis ; and in genenil every point 
has its own velocity, which is i»n>{>ortional h) its <Ii8tanco 
from tlie axis, only ixants at the same distince having the 
same veI<K?ity ; hence the ‘velwity of a rotating Ixxly * is a 
meaningless expressiem. The numl)er of time's the body 
turns round in a second, howc'ver, is perft'cily characteristic, 
and we must define some kinel of rotational or angular 
velocity prrqM>rtional to this. 

To express the B{)eed with which a liody rf)tates,"it is 
sufficient to specify the velocity of any one [xiint together 
with its distance from the axis ; for the velocity of the 
point, divided by its distance from the axis, is a constant quan- 
tity — that is, is the same for all points of the body at each 
instant, and is called the ajDgnlar velodty af the Kitating 
body. The velocity of every {mrticlo of the body is known 
in terms of this, for, being proportional (o its distance from 
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the axi.s, it is equal to the ‘ angular velocity ’ multiplied by 
tliis distance ; or, denoting the angular velocity by the letter 
«i, as is customary, the velocity of any particle at a distance 
r is 


Angular velocity in rotations takes the place of oidinaiy 
velocity in translations. 'Ilie name ‘angular velocity’ is 
given because it really represents the ang^e (expressed in 
circular measure, or radians) turned through per second by 
the whole body. 


An example may render this more clear. The circle deeeribed 
by a particle at a distance r from the axis of a rotating body (say 
a nail on the circumference of a fly-wheel of r feet radius) is 8r 
feet in diameter, and hence 2irr feet in cir<yamfeience. If the wheel 

turn round in T seconds, the velocity of the nail is feet per 

2ir 

secoui^ ; hence the angular velocity of the wheel is ~ radians 
per second* which is 


The most ^{cnerall^t useful s]>ecificiition of angular velocity 
is in mrliaiis {M3r second, as alx>ve, but it is usuxally first 
measured in revolutions per minute ; and so a rapid mode of 
conversion from one measure to the other is often needed. 

277 

K»>w, 1 revolution per minute equals radians |>er second, 

60 


and a good approximation to this num}>er is 

wliich may l)o furtlier improved by deducting J per cent. 

from the insult. 


Thus, to convert 1264 revolutions a minute into radians per 
second, the work is as follows : 

126*4 + 6*32 132-72, 

or, de<1ucting } per cent, of this, 132*39 radians per second. (A 
more exact value is 132*37.) To perforin the inveise operation, 
multiply by 10, and subtract ^ per cent, of the results 

18. Of course angular velocity may be unifom or van- 
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i^e; and if the latter, its rate of change, or incitsase per 
aetXHid, » called the angvlar aooalonttlmi of the body. 

Denoting thie by a, we have a *> j (just o« wo hml a ^ in 

t t 

oect 10), Hence that iS| the 

r ri T T 

angular acceleratton of a body is the aeceleration of any 
particle <livided by its distance from the axis* In other 
words, angular acceleration : acceleration : : angular veKv> 
city : velocity : ; angle tume<J : distance travelled t : 1 : r. 

EXAMPLES-IIL 

(1) What is tlfe curvature of a circle 14} yards in circumference? 

It it nniuericaltji«r|ual to the reciprocal of iho rtditui in feet— that is, 
^ J of ft nKliiifi per foot neftrly ; or your compn^beftiingH cluuigc 
ftbotit S' for every f«jot you imvel routul nuch ft cln.^l«. ^ 

(2) A point moves in the above circle with a constant vehicity of 

6 feet a second. Wliat is its acceleration in magnitude and 
direction ? 

lU ftcccicnitjon Is ftlwayiii alon^ that fSiiiift of the drclft which pftitwf; 
through the moving point, mni maguitmle ie V> 

(3) A iK>int moving in a circle 8 feet In diameter has a velocity 

increasing by 18 every 3 seconds. What is the acceleration 
in magnitude and direction* at different times? 

Th#)rc Is ft con«Uut tangentifti accolermtion wiuiU U) S. Tlw* nortuftl 
ftceelciution lx ftt starting ; lit the cml of the n ret second of luoUcm 
it h */ two }i«con<}e it i* SO; in three secouda, SI ; nnd^in ( 

aeconda it h s? llie actiiftl arceJention at any instant ia the 
aqinure root of the aiirn of the aqUAiea of the tangential and nomial ac< 
celermtiofia at that inaUnt ; hence ita direction, which at first is tan* 
gential, gnuliially awiiiipi round, so that In a few aeconda it nearly coin* 
ddea with the radina* 

Thia explains what happens when we whirl a atone at the end 
of a string : It is necessary Upstart it with aome pnrely tangential ac* 
eeleniion, obtained either by 'the help of gravity, m bf a tangential 
pnah or path. When once atarted* however, the tpiod may be increased 
to any extent by aitopiy pulling the string a Utile to one akte of the 
centre of the circle of ntotkm, so that the tension In the string haa 
holh a tangential and radial component; and since the fheter the 
atone h going, the amalltr need the format he in comparison with the 
lidtcr, it followa, that at a hi|^ speed the hand remains very nearly 
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Hteaay iii tU« centre of the circle; but it is really travelling rom^ a 
ainaU oiicle about a quadrant in advance of the stone^thos supplying 
the tangential force necessary to overcotnie the resistance of the atr» 
even if the tuoUon is not being sccelemted. 

Verify iQ this expeiiinentalty^vhMing a weight in n toinbntsl 
cirele on a flat table» in Order to ainipliiy matten by eUminating 
gravity. 

(4) If the Utitade^that in, the elevatioa of the N eeles^l 

pole-H^hangee by 3 degrees vrhile travelling a distance of 
308 miles due north front Greenwich, what is the circnm* 
ference of tiie earth? 

(5) What is the angular acceleration of the moving point in 

No. 3? 

(6) . If a point describe a circle 5 feet in radius with an angular 

acceleration of 2 radians-iier second per second, what is its 
[linear] velocity at the end of 5 minutes from rest, and how 
many revolutions will it continue to make per minute if 
the acceleration then ceases ? 

(7) A wheel makes 20 revolutions \yer minute. What is its 

angular velocity in radians i>er second ? 

(S) A tvlieel possesses an angular velocity of 2 radians per second. 

How many revolutions per minute does it make ? 

(9) A in the rim of a revolving wheel whose radius is 5 feet 
moves with a velocity of 0 feet per second. Find the 
angular velocity t)f the wdieel, (1) in radians per second, 
(2) ill revolutions per minute. 

(10) A dogcart is travelling 16 miles an hour, and its wdieels are 

5 feet high. Find their angular velocity. Fiml also the 
speed with wdiich the tii-e of the wJieel is pasyng the 
ellK)w of the d liver. 

(11) A humming top, 6 inches in diameter, is started by a string 

of which 1 yard is wrapi^ed round a spindle idneb thick, 
and pnllcd off by a st^y pull in 3 seconds. Find the 
initial angular velocity of the top, and the sjieeil of its 
humming aperture. 

(12) The wheel al^ve the shaft of a coal<pit is 8 feet in diameter, 

and makes 90 revolution^ per minute while letting dotvn 
the cage. What is the s|ilM of descent of the cage? Find 
also the Angular speed of the drum in tlie enginedioose, off 
which the mpe is being unwound, if its ^nieter is 18 
inches. 
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CHAPTER IT. 

CONTHniATION OP THE SUBJECT OP 
BECTILINEAB MOTION. 


DlSCl^SiJlOX OP THE STATEMB.VT« MADE IS CHAITEH I. 


19. Wo have now obtiiineil two iletiniti? stJiteiiieiit.s each 
of the nature of a definition — namely ; 


Average velocity ^ 
average acceleration ^ 


distance travel let! 
time taken in the journey 
r velocity gained 
~time taken in the acquisition 



V 

or a ~ 

t 


and 


And we win proceed to reason on them, and trace their 
logical conseriuences, which will all Imj (MU^Uiinly consistent. 

The treatment is very simple in the case of nniform accelera- 
tion. We desire to find the distance trav^le<l during any interval 
of time when the initial velocity and tlie acceleration are given— 
tliat is, when the velocity at each moment is known. To 
calculate this distance », we have to find the average velcKUty 
V, and then the first formnla almve gives us VL In the case 
of nnifofni acceleration, the average velocity is the arithmetic 
mean of the initial and final velocities. This can, perhajis, 
heat be shown by an example. Tims, if the initial velocity 
IimI been 7 feet per second, and the final velocity, in / seconds, 
had been 19 feet per second, the average velocity accordyig to 
the rule just stated would l>e i(7+l9)~13 feet {>er second, and 
the distance travelled would be feet. Now suppose the t 
seconds to be divided np into three equal intervals, the velocities 
at the beginning and end of eAeh interval would l>e 7 ami 11, 
11 and IB, 15 and 19 respectively,'^ ^ince the velocity increases 
uniformly, and thdefore, applying the rule, the average velocities 
during the intervals are i(7 ^ 1 1 ), i(l 1 -f 15), 15 4* 19)— that is, 9, 13, 
and 17 feet per second respectively, and the duration of each 
interval Is, by supposition, |f seconds; . % the distance travelled is 
|f( 9 Hhl 34 * 17 )s|f x39»13f feet as b^ore. Hence the rule gives 
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iiB the same value of » at the end of the t seconds however we 
choose to divide it tip. This would not have been trae if the 
acceleration had not b^n unifonn ; as may be seen by repeating 
the process with different intermediate values, say for the set 
7, 9, 13, 10. However, in all cases we shall have to deal 
with for the present, the velocity will increase regularly 
(i.e. the acceleration will lie constant), consequently the average 
velocity Is obtaineil at once by halving the sum of the initial and 

final velocities, V = * ujjing to stand for initial, and Vj for 

final velocity (sect. 10). 

Hejice our first equation, wliicli may be put into tlie form 
may Ik? written more fully thus: 



wliieli signifies tlmt in castes of unif</rm acceleration the 
(listanct; travelled is equal to the lialf sum of initial and 
final vthKu’ties inulti[)lied by tlic duration of the motion. 

Similarly the s(»cond equation may he written in the form 
or moi'e fully, 

wliich signifies tliat the excess of the final velocity over the 
initial velocity is eqqal to the gain per second multiplied by 
the dumti(»n of the constant rate of gain. 

In case the final velocity is less than the initial, the gain 
liecomes a Ios.s, or is negative^ and tlierefore also a is 
negative — that is, it is ideally a retaixlation, hut it may still 
Ijc called an acceleration, only a negative one. 

20. Now l(3t us study the tAvo equations together, and see 
what AA'e can get from them by any algebraical o]>eration ; 
rcmcmliering that algebra, lijke all other reasoning, never 
gives 118 anything absolutely and essentially fresli ; it only 
brings out explicitly whaf is already contained implicitly in 
the physical statements Avhich we subject to reasoning. The 
physical statements must bo the results of the observation 
of nature, which is the only way of arriving at fundament* 
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ally new truths. Mathematical reiu»oning will, Imwever, 
ser\'e to bring out and make manifest what is i*eully in- 
volved in the stiiteuients themselves when put together, if 
only we had sufficient insight to {)eiveive it. 

Our two statements or equations, written out fully, are 


it 


Vy -f t 


^ and a= t - 


Fii-st multiply the two left-hand members together and 
double tlie pro^luct, then do the saiiie with the two riglit- 
hand members, then write the two pnxlucts equal to each 
other (as of course they must Ikj), and you get the new 
equation, 

2<m = (<•, + (‘’i - * 0 ) "= '‘i’ - V- 

This is a relation lH‘»vveen a, s, and r, without explicit infer- 
ence to iimi\ and it will often lx? usi fuL 

Now tiy' again, and this time get a statement notjnvolv- 
ing Cj, which we (‘an do In* substituting in the lirst (‘(juatiem 
tin* value of Cj obtained fr(»m the second c<pmtioii — namely, 

and we get s = 4. ’<?/*. 


Similarly we can get a relation excluding and it is 
n — Cj/ ~ lap, 

21. But l)cfore pi'oceediog to study t)»e tw(» e(piations 
together, we might have first made a sim}>Iifiention. An 
obvious simplification would occur if the initial V(‘IiK*ity 
were made zero (e,, ^0); in other won Is, if we agincd to 
consider only Ixslies starting from i*est. In this c.w. the 
gain of velocity v is fiqual to the final, Tj, and the average 
velocity V is equal to Jr,, which is now the same as Jr; 
and so the two iundamenUl e^jih^tions rciduce to 

a ^ \i7l^ and a j ; 

and the three derivet! from them simplify in like nuumer. 
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We tliiis obtain the following four equations }>etween the 
distance travelled by a body fnmi rest, the time taken in the 
jouniey, the acceleration, and the final velocity gained ; 

V —at 
8 =lvt 
8 = Ja/®. 
tr» = 2a«. 

Of these, any two are independent statements, and the other 
two ai-c logical conseriiierices of them. The first of the four 
reads thus : The velocity gained in f seconds equals t times 
tlie velocity gained in each second. The second one thus : 
The distance travelled over in t seconds equals t times the 
avemgc distince tmvelled over in c*ne second (for this last 
is the meaning of avemge velocity). • Hoth these sUitements 
are perfectly obvious. The other two statements cannot be 
[)ut in quite so obvious a fonn. 01>serve tliat there arc only 
four quantities involved, s, v, a, (, and that one of them is 
al>sent from each of the four equations. 

22, The meaning of tlie second denve<l equation in sect. 20 is 
now clear. TIio space* descril>ed by a Ixxly witli the cou.stant 
velocity t'o is vj, and by one with the uniform acceleration a is 

; so the whole space descril>ed by the Inxly i>osses.sing the 
initial velocity and also subject to the acceleration a, is 

at\* 

This Tiiay be regarded as a case of the composition of motions in 
the same direction. See sects. 24 and 73. 

23. The results expn^ssed by these equations may be 
made to appeal to tho eye more directly, and thus be 
rendereil Ciisier to grasp, if illustrated by their analogy 
with geometrical diagrams. 

If a horizontal line bo^ considered as representing by its 
length a definite lai )80 of^timo — that is, if it bo divided into 
a number of equal parts, each jmrt representing say one 

* If a And Ar« ofopposlto Uie tubtr»eUoii Is to be performed when the 
letteri are arlthnietieaUy interpreted. Tlie sign 4- meana ttlg^raical addttlon» 
which indudei aubtiaetloii. 
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second ; and if a vertical lino rei)re8ent by its length a 
certain velocity, by l)eing divided into a nuinlicr of e<|ual 
parts, each jxart ivi>rcsenting 1 foot-i)er-second ; tlien if a 
Ixxly move with that velocity for that time, the distance 
travelled will Iw represented by the area of the rectangle 
contained by these two lines : that is to Siiy, the numl)er of 
feet tnivelled will !>e equal to the numljor of unit rectangles 
in the area, the height of each of which represents a foot- 
f)er-m*on(If and the bread tli of each a secand. In a similar 
way a diagram can Ini made giving the velocity at each 
instant, and the distance travelled by a i)omt moving in ail 
accelerateil or I’etanle^l manner. 



ng. 1. 


Tlius in fig. 1, OT is the line of time, with the seconds 
marked off iijwm it. OA is a vertical line, and rcjpresents a 
velocity, sivy of 12 feet a jw.cond. If a IkmI}* moved with 
this coiisUuit sjKicd for 8 secomls, the distance travellc<l 
coultl be n*presente<l by the area of a rectangle con.Htructed 
with liase OT and height OA, l)ec«au8e this area would l)e 
12x8=»96 appropriate units of area, ami the distance 
travolletl would Ijfi 96 feet 

Let a bcKly start witli this, vebx!ity 12, and lose 2 of it 
eveiy second, then in 1 second ifs vohxjity will Iwj n?pre- 
sented by the liiie cl, in 2 secomls^by the length of the lino 
(12, and so on. Consecpiently, in 6 seconds the Inxly will 
be at rest The diagram thus represents, in a conventional 
and utterly non-pictoiial fashion, a body starting with initial 
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velocity 12, aii<l going with a uniform negative a('celeration 
~ 2, till it stops. The average veh>city would lx; 6, and 
would he re])resented by the length of the vertical line 
dniwii in the middle of tlie time— namel}^, c3. 

The distance tnivei’sed would be this average velocity 
multiplied ])y the time. That is, geometrically, e3 multi- 
plied by OP, which is the area of the triangle OAP; for 
the ami ()f a triangle is equal to the pro<luct of base and 
average height >in other Avonls, to the product of half its 
height into its base. 

Areas then in this figure repmsent distances. Or, more 
cori*cctly, the number i{f area in one of these figures 

equals the 7iumber of linear units in tlie distance tmvelled. 
On this scale the area OAcl repi-esents the distance travelled 
in the first second ; lcf/2, that trait llcil in the second 
second ; 5//P, that travelled in the last second. The distance 
ti'avelled in tluf three stjconds lietweon the first and fourth 
is represented by the area Ic/T, ami so on- that is, each of 
these distt'inces is ctjual to tlie number of units of an^a con- 
tained in the respecti^ spaces. (Observe that the vertical 
scale ami the horizontal scale in these, as in so many other 
diagrams, are quite independent of each iKlier. The appro- 
priate unit of area is therefore not necessarily a unit s<]uare, 
but a rectangle with unit sides.) 



The representation of a body starting from rest with a 
poitiim acceleration is j[iveu in fig, 2, 
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Tlie line of time is dividetl Ui represent seven seconds. 
The velocity gained in one second is rtipresented on some 
convenient scale by the line marked o, which therefore 
represents the numerical value of the acceleration. Tlie 
velocity gained in the whole rime is marke<l o; it is obvi* 
onsly equal to 7a or at. The dotted line in the 
middle of tlie time is the average velocity, and it is evi- 
dently J*’. 

Tlie area of the whole triangle represents tlie whole dis- 
tance tnivcllod, ami it is half the height imiltiplied by the 
base, or J c . or, what is the same thing, I at . /, that is, 
I 

The little left-hand triangle is numerically equal to ! a in 
area (its Ixing gnity), and it nqm^sents the disUmee 
travelled in the first s^rond. 


The velocity jH,»s.sesscd by the lH/«ly at any w*cond or 
fraction of a s<x'ond is found at simply by measuring, 
and interpreting on the projwT scale, tlic veilical heiglit of 
the triangle at the place tlelined hy the time. The whole 
problem is in fact geometrically rfq>resi>nted. 

If the Nsly started with an initial velocity, and then 
went fui with increasing vehK’ity, its motion would l)e 
represented by fig. 3, which is suj>pi;s<Ml to nq»reseut what 
^ hapjKUis ill three w^coiids. The 

initial vck>city is marke<l ami 

the final ; the latter Iwung made 
up of two p.arts, the gain of VfJocity 
at, and the original velocity 
The rest is marked as 1>efore, the 
base 5 «:*prf*sents t, and the wliolo 
dr<»a represents the whole di.stance, 
0 , travelled in the three sc*cf»iids — namely, ly, the rectangle, 
plm I rtf®, the triangle on the top of it. 

The dotted line in the middle is of height 
or, what is the same thing, at; and therefore it is 



rig- 8. 
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5(»o + Wj), or the average velocity. Any one of these 
three expressions for average velocity when multiplied 
by tlie time will give the distance travelled (cf. equations 
of sect. 20). If the initial velocity be negative, the line 
representing it must be drawn down from the line of time^ 
insteail of up. 

Tliese diagianis will be found exceedingly useful and conducive 
to clear ideas, as soon as a little practice has made you familiar 
Avith them, some inoFe illustrations of their use, see sect. 69, 
which can be rea^l now ; for the commonest example of uniform 
acceleration is that caused by the eartirs attraction, which causes 
all freely falling bodies to oerjuire a speed of 32 feet a second in 
every second of their fall— in other words, which causes a unifonn 
acceleration of 32 feet a second per second. 


EXAMPLES nV 

<l) In Kx;iiin)Ies II.. 1-0, find the distance travolle*! by the 
dtfferent things in the times given. 

(2) A IkxIv starting from rest, and travelling 6.3 feet in a 
straight line, gains a vehk'ity of 81 feet ]>er second. What 
is its acceleration ? {7'hc most direct innj to get the Answer 
is io nse the form i>*=2o.v.) 

<3) What is the acceleration of a Isxly whose velocity changes 
from 7 21 while it travels 100 feet? {Use the fonnnlo 

r,» - 

.V./.’.- The arilhinetic in often Mimplined by taking the <Ufrorcnce of 
two .M|urtrej4 in the fonn of the product of »um and difference. 

Qii^atfon.H (2) and (3) may also be solvetl by divhling tbe velocity 
gained by tbe time taken in gaining it; the time being found by 
dividing the dij»lauce travclle«t by the average velocity. 

(4) Find tlie a<’celerations of the following ImkHcs: 

A, whose velocity changes from 15 to 5 in going 50 ft. 


B, 

•I 

If 

15 to -5 

.. 50 ft 

c. 

It 

H 

-5 to 15 

.. 60 ft 

n. 

If 

» 

120 to 0 

If 640 ft. 


{liemcfnher Mo/ (he square of a negalirc number is 
positive . ) 

The extreme distance fh>m the starting-point attained by B is 50| feet, 
tmi feet of this it reiiaeeci* It tharefere ti^ea longer tn the Journey 
than A did, but l|n aoeelemtion happens to be the eame. 
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Hitiiilarly with C» the ttwt thinji it dom la to ico 0| ff*et backwania 
aiti) come to rt>Kt for an iii'«tAut ; then it n'traeea Ita path ami goea 50 
feet forwanKs, where the t|iieatioii leavea it; hut it in atiU going on with 
A >petHi inciern»ing by J in every necowL 

(5) Fiihl the time of the motion in all th(?i?e cases, ami <lra>v a 

tiia^ram for the several motions. 

Begin by drawing the line of time ; then draw vertical.n for the initial 
ami llUviI vciocitit***, )«nying attention to i^ign, ami join the cxlremltiej* 
of thi'se ; then ntmly every jiart of the iliagmin, ami note its 
cvnitiection with the e»piations. 

(6) A train with the brakes on, inovinj' with arcoleration -3, 

has a velt>city 7S when pti^siiig a particular station. Hotv 
much farther will it ^o? 

(7) A iKiint moves 16 feet in I secoiul ami 20 feet in the next. 

How lonj; lias it Is'en moving with uniform acceleration 
since it starte«l from rest, ami what is the rate of the 
acceleration? Also, how far wouhl it go in the next 12 
seconds of its invtion, and when will its vtd«H ity l>e 128? 

(S) A ljo«ly .slackens sih^tnI from oO to 3o feet a .seconcl in going 
20 yard.s. Find liow soon it will stop if the same rate of 
retardation (continues, 

(9) The velocity of a train, moving with uniform acceleration, 
is, at thrbe points A, H, and (\ 40, 50, and 6^> miles an 
hour resjiectively. The distance AH is 27 miles. Find the 
distance B< •. * 

(10) A train going 40 miles an hour is hionght up in 200 yards hy 

the brakes to avoid a eolli-ion. What is the acceleration 
in miles'per hour [ler second, and also in fcet-per-second 
|icr secontl ? 

(11) What acceleration is neede<i to get up a H|)tsjd of 60 miles an 

hour in a half-mile run? What is the brake retardation 
that could 4!estroy this motion in a train length, say 100 
yard.s? What retardation would a stoppage in 5. yards 
represent ? 

The following exam/tle,^ are rmen of umform aeccleration under 
grneity. The arreleration may hf takm m 32 fret-per-seeond 
per $€cond The reeietanee If the air is neglected. 

(12) A iKsly falls from rest. FiM the distance travelled in 

5 seconds, and how far it will go in the next second. 

(13) A falling T)o<ty describes 100 feet in the last second of it« 

niotioti. Find how far it must have fallen, an<l also the 
time taken. 
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(14) A bullet is (lrop|)e<l at a place where tlie intensity of gravity 

is only 20. How many feet will it have fallen in 4 seconds; 
fiml how far will it go in tlie next second ? 

(15) Express by means of a diagram, connecting velocity and 

time, the motion of a bo<ly which is thrown uj* into- the 
air, rises 250 feet, and falls to the earth again. 

(16) A stone is thrown vertically upward with a velocity of 40 

ftfct a se<;ond. How high will it rise? and how long will it 
1)0 Iwfore it returns to your hand? If you let another 
sUme drop down a well, at the instant the first is within 
20 feet of your hand on its return journey, at what distance 
Isdow your hand will the two bodies meet ? 

(17) A bullet is drop|)ed from the top of a tower 1(X) feet high, 

and at the same instant anothei bullet is thrown vertically 
from the l>ott<)m of the tower with velocity just sufficient 
to carry it to the top. Show where and when the bulleta 
will pa‘*s each other. . * 

(18) If you throw up a cricket l>all and eatoh it after 5 seconds, 

how high will it go, and with what velocity will it return 
to you ? 

OoxnpositiOD of Motions in General 

24. AVhoii a body Ivis soveml motion.^ given to it at the 
Siiino time, its actual motion is 

) I — — 1 

a compromise, lM‘tw’ccn them, and 
the motion.s am .s;dd U) com- 
j)onmh*d, the actual path taken 
being calbsl tlie resultant. Thus, 
suppos<^ a fly to CKiwl along a 
tea-tmy from A to B (fig. 4), 
w’hih‘ at the .sfimc lime some one 
pushes tho tray along a table a 
distance PQ ; the fly wdll then 
have two motions, and its acttml 
motion with reference to the 
table is the resultant of tho two 
motions, AB and PQ. To find wJiere the fly is at 
the end of the two motions, we must observe where 



Si 

Fig. 4. 
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the point B of the tmy has gone to, for the fly hoe 
crawled to B; but B ha« been moved to a iH>iiit C, 
sncli that BC-PQ. llonce the fly is at C, and its 
actual motion must have been along some patih AO 



FI}?. 5. 


(not necossiii*ily a stmight line) : an<l AC is therefore 
called the resultai^t * of the two motiims, AB and BC. 
If, l)esi<lt‘s th(»se two, the mble itself had been pushed in 
tJie (lirection ST, or what is the S4Uiie thing, CI>, then 
%ve should have had tbwe motions to c*r>nii)ound ; and, as 
the fly would have got ultimately to I), Af) would have 
beeji the resultant of the three motions. The on/rr in 
which the steps are added evidently does not matter, for 
the same jMunt D is amved at by taking the biblo motion 



Mnw tint of the tmy, as in I, fig. 5; 
or the fly's proper motion after Iwth 
the f»thers, as in 2 ; or the fly's motion 
k^tween the other two; or in any other 
of the six j)os8iblo orders in which three 
motions can l)e conifKninded. 

And so we readily see the ndo for 
c*>in pounding any nuinlier of motions. 


Dmw lines, or cut pieces vf stick,* representing each 


motion in magnitude, direction,*and sense,! and lay these 


* 8«e footnoto to |Mge 185. 

f That to, make tome dilTermte^ between the two ende of the Itne, fndleating by 
an amm-bead or oiberwtoe wht<ai tmv the motion taken place In the given 
direction. 
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Jines or sticka^ in any order» with the end of one coinciding 
with the beginning of the next (the lines may be moved 
into any positions^ provided each is kept parallel to itself) ; 
then some Gne joining the first point of the first with the 
last point of the last^ must be the resultant of the whole 
set of motions. 

Thus^ some line AG is the resultant of the six motions, 
AB, BC, CD, DE, EF, FG. This proposition is caUed the 
polygon of motions, because the resultant is represented by 
the line required to complete a polygon. 

As a matter of fact, however, tlie sides of the polygon need not 
necessarily be straight lines. The end points of the line are the 
only essential matter when one is dealing with simple change of 

])OHition without regard to time or speed. • 

• 

25. The composition of iwo motions, AB, BC, into a 
third, AC, requirCvS only a three-sidcKi polygon, so it is often 
ealled •the triangle of motions. 

Or if we choose to repmsent the 
two ct)iuponent motions, AB, BC, 
hy lines, AB, AB', dnrwii from tlie 
same point, we get the parallela* 
gram of motions, wJiich is merely 
a less fij tuple, hut sometimes convenient, way of regarding 
the triangle of motions. TJie rt^sultiint motion is the 
diagonal of a parallelogram whase two adjacent sides 
represent the component motions. 

26. This law, by which two motions arc compounded, is 
of very frequent occurrence in all parts of mechanics, and is 
referred to as the parallelogram law. It may be stated 
thus ; If two causes act on a body at once, or if a body 
experience two simultnnc^^ts efiects in diflerent directions, 
then if these effects are represented ui magnitude and 
direction by two acyocent sides of a parallelogram, the effect 
experienced by the body is called the rmdiaid effect, and is 
represented, on the same scale, by the concurrent diagonal 

0 
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of the paraUelogram — that is> the diagonal whicli 1)08868 
through tlie point of intersection of tlie two sides ; or, it is 
the siune elSect as would be produced by a resultant cause 
represented in magnitude and direction by the similarly 
situated diagonal of a pandlelogmm whase two sidi's re|>i’e- 
sent the comjHment causes ; provided always that the cause's 
or the etteets can l)e shown to l>e of such a nature that this 
law is applicable to them. 

Composition of Uniform Velocities. 

27. So far we have only studh'd the? c*<»mposition of 
changes of [>o.sftion ; now let us study the composition of 
vehxiities — hi’st^ when uniform. KemendxM* that a velocity 
is numerically equal to the s|mce described in 1 second. 

Let a body stai-t in)!!! ( > (fig. 8) with two vclwities, one 
horizonUd and o[ magnitude ()a, the other vertical and of 
magnitude Ot/. Then ( )a and ( >t/ rt‘pn‘scnt the (fistances 
travelled in 1 second in the i-csiM'ctive directions, and con- 
sequently at the end of 1 second the Ixnly is at the jx>int c, 
the op{>o.site corner of a parallelogrfim with .sidt?s and 
hence the Iswly must really have tmvelled the distance 
Oc in 1 second, therefore Oc is Its resultant rehmity in 

magnitude and din^ction. In 
2 s<.*conds it will have tmvelled 
horizontally to a\ and vertically 
Ui //, and therefore it will n?allY 
have reached c\ And it i« jr^asy 
to sec, by drawing or otherwis 4 ^, 
that the straight line Oc passes 
tlmmgh the point r, and thatOc' 
equals twice Oc (because 0«' = twice 0«, and 01/ == Uvicc Oh ) ; 
or the distance travelled in 2 seconrLs is twice the distance 
travelled in 1 ; and so, generally, the i-esulhint of two uniform 
velocities is another uniform velocity along the diagonal of the 
parallelogmm whose adjacent sides represent the conqionents* 



Fig. 8. 
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Hence the resultant of two velocities is obtained by pre- 
cisely the same parallelogram law as the resultant of two 
simple motions. Similarly the *iX)lygon’ law is applicable 
for compounding any number of velocities greater than two. 

Composition of Uniform Accelerations. 

28. A(!celemtion8 may evidently 1x5 compounded by the 
Siime law jis velocities, because acceleration is the velocity 
gained per second. Thus let a body be subject to any two 
accelerations, say a horizontal one Or, and a vertical one 
(fig. 8) ; then Oa and 0/> represent the velocities gained 
j>er second in these two directions lespectivel}'', ajid there- 
foR‘. th(5 actual velocity 
gained in the time is Oc; 
in other words, Oc, the 
diagonal of the pandhdo- 
gram, flieasures the result- 
ant accelemtbm. Hence 
accelerations are com- 
jwmnded hy the same* Jaw 
as velocities. 

29. Comhhiation of a 
nnifonn Velocity with a 
Velocity uniformly ac- 
ccleralcd in a comlanf 
(UrecJion, -Ix5t a bcwly stiirt 
frf>m () with a uniform 
velocity u in some direction 
OV (fig. 9), and a uniform 
acceleration a in some other 
direction, such iis OL vertically downwards ; then in succes- 
sive seconds the distances traverseil in the first direction 
will be numericjilly equal to 

w, 2 u , 3m, 4m, &c.; 

so that, if this constant velocity u were the only one 
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possessed by the Ixxly, the Ixxly would lx* at T after 
1 secontl, at 17 aft<‘r 2, at V after 3, and so on (fig. 9.) 
But the unifonn acceleration is acting at the Siinie time, 
and causing the hixly to descend a Jicighfc j)i‘o]X)rtional 
to the square of the time (.^ a/'); hence in successive 
secontls the vertical distances tmveised will he 



bringing the bfxly to the level N in 1 second, M in 2, 
L in 3, ami so on, if it liad acted alone. 

The ar/ua/ position of the body, thendoi’c, at tlie (*nd 
of successive seconds will 1 m* found by completing the 
iximllelograms, 

OTPX, 

OVQM, 

OVKUttc,; 

the result being that the ImmIv reaches the point P in 
1 second, Q in 2, R in 3, and so on. 

Xow the simplest continuous curve which can Ix^ drawn 
through these points, (JP(J[R, &c., »is a parabola, and tliis 
is the actual path of tlie Ixsly. 

It will 1x3 shown later (sect. 74) that tliis i.s the [)atli of a 
pngectile throwm in mcuo in the given diiY*ction w'itli the 
velocity m, and subject to gravity, wliicli causes a unifom 
downward acceleration. It is well seen in tlie curve of 
a sternly jet of water, for each drop of Avater takes this i)ath. 
It is also iilustnited by Jforin’s machine (sect. 75). 

Tills example illustrates the fact, noted at the end of sect. 23, 
that the resultant motion (the diagonal of the parallelogram) neerl 
not be represented by a straight line. It will l>e straight if the 
two things compoiinde<l are Ix^th uniform ; otherwise it will in 
general be curved.. 

EXAMPLES--V. 

(1) A point has two motions, one cost with a nniform velocity 
3D, the other north with a uniform velocity 40. What is its 
actual motion ? 
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(2) A boat is rowed at right angles to the banks of a straight 

river, at a pace half as fast again as the stream flows : it 
reaches the opposite bank 2 miles below the starting-point. 
Find the breadth of the nver and the distance rowed. 

(3) A point descnbes a circle with a constant velocity v, and at 

the same time the centre of the circle moves forward in a 
straight line with tlie same velocity. What is the motion 
of the point ? 

is the case of a nail on the circumference of a coach- 
wheel. The point describes a curve with cusps, called a cycloid ; its 
velocity when at the top of the wheel is 2r, and when on the ground is 
zero; its velocity at the extreme nght and left points of the wheel is 
V ^2; its velocity is v at two ]X)iiits whose distance from the ground 
is half the radiua 


Resolution of Motions. 

30. The inverse process to that ‘compounding' is 
called ix'solving, and is an operation wliich, in practice, 
is found extremely useful. We have seen that a pair of 
motion^ (or velocitie.s or accelerations), one in a vertical 
and the other in a horizontal direction, compound into 
a single motion in a slant diiection, wherefore it follows 
that, wlien we choose,' we may analyse or resolve a slant 
motion (or velocity or acceleration) into a pair of com- 
ponents, one of which may be horizontal while the other is 
vertical, or botli of whicli may have any definite dircetions 
we ])lease provided we affix to each its appropriate magni- 
tude. All that is essential is tliat the two components 
shall be roprosented by the sides of a parallelogium, of 
which the diagonal represents the thing whose resolution 
is sought We shall study this process in greater generality 
heroafter (see sect 112 and fig. 25) ; for the prosent, it will 
be best to illustmte the use of .resolution by an example. 

SupjKise a body thrown, in a direction slanting upwards 
at an angle of 45® with a velocity of, say, 141 ’42 feet a 
second. This velocity may be considered as the diagonal of 
a square whose sides each represent 100 feet per second, 
and the whole motion may be considered as analysed into 
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two parts — a horizonfcil jmrt, which continues unifonn hut 
for friction; and a vertical jmrt, which is C(»iistiuit]j subject 
to the downwanl ncceleniting force of gravity, which destnyya 
its upwanZ vo/ocity, and generates dowinvarti veltKity at 
the rate of 32 feet a second every second. Hence such 
a projectile will ascend in a curved path for or a]H)Ut 
3 seconds, attiiinin/jf a hei/'ht of about 150 feet {ind tra- 
velling horizontally about 300 feet in tlie siiine time; 
tlien its curve will begin to slant down, and ultimately 
it will arrive at its original level, about 600 feet from 
its starting-point, after the lapse of about 6 seconds. If 
the ball were shot in any other dii’ection, its motion could 
l>e treatetl and its vel<K*ity resolved in like manner, but 
its initial vertical and horizontal components wouM no 
longer bo equal. We may return to this subject in 
sect. 76. 


Relative Hotiona 

31. So far the pair of motions con1jX)unded or combined 
have really l>elonged to the Ixwly under considemtion, but 
there are cases where a practical problem is .simplified l)y tlie 
device of attributing to a Ixxly motion which it does not 
really |>osse8s. The most frcxpicnt examjJe of this device 
is the assumption that the earth is at rest ; for this is 
attributing to it a motion which it does not really possess 
(for rest is of course a particular ease of motion), and |)rcjb- 
lems are certainly simplified thereby. For in.stance, when 
we say, as above, that the path of a projectile is a parabola, 
we are ignoring the motion of , the earth ; we are not think- 
ing of what is called the a ttao/utCi ^motion of the projectile — 
that is, its velocity through space or through the ether; 
we ate thinking of its velocity relative to the earth. Our 
Ignorance of absolute velocities makes this notion of 
relative velocity not only convenient but essential; and 
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being thus compelled to employ the notion, we may pro- 
ceed to make further use of it. 

Now, in treating of the simultaneous motion of two bodies, 
say of two ships at sea or of two impinging balls, it may 
be sometimes convenient to ignore their motions with 
respect t() water or ground, and attend only to their motion 
relative to each other. This relative motion can be brought 
out and displayed most clearly by the artificial device of 
imagining both bodies to be affected with a fictitious velo- 
city which is to be compounded witli their real velocities; for 
a fictitious velocity may be chosen so as to be equal and oppo- 
site to the reiil velocity of one of the bodies, and in that case 
the resultant velocity of that one becomes zero, while the re- 
sultant velocity of the other body becon^es its rdative velocity 
witli respect to the one thus imagined to be stationary. 

There is no important principle underlying all this; it 
is a mere practical device for simplifying problems in 
relative motion which otherwise would be more com- 
plicated for clear mental grasp. 

As an illustration, ^consider two ships sailing, one (B) 
due north with velocity r, and tlie other (A) due east 
with velocity u ; let us observe them in some definite 
position, say at distances h and a respectively from the 
point 0 at which their paths will hereafter cross (fig. 10), 
and let us ask when and where they are in most danger of 
collision — that is, when and where and what is their shortest 
distance. If the velocities are in simple proportion to the 
distances from the crossing-point — that is, if 
they will certainly collide, unless one of them alters her 
course ; but if the speeds ^ in some other proportion, 
they will pass within a certain minimum hailing distance. 
To find this distance, the neatest way is to suppose a 
fictitious velocity, - v, impressed upon the whole system ; 
by this means B is brought to imaginary rest, and A is 
sent moving (imaginarily) with velocity in another 
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track indicated in the 




V 






Pig. 10. 


A' resi>ectively, where 
{xirallcl to PB. 

Thus the pn^blem is solved 


ligure by the line AP; and a 
j>er})endiculuv on to this 
line from B — namely, BP — 
represents the nearest ap- 
proach of A ti) B. This is 
the shortest distance re- 
quired, but it is not in 
the true locality. Tlie real 
condition of the problem 
limits B to the north course 
and A to tlie east course, 
hence their real positions 
when hailing are IV and 
a line drawn (Mjiial and 




A'B' 


IS 


in all essential features, even 


for those who do not care to tike the trouble t) wbrk out 
the arithmetical details. By dniwing the above figure 
to scale, the solution can laj simply constmeted ; whereas, 
if l)otli Ixxlies wen5 con tern j>Ia ted as*» moving in their tnu^ 
paths, a direct geometrical construction for the re.sult W(>rtld 
be hanlly {xjssible, and arithmetic would l>c neces.sary. 

Applying kiuematical considerations to the above ligure, 
and denoting AA', BIV by ar, y it^sj actively, we see tluit if 
a time i clai)ses Wtween the initial jx^sitions A, B, and the 
desired po8ition.s A', B', 


X^Uty ( 1 ) 

( 2 ) 

and the distances of A' and B' from 0, the crossing-point 
of the tracks, are, in the figure, a--x and y-h respectively. 
(If A^ had been l)eyond O, and IV not up to 0, tlie distances 
would have Ixjen "x - a, and h - y resiiectively.) 

We may further see that tlie triangle A'OB' is similar to 
the triangle PA'A, bei^ause the corresix)nding sides are 
perpendicular ; therefore (a - a?) : (y - *) « y : x. (3) 
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These three equations express all the essential kinematic 
and geometrical facts ; ami simple algebra will now extract 
the information required — namely, the place, time, and dis- 
tance corresponding to the positions A' and B'. The 
solutions are : 


shortest distance A'B'= say ; 


V 


V 


a-x^s ~~ = ^ " Jav - Iw) : 




I ..5?\ 4. „2 ^ ' ' 


an + hv 




U^+‘ 


EXAMPLES~VL 

(1) Tlie*coui*ses of two steaiiiei-s are at right angles to each other, 

and their speeds are ]2 and 16 miles an liour respectively. 
If they are at iimt, both of them, 1 mile distant from the 
l)oint W'herc their tracks will cross, find liow” near they 
will approjich cacit other and how soon. 

(2) A lady wishes to cross a muddy road, 30 yards wide, by the 

shortest path, at 3 miles an hour, in front of a vehicle 
wdiich is coming along the middle of the road downhill at 
9 miles an hour, but which has still a distance of 50 yards 
to go before reaching her level. By how' much Avill she 
escai)e the vehicle ? Also, what is the least speed at which 
she need walk if she ignores the mud and takes a slanting 
direction ? 

(3) Two trains ai-e moving, with velocities of 25 and 40 miles an 

hour, along tw^o lines inclined at an angle of 60'', and are 
respectively 300 yards and 200 yards frem the crossing- 
])oint. Represent completely the motion of either train as 
it appeal's to the passengers in the other. 

(4) Find by a graphical construction drawn to scale, and also by 

calculation, the resultant of the following velocities which 
are communicated to a point— -namely, 10 feet per second 
in an easterly, 20 feet per second in a north-easterly, and 
30 feet per second in a nortlierly direction respectively. 



42 SLBMKHTART MSOHANICa [bX8* TL 

(5) If A point hfts a velocity of I foot per secoml to tlie easti and 

also a velocity of V3 feet per second to tlie north, deter* 
mine the velocity which must be compounded with these 
to bring it to rest 

(6) A steamer, travelling at 20 miles an hour, has to travel 

north’Cast through a current flowing south at 5 miles 
an hour ; show, in a diagiam, the directum in which it 
should l>e steered to allow for the current, and iiieasiire, or 
calculate, how far it will have travelled from its starting- 
point in 3 houra. 

(7) If the steamer, through ignorance of the current, is 8teere<l 

nortlhcast, find bow far it will be earrietl out of its course 
in 3 hours, and how far it will be from its starting-point 
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on AFTER III. 

ON QUANTITY OF HATTER AND QUANTITY 
OF MOTION. 

A CHAPTER OK DEFINITIONS. 

(I.) MOTION OP A PARTICLE, OB TRANSLATION. 

{Inertia and Momentum,) 

32. We have s(» far stu<lio<I motion in tlie abstract, with 
to its direction and its rate, \)ut witliout i*eference 
to tlie IxMjy moving, or to tlie amotint of motion possessed 
by it. liCt ns now consider what is meant by this last 
phrjise ^lmount’ or ‘quantity of motion/ 

Fii’st, it is plain that in any actual case of motion there 
must bo some matter moving ; arnl it will be sensible and 
cojisistent witli the orilinary use of language to consider 
the c|uantity of motion in a body as proportional, fii-st, to 
its spe(*d, and, S('condly, to its quantity of matter ; and this 
is the sciiuititic custom. 

33. Jsow we undei'stand what is meant by speed, but what 
do we mean by quantity of matter? First of all, of course, 
a large solid ball conUiins more matter than a small one of 
the same material ; but quantity of matter does not depend 
on size alone, it de|K*nds also on the closeness or density of 
the substance. A small iron ball may contain niora matter 
than a large cork one. 

Now matter possesses certain cliaracteristic property 
called ‘inertia,* or power of reacting against a force applied 
to change its state of motiom It is on account of this pro- 
perty tliat force is required to move matter or to check its 
motion — the passive resistance or reaction of the matter 
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itself against. whatever is forcing it to move being called 
its inertia-reaction or inertia-force. Thus a milway 
truck lias gmat inertia, Imuiuse considemblo exeition is 
mquireil to stop it or to set it going, even on a level line, 
with friction reduced to an insignihcant item. 

Tliis fact of ^ inertia' was expressed by Newton in the 
following Maw' or axiomatic stiitement : ^ Every body 
lyiTseveres in its state of rest or of moving unifomily in a 
straight Une^ except in so far as it is made to change that 
state by external forces,* This is often refferred £b as 
Newton’s FIRST LAW OF MOTION, or as the Law of 
Inertia ; and it is equivalent to defining force as that which 
caiistjs change of motion in mutter. Its essence can 1x5 
briefly expressed by siiying that without force there can he 
no change of motion * or the motion of a body is constant both 
in magnitude and direction except when a force is acting on 
it ; or, again, that when resultant force is zero, acceleration 
is also zero. That a iKwly should thus jiersist ill its state of 
motion (of which n*Ht is oidy a particular case) unless some 
cuu.'^e acts to chang»* its state, is in acconlanco with the 
fundamental or comnion-sen.se axiom that no effect liappcns 
without a cau.se. It is not likely that a jiiece of matter 
should its<df lx; able change, its own state, whether of mst 
or motion : .some external craus<» or influence fi*om othc3r 
Ixslies is necessary. Tlie uImivc law asserts that the sole 
cause of change of motion in matter is force. It may bo 
taken as a definition of fome in terms of matter, or a 
definition of matter in terms of force. Since we have a 
direct .sense of foico (tlie muscular sen.se), as sUteil in the 
Intrrxluction, the latter is the most useful definition : hence 
matter is defined as that whic^ requires muscular action or 
its equivalent to change its motioh ; in other words, matter 
is that which possesses inertia- Tliis is the sole Newtonian 
test of matter ; any reference to gravitation, attmetion, or 
weight is l>cside the mark. II it be asked whether elec* 
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tricity or ether is matter, we must inquire whether either 
of these entities requires force to change its state of motion. 
The answer may or may not be an easy one to obtain by 
experiment, ))Ut there is no liaxe a}x)ut the question. If 
the etlier jx^ssesses inertia it is a form of matter, if it does 
not possess inertia it is something else. Heat possesses no 
inertia ; it is propelled by difference of temperature, not by 
mechanical foi’ce, hence he^at ie not a form of matter ; and 
so on. 

34. Since" inertia then is a characteri.stic property of all 
matter, it will serve to mecumre the quantity of matter in 
any given mass, ami it is always used for this purpose in 
Dynamics. Su})pose you have a number of smooth culxjs 
or blocks, each made of a <lifferent material birt of the same 
size, resting on a jx^rfectly smooth liorixcnital tal>le, and you 
give them each a little ])ush of exactly the same strength ; 
the push will have the kuist effect on those which contain 
the. greatest quantity of matter. Thus imagine four of the 
cubes to Ik? of cork, woo<l, iron, and gold respectively, and 
that you give each a sudden knock. The cork block would 
be considerably affected, and would slide off the table ; the 
block of wo<xl would l>e affected next in extent ; while the 
imn and gohl blocks would perhaps hanlly l>e stirred, but 
whatever movement there were would be greater in the 
iron than in the gold. We should hence conclude that the 
gold block contained most matter, the iron next, and the 
cork least. This is a perfectly direct and scientific method 
of comparing the masses of bodies, and more than comparing^ 
for it is capable of affording a definite memure of the quantity 
of matter in a bcxly. Thus either apply the same force for 
the same time to" each body, and measure the velocity 
imi>arted (if the same velifcity is imjmrted to a number of 
bodies by the same shock or impulse^ they have all the 
same inertia, and therefore the same quantity of matter) ; 
or grailuate the forces applied to the different bodies, so that 
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each may move with the same accelemtion, the forces 
required will measure the inertia of the sevenil luxlies. The 
ftux*es themselves must lK^ measured l>y the stmin methcwl 
(see IntrmUiction, sect. 6), as the other method would lead 
to reasoning in a ciR‘lc. 

Fig. 11 shows the experiment carried out as far as it is }>os8ible 
to carry it out witliout a perfectly smooth table. The blocks are 
mounted on rollers to diminish friction, and are attached each to 
a stiff spring l>abvnce, such os some of those ma<lc in dial form by 
Salter, which will yield in a very small but yet ^ incfisurable 
degree, since the yiebl is magiiitied by the index. The simple 
form simwn in the iigtire yields t<K) much to Im} suitable. These 
l>alances are then all tied to a rml, and are pulled quickly along, 
so that all the blocks Imvc practically the same acceleration 
imparted to them. The springs indicate by their stretch the 
inertia* reaction of each bod 3 \ 



Fig. 11. 

35. One often actually applies this inctho<1 of comparing masses 
in eomiiioii life. SiipiHKse you see a cask lying on level ground, 
and wish to know whether it is full or empty ; you give it a kick 
or a push with yonr foot, and if it yields and moves easily, you 
conclude that it contains very little matter -that is, that it is 
empty ; whereas if it almost refuses to move, it must CQntain 
much matter ; and if it contain.^ ilense matter, snch as iron or 
lead, it will l>e harder to move than if it containc<l, say, earthen- 
ware, and this again harder thi^ if it were full of straw. Hence 
we find that the qnantitif of matter in a given l)o<ly, as measured 
by its inertia, depends first on of its material ; and 

secondly, on its si/c or volume. And we might define quantity of 
matter as the product ol volume and density, giving this protlnct 
the name of masst. The 'mass* of a l)ody hereafter, then, shall 
stand for the quantity of matter in it, and shall eqnal its volume 
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multiplied by its density. This last serves strictly for a definition 
of density rather than of mass, as thus : 

quantity of matter in body 
Density - volume of body ’ 

or, more shortly, density = mass per unit volume. The simplest 
unit of volume is the cul>e of the unit of length — say a cubic foot 
or a cubic centimetre ; and density will be expressed as so many 

poun<l8 per cubic foot, many grammes per cubic 

centimetre. The numerical value of the density of w^ater on 
the first system of units is about 62 ; on the second system it is 
about 1. 

We see, then, that mass is measured, and must be held 
to he defined, by the proi>erty of inertness possessed by 
matter — that is, by its i*equiring force ty move It if at rest, 
ami to stop it if in motion. Tliis iilea oT Ihe muscular effort 
necnled to set a body moving or to stop it, must be held to 
be the primitive idea of inertia. The greater the eflbrt 
required to produce a given motion, the greater the inertia ; 
and as every particle of matter possesses this property, the 
more particle's there are the greater is the inertia, and inertia 
is the only direct measure of mass in mechanics. 

To recapitulate, then, mass means quantity of matter, 
and is measured by inertia. 

36. Just as the standar^l of length is an arbitrary distance, 
called in this country a standard yard, and defined as the 
distance between two marks on a certain bar of metal at 
62"^ F., so the standard of mass must l)e an arbitrary 
quantity of imittcjr. In this country the standanl mass is 
one of several equal masses of platinum kept in the Houses 
of Parliament, the Mint, end other places, from which 
copies ere taken for general use, and it is called a pound 
avoirdujxiis. 

The metric standard of mass is a similar mass of platinum 
kept at Park), and called a kilogramme. A kilogramme is 
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about 2*2 pounds, Tlie thousaiulUi part of this (a gramme) 
is commonly used as the practical unit of mass for scientific 
work all over the world, and the system of units based on 
the centimetre, the gramme, and the second is called the 
C.G.S. system. Similarly, the common British system of 
units, based on the foot, the pound, and the second, may be 
called the F.P.S. system, and units in that system may be 
called F.P.S. units. 

The student must avoid confusing the mass of a l)ody with its 
heaviness or weight. A {K>niul is the British unit of mass, but 
because the pound happens to pull downwards with a certain 
force (avoir, in fact, du pois), |>eop]e often think of this puli, 
force, or weight as the e5>sential thing, whereas it is quite a 
secondary thing. When we s|>eak of this force, we shall call it 
the pound-fe’<^*- 7 ^f, orfhe weight of a pound : it is not the |)onmi 
itself (see sect. 64). f5upiK>se you wish to leave some flowers to 
lie pressed all night in a Inwk, and you put on the book for the 
purpose a few |>ound or other weights ; what you are^then con- 
cerned with is the weight of the pounds, or their pull dowmwards. 
But snpjK>se you buy six pounds of sugar or of soap; what yon are 
then concerned with is the quantity of matter or mass which you 
obtain, and the force with which the matter tends downward is a 
secondary, and sometimes a burdensome consideration. This 
confusion has arisen from the fact that the shopman measures the 
mass out to you, not by a direct tnetho<{ like that shown in fig. 
11, but by an indirect, though practically simpler method, founded 
on the attraction of gravitation, which is proportional to the 
masses of the attracte<l bodies within the limits of experimental 
error. So that the .shopman compares not the mass but the weight 
of your purchase with his standards. We must try, however, to 
avoid confusing mms with weight, even at the risk of a little 
pedantry, which may be necessary until we are quite clear on the 
subject 

37. Now we have alreijdy seen (sect 32) that it is 
reasonable to define quantity qf motim as directly projwr* 
tional to the quffntity of matter (or mass) moving, and to its 
rate of motion (or velocity). Hence let us at once define 
quantity of motion as equal to the product of the mass 
in motion and its velocity. The name given to quan* 
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tity of motion is momentum; so we have now the de- 
finition: 


MomerUum ~ mass x velocity^ or M = mv^ 

where m shiiids for mass, aial M for momentum. 

Momentum means quantity of motion, and is meastired by 
the quantity of moving matter multiplied by its velocity. 

38. The unit of mass being a ix)und, the unit of momen- 
tum must be that quantity of motion possessed by a pound 
of matter when moving with a vel(x;ity of one foot per 
second. Tlie momentum of a |-lb. cricket-ball moving at 
the rate of 66 feet a second, is J x 56 = 14 — that is, four- 
t<^en British units of momentum, as just defined. The 
C.G.S. unit of momentum is that of 1 gramme moving at 
the rate of 1 centimetre per second. 

Tims, the jet of a fire-engine which is delivering a cubic metre 
of watet (1000 kilogrammes) every minute, at a speed of 6 metres 
))er second, possesses momentum to the amount of ten million 
C.G.S. units in each six-metres length of it, and transfers this 
amount of momentum per second to any fixed obstacle against 
which it impinges. The*re8ult, we shall hereafter learn (sect 48), 

^ is a sternly pressure of ten iiiegaclynes, a little more than 
ten kilogrammes weight 

The momentum of a 50-lb. cannon-ball moving with a velocity 
of 1612 feet per second, is 80,600 foot- pound -second (F.P.S.) units. 

That of a three-ton truck (I ton =2240 lb. ), moving at the rate of 
12 feet per second (roughly about eight miles an hour, see £x. I. 
4), would be 80,640 F.P.S. units, or nearly the same as that of 
the above cannon-ball. 

Now we shall find in the next chapter that an impulse or 
propulsion is pro])ortional to the quantity of motion it causes ; 
hence we see that in some sense or other the same motive power 
was required to set the above c^.nnon-baIl going as was required 
to set the truck, for both possess the same quantity of motion. 
Yet the force exerted by the powder in the cannon was undoubtedly 
greater wAHe it lasted than the force exerted by the horse or 
engine, or whatever started the truck ; but then the former acted 
for the fraction of a second only, while the latter took perhaps a 
minute. What is called the imptdse or propulsion of the force 

P 
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was the same in the two cases. If you put an obstacle in tlie 
patli of each body so as to stop both in the same timey they would 
each deal tlie same blow. Sup|K>se, for instance, that the 
cannon-ball and the truck were to meet each other end -on, and 
the ball were to remain iinl>edded in the material of the truck, 
both would be stopped dead by the impact. 

39. Before passing on to the action of force on matter, it 
will l)e well to explain that now we have come to deal witli 
the motion of actual pieces of matter, w'c shall, if wo wish 
to consider a piece so small that its parts may be neglected, 
use the term particle instead of ‘ point meaning by 
particle a point iX)8sessing inertia, or a material i)oiut. 
A * particle * may have any finite mass ; its sizCy indeed, is 
to be small (or at any rate negligible), but its density may 
be anything-vinfinite if we like. A IxKly whose parts are 
taken into account may Ije called an ‘extended body,* but 
if stress is wished to be laid on the fact that these {>arts 
are immovable relatively to each other, it M’ill be called a 
rigid body. An extended IxKly m*1h)si> paiis are capalde of 
relative motion is either an elastic or els<* a plastic bcnly. 
(Chapter X.) 

Also it will l>e well to point out that the j>arallelogram 
and polygon laws apply to the composition of momenta 
just as they do to the comjiosition of velocities (sect. 27). 
For the momentum of a given mass is simply proportional 
to its velocity, and the resultant velocity of a particle when 
multiplied by its mass must its resultant momentum. 

(U.) 8PINH1NO MOTION OF AN EXTENDED BODY, OB 
ROTATION. 

(Motnent of Inertia and ‘Moment of Momentum,) 

f 

40. We have already partly aeeh (sect. 17) that when we 
cinne to consider the motion of a rotating body, the distance 
of each particle from the axis of rotation is always coming 
in as a factor, multiplying the term which previously had 
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been sufficiently expressive. As this product so often occurs, 
it is convenient to have a name for it, and the name 
employed is moment The moment of any physical quantity 
is the numerical measure of its importance. [This must not 
be confounded with momentum^ with which it has nothing 
to do.] 

So the actual velocity of a particle of a rotating body might 
be called the moment of the angular velocity, for it equals 
(or, r being measured from, the particle to the axis of rota- 
tion. The actual acceleration^ again, is the moment of the 
angular acceleration — that is, it equals ar (see sect. 18). 

It often happens that the distance from the axis comes in 
as a factor twice^ so that %ve have a moment of a moment^ 
wliich is called a second moment. , 

Thus for some purposes it is convenient to speak of the 
moment of the velocity of a particle of a rotating body — 
thatis,*pr; and this is the seeond moment of its angular 
velocity, being equal to wr®. The moment of momentum of 
such a particle is, of course, mvi\ or, as it may also be 
wu'itten, 

41. These terms Ijeing understood, we wdll proceed to 
consider how we must define the quantity of motion of a 
rotating body, or a system of circularly moving particles. 
Simple momentum, or product of velocity and quantity 
of matter, will not do, for the effect produced by a given 
shock depends not only upon this, but also upon how far 
distant from the axis the bulk of that matter is. For con- 
sider a fly wlieel j which you know is a large heavy wheel 
fixed to the crank-shaft of stationary engines and driven 
at a high speexl, not for the purpose of communicating its 
motion to a lathe-band ^ anything, but simply for the 
purpose of storing up a certain quantity of motion sufficient 
to cany the engine over its * dead points,* and also over 
any accidental shocks or sudden impediments which the 
machineiy may experience ; it is m^e massive so as to have 
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great inertia, it is also made to go fast so that its parts may 
possess great momentum ; but besides this it is made large, 
and nearly all the mass is placed in its rim, which not only 
increases the momentum but causes that momentum to have 
a great leverage ; so that altogether the motion stored up in 
the wheel has a great moment of momentum. 

For just as the |X)wor or moment of a force dej>end8 not 
only on its magnitude but also on the place at which it is 
applied — not only on its sti'ength but on its leverage — being 
equal to the pnxluct of the force into its distance from the 
fulcnmi (for example, the longer a crowbar is, the more 
power it gives you ; the more unequal the length of the 
arms of a steelyard, the bigger the weight which can l)e 
balanced by a little one ; and so on, see sect. 148) ; so with 
the flywheel, the l^ttect or |K)wer of its storod-up motion 
depends not only on tlie actual quantity of motion or 
momentum of the rim, but also on the disUuice thfe rim is 
from the axle — that is, on the radius of the wheel. It 
depends, in fact, on the moment of its momentum, Mr. 

42. Now if the wheel were a sinrplo infinitely thin rim, 
the meaning of this would be simple enough ; r would 
stand for the radius of the rim, and M for the pr^nluct of its 
iiia.ss and velocity, mv (sect. 37); but any actual wheel must 
have a rim of s^^mie thiirkness, as well as some spokes and a 
nave, m the meaning of neither M nor r is quite clear 
without further definition. 

The moment of momentum of a rotating body le the sum 
of the moments of momenta of its several particles. 

Let a wheel turn w’ith the uniform angular velocity u), 
A particle of mass wq, at a distance from the axis, anti 
moving with velocity r^ta or tq, h,BS a momentum mjVj, and 
therefore a moment of momentum wipqrj, or what is the 
same thing, Similarly witli a particle of mass nij 

at a tlistance ; and with one of mass at distance 

and so on ; hence the moment of momentum of the whole 
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wheel is the sum of these terms for all the particles in the 
body, 

^^2'V*2 

or, as it is often written, ^ {mvr). 

Since e; = rw, and since <a is the same for every particle as 
for the whole body, we may write the above expression for 
the moment of momentum in this equivalent form, 

2' ) == ; 

or in words, the moment of momentum of the wheel is the 
angular velocity multiplied by the sum of the second 
moments of inertia of every particle in the wheel. 

In this last form, ?nr\ the moment of momentum is 
often cidled the angular momentum ; because, instead of 
being simply the product of inertfa. and velocity (as 
momentum is), it is the product of a moment of inertia and 
anguhm velocity. 

43. In the last pamgmph we have the occurrence of the 
secoml moment of mass or inertia, mr^y and indeed this 
occurs in Dynamics so jmuch more frequently than the first 
moment {mr)y that it is usually called the moment of inertia. 

The moment of inertia of any rotating body alx)ut its 
axis of rotation is the sum of the second moments of the 
masses of all the j)articl(is in it about that axis ; and we will 
denote it by I, so that I = 

The angular momentum, or moment of momentum, of the 
above flywheel is thus simidy Iw. 

The value of the moments of inertia of bodies of regular 
shape is obtained by actual calculation of tlie above sum, 

+ + for any required axis. The pi*ocess is easy 

to those who have learned haw to integrate : to othem the 
following list of results may be useful ; 


LI.ST OF MOMENTS OP INERTIA. 

A. About an Axis of Symmetry, 

(1) For a thin ring or hollow drum (of mass m and 

radius r) mA 
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(2) For a thick ring or drum of internal radius i*] 

and external 

(3) For a solid disc or cylinder of any length 

(4) For a solid spheie Jm#**. 

(5) For a thin hollow sphere. 

(6) For a rectangular plate or l»ar of length 

breailth d, and any thickness in direction of 
axis 

(7) For a thin rod about middle 


B. About other Axes, 

(8) About any axis parallel to an axis through 

the centre of gravity* but at a distance a 
from it, the moment of inertia—thc central 
value + For instance (see No. 7) : 

(9) Fur a thin nxl aWit one end....i^«ni/'^ + w(4/)*=4wr/®. 

(10) The moment of inbrtia of an isosceles triangular 

area about it.s median line, (base = 6) 

(11) The moment of inertia of a triangular area of . 

height /i, al>out its base as axis ^mh'K 

(12) The moment of inertia of any plane lamina or 

plate alnmt two axes through its centro of 
gravity, at right angles to each other and to 
the axis of symmetry, add up to that n)K)ut 
the symmetrical axis. Thus: fora circular 
plate spinning alxnit a diameter, the moment 
of inertia is (.see No. 3) 

(13) The moment of inertia of a rhombuH alK>ut a 

normal axis through its middle (its longest 
diagonal being / and its shoitest b) rb% 


EXAMPLF^S-VIL 

(1) Find, in bx>t and pound units, the moment of inertia of a rod 

of iron 5 feet long and 1 f^nare inch in cross-section, aliotit 
an end, given that the mass of a cubic bmt of iron is 480 lb. 

(2) Find the moment of inertia of the rim of an iron flywheel of 

11 feet mean diameter, the cross section of the rim l>eing 

12 square inches. 

(3) Find the moment of momentum of the above rim when the 

wheel Is making 200 revolutions a minute. 
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(4) Find the moment of inertia of a thin rectangular plate 

measuring 4 feet by 3 feet and weighing 5 lb. : 

(а) About an axis through its centre normal to its plane. 

(б) AlK)ut a parallel axis through one corner. 

(c) About a long edge. 

(d) About a short edge. 

(e) About a meilian line drawn lengthways. 
if) Al)out a median line drawn breadthways. 

(5) Find the moment of inertia of a hollow sphere 50 centimetres 

in diameter, weighing half a kilogramme, and spinning 
like a teetotum. 

(6) Compare the moments of inertia of a hollow sphere and a 

hollow cylinder of the' same diameter and weight, also of 
a solid cylinder and a solid sphere of the same diameter 
and weight. 

(7) Find the moment of inertia, about its point of suspension, 

of a solid sphere 1 foot in diameter and weighing 60 lb., 
swinging at the end of a string 6 incites long. 

(8) Find the moment of inertia of a triangular iron plate, J inch 

tluck, almut its base ; the base being 5 inches long, and the 
height G inches. 

(0) Find the moment of inertia of the sanie plate al^ut an axis 
passing through its centre of gravity and parallel to the 
base. 

In the above list of Moments of Inertia^ 

(10) Show that No. 13 can be deduced from Nos. 11 and 12. 

(11) Deduce No. 10 from No. 11. 

(12) Deduce (2) from (3), and (1) from (2). 

(13) Deduce (5) from (4) ; the volume of a sphei-e being Jin'®, and 

its surface being 
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CHAPTER IV. 

ON FORCE AND MOTION {Dytuimcs). 

It was stated in tlie Iiitrotluetion that ft)rce pnHiueed 
two kinds of olfocts on matter — * aoceleration ’ and ‘strain/ 
In the present cha[»ter wc will consider only the first or 
motive effects of force — that is, the effects of force on rij'id 
boilies or particles (see sect. 39) ; and first on particles 
moving in tfie ilirection of the force — 

(I.) ON THE SPEED V3F MOTION AS AFFECTED BY FORCE ; 

OR, FORCE AND RECTILINEAR MOTION. 

(Dynamics of a Particle,) 

44. When a single force F is a[»plied to a certain quantity 
of matter or mass, ?/i, for a given time, a certain <|imntity of 
motion or momentum is genenited in the mass. If the 
same force (for examjjle, a piece of elastic stn»tchod to the 
same extent as Ix'fore) i.s apjdied U» a gr^ati'r quantity of 
matter for the .same time, it will move with les.s velocity, but 
the proilud of the quantity of matter and the vchxjity — 
that is, the quantitij of motion or the momentnm — will 1h» 
found to l)e the same ; so the force may Iw measurM by 
the momentum genenit<?d by it jwr si^cond, since thi.s is 
constant, ami flepends on nothing but the force. If the 
same fort^e be applied for a grc^itcr time, a proj)ortionally 
greater quantity of rnoinentuyi will Iw generated ; hence the 
measure of the force is the momentum generated per second, 
and is obtained by dividing the wliole inomeiitum gener- 
ated by the time" taken to do it ; or in symbols, 

F-_, 
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and the %mit force will be that which can generate unit 
momentum in unit time. 

45. Force, then, by this definition comes to be rate of 
change of momentum^ just as acceleration was defined to be 
rate of change of velocity : 

a==H (sect. 10). 
z 

Hence force bears the same ndation to acceleration as 
momentum <loe8 to velocity : each, in fact, equals the other 
multiplied by m, or 

F - via. 

Tin’s hunt is a very convenient form fd tlio definition, and 
may be expressed thus : 

A force in numerical I g equal to the^accelerafum it can 
produce in unit mans; and in general a resultant or uur 
balanced force is measured hg the product of the mass moved 
into the acceleration produced^ being proportional to the two 
conjointlg ; or concisehjy 

Fouce= Mass Acoeleration. 

This is, indeed, the fundamental ndation of Dynamics, for 
it makes all that we have learned alxuit motion in the 
abstrac^t (Kinematics) available for dynamical problems — 
that is, for all pnddems involving force. It is called 
Newton’s SECOND LAW OF l^IOTION. 

46. The unit of force may exj>i'e8seil in these three 
different hut e<piivalent ways : 

The unit of fowe is that which causes unit acceleration 
in unit mass (one pound or one gramme of matter) ; 

Also, unit force is that which generates unit momentum 
in unit time, a.s said above : , 

Also, it is that which, acting on unit mass for unit time, 
causes it to move with unit velocity. So, if the British 
unit of force act on a iwund for a second, the pound at the 
end of that second will be moving at the rate of one foot 
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per second. If tlie C,O.S. unit of fowo acts on a gramme, 
Uie gramme will Ije moving at the rate of n centimetres 
per second after the lapse of n seconds. 

It is often convenient to have a name for the unit of force 
as defined in luiy of tliese equivalent ways. The name 
pomulul has been suggested for tlie British unit of force in 
ortler to indicate a connection l^tween it and the Britisli 
unit of mass (not by any means to signify that the foive 
unit eipials the wei*jld of a pound : it is nearer the weight 
of haif an ounce). A jx>uiulal is also called the BritUh 
abjR>lute unit of force, to distinguish it fmm the unit 
founded on the metric sy.stem, which involves ami 

centimetres instead of jHiunds and feet. Tins C.O.S. unit 
of force is ‘now very frequently called i\ (hjiw. It is, of 
course, that force*whieh, acting on a gmmme for a si»eond, 
genemtes in it the velocity of one eentimetio jM*r .necoml. 
It is a very small foiee indeed, only alxait the tlJousamltJi 
junt of the weight of a gmmme, whicli is itself only alKHit 
15 gmins. One isaimlal equals 13825*38 dynes. A 
jxnindal equals a i>oun(l foot [xu* second ixjr second, or 

briefly — A ixmncl weight is abont 32 poundals 

(see next chapter) ; a gnunme weight is al)out 981 dynes. 
These .standanl weights are fmcpiently uswid a.s practical 
units of force, and in statical pnddems are very convenient. 
The load of a ton, a hundredweigjit, or a kilogiamme, is 
an easily imagined quantity, and forces so expre.ssed arc 
Sfiid to 1>e stated in gravitational measure, since weight 
dc|>end8 oil the earth’s gnivitiitive attraction. Tlutro is 
no difficulty in tran.slating, thesii gravitational units into 
a1)«ohite^ units whenever the problem ceases to Ix^ statical 
aiul we need to enter on dyimniieal consideratioiiwS. 

* Th« word 'abtioluUs* not very ft|>i»ro|rriate In connection, but it U 
consUintly $o eniploye<l. Tlie meaning to be expreeiied is that Uie unit is a com* 
pUMtf tfitcifitd one, not ilepending on the proimrties of any concrete piece of 
matter For instance, the puU of a spring, stretched by a certain aiiiotiii^ might 
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. The dyne being a veiy small unit, a niegadyne (or million 
dynes) is often employed. A kilogramme weight is nearly 
equal to it, being equal to 981,000 dynes ; or 2 per cent, 
short of the full megodyne. A pound weight is 11 per 
cent, less than half a megadyne (being about 445,000 
dynes). 


The Oravitation Constant. 

But though the foixse of gravi tation thus appears to be so 
great, this is only because the earth is so massive. K^ewton 
found that tlic same force exists between all material 
bodies, that it is i)roportional to the masses, and that, 
if the masses are si^herical, it is invei'sely proi^ortional 
to the .s(juare of the distiince between their centres. Tliese 

facts may be expmssed by the equation F = wlierc 

y is a constant, called the gmvitjition constant, whose 
value must be determined by direct observation or 
ex|H?rimcnt. The r(*ault (»f such exi)eriments is that, very 
approximately, 

666 (cm.)'^ ^ ( ft.)-^ 

^ 10’*’ gni.(.sec.)“ 10’^ lb. (sec.)^* 

which may serve as a mciuomndum till it is intelligible. 
The gravitation force between ordinary pieces of matter 
is so small that if a couple of lead glol>es, each weighing 
a iKuiiid, were ])Iaccd with their centrcs one foot apart, 
their mutual attraction would ho only a thousaiubiuilliontli 
part of a poundal ; so that, if they were perfectly frce to 
move in an undisturbed way, they would each have moved 
three-quartern of an inch in 3 hours -that is, they would be 
an inch and a half nearer to’ each other, after the lapse of 3 
hours, under the influence of their mutual attraction. 

bo used as a unit or standard of force, but it would he by no means an absolute 
one. So also, the weight of a pound is not an absolute unit, ft>r it depends on 
the neighbourhood of the earth. 
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[sect. 47. 

47, Tlie funtlaiuontrtl connection lH?tvvecn foj*co and ac- 
celeration, F~wa (sect. 45), may be writUm, of coume, in 
two other forms ; and tJiis one, 


is an abbreviated statement of the fact tliat when a force F 
acts on a mass /a, the acceleration prtKhiced in it is the 
mtio of the have to tlie mass. 

Let as take an example to illustrate the application of tliin. 
Fiml the ilistanee travelletl in S seeoiulM hv a mass of 2 Il>. which 
starts from rest, and has a force of 6 |H>tiudaJs acting on it all the 
time. 

The acceleVation, qr velocity acqnite<l |K5r second, U 
/n 2 ponnds 

The whole vel<x'ity acqiiirtnl in the 8 seconds is therefott! 24, 
and hence the average velocity is 12 feet jH.»r second. The distance 
travelled Is the average velocity multiplicHl hy the time, that is, 
9t5 feet ; which is the answer. 

Or we might, without trouhlingalnnit the velocity, have applied 
the formula a.s k<k»ii as we knew the value of the ac* 

celeration, = nm! of course we should have arrived at the same 
result, lint all this latter part is simple Kineinatica : the only 
dynamical part was the finding of the acceleration from the given 
force and mass — namely, 

Whether the b(xly is in motion or not when the force 
begin:> to act, matteni nothing- the acceleration prwluccd 
is precivSidy the siinn*. Of course* the disLince travelled in 
a given time will lx* diU'erent, Imjcuiisc of the initial vehxrity, 
(v^t will have to be adtlcft to the \aP) ; but all that was 
consiflered in Kinematics, Chaj^^er 11. 

48. The following is Xewtons «tatem(‘nt of the al)ove 
connection IndWeen for(;e and motion : 

‘ Change of motum h proj/otimial to impremed force^ ami 
takf 4 plaee in the direction in which the force acts ;* 
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Or as it has been restated by Professor Clerk Maxwell, 
in equivalent modern language : 

'The change of momentum of a body is equal to the 
impulse which produces it, and is in the same direction.’ 

By impulse is meant the product of the force acting, and 
the time it lasts ; for it is on both these that the motive 
power of a force depends. Thus the blow of a hammer 
is a very great force while it lasts ; but as it is only mo- 
mentary, its impulse (or motive effect) may not be so great 
as a much smaller force applied continuously for some time * 
(cf. sect. 38). The motive effect or impulse is pn»portional 
both to the strength of the force, F, and to its duration, t; 
and hence it is defined as the product F/. So the first 
portion of the above statement is, in syn^ols, 
mr==F/ j 

where v represents the velocity gained ])y the mass m 
owing to the action of the force F for a time t ; it is, in 
fact, simj)ly the fundamental relation of sect. 44 in another 
form. 

It is convenient at this stage to refer to the numerical examples 
given in .sect. 38, and to reali.«»e that to start the cricket-ball witli 
momentum 14 F.P.S. units would require a force of 14 poundals 
lasting for a second, as when thrown ; or a force of 14,000 
poiindals (say 2 tons) lasting the thousandth part of a second, as 
when struck with a hat. Also, that to start the cannon-ball in 
the thou.sandth part of a second would require a force of 80 million 
poundals, which is about equal to the weight of a thou.sand tons ; 
a force which, applied to the sectional area of such a cannon-hall 
(say 33 .sq. inches), would nee<l an average pres-Mue in the gun of 
30 tons to the square inch. All this on the assumption that the 
thousandth part of a second represents fairly the time between 
the ignition of the powder and the Ejection of the ball. 

The railway truck ifpushet^ by three men each exerting a 
force of one hundredweight, would get up its given speed in 

* This is host observed by first striking shsrply, and then pushing steadily, a 
thing on wheels where the Ariction is small. The adx'antage of a blow is felt, not 
when you want to move a massive body, but when you have a great fbr^ of 
friction to overcome, as in hammering a ludl. 
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80640-f (336 x 32)— that is, in about 7i seconds; supiKwaing there 
was no friction and that the line was perfectly level. 

As for the jet of water, it represents a momentum of ten 
million C.G.S. units per second, and hence corres|)ond8 to a steady 
force of ten million dynes. This force must be operating, to 
propel the jet, over the sectional area of the nozzle ; and if this 
area is a circle half a centimetre in diameter, the pressure to 
which the water is pumped must he al)oiit 50 megadynes per 
square centimetre— that is, about 50 atmospheres, or 700 lb. 
to the square inch. 


49. The above statement, in italic or black typo (sect. 
48 and scot. 4^) is often called, as 1ms Inion alr(*ndy stated, 
the second law of motion: it might with propriety bo 
called the law of motion, or the law of force anti motioiL 
It is very ’general, and involves a great deal. It is the 
fuwlamenial hiw iff merhanies. 

First, it shows that where there is no force there is no 
change of momentum — that is^ that a l)ody not acted upon 
by any external forctj, if in motion, will continue with that 
motion unaltered, and, if at will remain at rest ; a fact 
often stated sej)arately as the law of inertia, or the firet law 
of motion (sect. 3.3). 

It further declunjs implicitly that if a force act on a Inxly 
in motion, it produces just the mma elfect as if it had acted 
on the same bxly at rest — that is to say, the state of the 
body on which the force acts is immaterial, as nothing is 
said about it in the statement. 

Moreover, the second law implies that if two or more 
separate and indepeiulent forces act on a lK)dy, each pro- 
duces its own change of motion in its own direction without 
regard to the others. 

50. This last is an imix)rtan^ aspect of the law, and tells 
US' that the operation of compninding together a lot of 
independent forces is just the same as that of com{K>unding 
together the motions whicli each force scj)arately tends to 
produce in the same time. 
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Thus if AB represents the quantity of motion (that is, the 
momentum) which would be produced by one force by itself 
ill a second, and BC tlic motion wliich would be produced 
by another force by itself ; then AB and BC may also be 
Uiken to represent the two forces themselves. But we learn 
from Chapter II., and from sect. 39, tliat tlie resultant of 
the two motions AB and BC is the single motion AC, hence 
AC may be taken as representing the remliant force — that 
is, a force which, if acting by itself, would produce precisely 
the same effect as the oth^r two forces acting together ; 
provided they are independent of eacli other. 

Hence all that we have said about the composition of 
motif)iis applies equally well to the composition of independ- 
ent forces. In other wonls, forces are qpmpouilded by the 
parallelogram and polygon laws just as^ihotions are com- 
pounded (see sect 24 and Chapter VII.). 

51. M<ffeover, wo learn that in order to sjiecify the 
tmnslating power of a force, it is only necessary to specify 
the velocity it is aide to produce in unit mass in a second; 
which is readily done by drawing a straight line anywhere 
of deiinite length in a definite direction. But we shall soon 
learn (sect 55) that, as force has roiatiiuj as well as tram- 
lafing power, it is necessary, for the complete specification 
of a force, to assign also its position or line of action ; it is 
not necessary to assign it any definite place in that line. 

Hence three things determine a force — Direction (with 
sign), Position, and Magnitude. As these things are pos- 
sessed by an arrow-headed line of given length, such a line 
is often used to symbtdise a force. This j, for instance, 
would be one force, and this -i- ^ force of the same magni- 
tude as the first, but in a diflerent direction ; while this 
other one, equal and parallel % the first, | would be equiva- 
lent to the first in translating power, for it has the same 
magnitude and direction, but different in rotating power, 
having a different position, that is, line of action. The only 
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defect of this inoile of I'epresentation is that it is a little too 
expressive — tliat is, it expresses a little more than is wanted. 
For and -♦*, tliough two distinct represent the same 
force in every respect, having the same direction, magnitude, 
and lino of action — the rotating and translating powers are 
the same (see end of sect. 57). For further development of 
this, see Chapter VI I L 

52. There is one more thing about force which is very 
imiK)rtant, but in the present stage its full meaning can 
scarcely be appreciated, anti that is the fact, mentionctl in 
the IntrotUiction, that force is always due to the mutual 
action of two or systems of btxlies ; that every force, 

in fact, is one of a pair of cqmd op|>osito ones — one com- 
ponent, thift is, of;i either like the stress exerted by 

a piece of strettJhVl elastic, which pulls the two things to 
which it is attached with equal forc;e in op|)osite directions, 
and which is called a tension ; or like tlie stress (ff a pair of 
compr€sse<l railway butlers, or of a piece of squeeze<l iiulia- 
rubl>er, wliich exerts an equal push each way, and is called 
a pressure (.see sect. 3). Newt^m s law concerning this is 
what is called his TIIIRlt LAW OF MOTION: 

‘ Reaction is al trays r,pial ami opiuysite to action — that is 
to sny^ the actions of two bodies upon each other are always 
equal and in opposite directions^ 

This may 1x3 called tin) law of stresw, and it has been 
shown by Pmfe.ssor Tail to be su.sce[>tible of considerable 
<leveIopmcnt (.sec Tliomson and Tait^s Natural Philosophy^ 
art. 269, and s4io. al.so Chapter VI. of the present text-book). 
It is de«luciblc from the first law of motion (see Jlaxwell, 
Matter ami Motion^ art. Iv^ii .), for if tlie forces exerted by 
two parts of the same Ixxly on each other were not equal 
and opposite, they would not\e in equilibrium; and con- 
sequently two parts of the same b^y might, by their 
mutual action, cause it to move with increasing velocity for 
ever, the possibility of which the first lew denies. The 
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siUlie proof hohls witliout modification for the mutual forces 
between any two or more bodies; for tliose bodies may be 
regarded as a single system or complex body, within which 
all internal forces must balance, else would thei’e be the 
imi>ossible result of an internal force capable of accelerating 
the system. 

We have already shown (sect. 49) that the first law is a 
special case of the secoml, and now we have deduced the 
third from the first ; hence all are really included in the 
second, which is therefore excessively imjx)rtant. 

EXAMPLES-- VIII. 

(1) What is the acceleration when a force of units acts on a 

mass 4 ; and how far will the mass move in 10 seconds ? 

(2) What is the least force necessary to cause 15 lb. to move 30 

feet from rest in 5 seconds ? 

(3) If a mass of 7 lb. is acted on by two opposite forces of 

magnitudes 56 aiul 42 respectively, what is the accelera- 
tion ; and what will l)e the momentum generated in 5 
seconds ? 

(4) How long must a force of 8 poundals act on a 20 lb. mass to 

change its velocity from 2 to 26 feet i>er second ? 

(5) In what distance will a force of 2 poundals be able to stop a 

mass of 30 lb., which at the time the force liegins to act is 
moving 60 feet every second ? 

(6) A mass of 20 lb., which has been going 40 feet per second, is 

now retarded by a constant force ecpial to the weight of 4 
{H>iinds. How soon will its velocity l>e 24 feet per second 
in the reverse direction ? 

(7) Find the force which, acting on a mass of 2 kilogrammes, 

gives it a velocity of 98*1 cm. per second in 6 seconds. 
Compare this force with the weight of the body. 

(8) If a mass of 6 lb. is propelled so as to gain a velocity of 10 

feet a second every second, what is the magnitude of the 
force urging it ? ^ 

(9) If a mass of 6 Ib. be pushed by a force of 2 poundals without 

friction for 5 minutes, how much will the momentum of the 
mass be altered ? 

(10) If a certain force acting on a mass of 6 lb. for 4 ceconda 

8 
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gives it a velocity of 40 feet per second, through what 
distance would the same force move a mass of 10 Ik in 5 
seconds ? 

(11) What weight is equal to a force of 1200 absolute foot-pound* 

second units ? 

(12) What weight is equal to a force of a million dynes? How 

many dynes will stipiK>rt an ounce against gravity ? How 
many dynes can support a gramnio ? How many corre- 
sjMuui to the weight of a ton ? 

(13) A force equal to the weight of a cwt. acts on a ton for 2 

minntes. What velocity will it produce? If a force 
equivalent to the weight of a ton o[)erated on a quies- 
cent hundreilweight for 2 minutes, how far would it 
push it ? 

(14) If a force equal to the weight of a gramme pull a mass of 1 

kilogramme along a smooth level surface, find the velocity 
when the mass has moveil 1 metre. 

(15) A .mass of 1«X) grammes acquires a velocity of .30 cm. per 

second in 10 seconds. Fiiul the force acting on it. 

(10) A load of 50 lb. is liei ng lowered by a cord from«a height. 
Find the tension in the cord : 

(a) When the si»eed is increasing at the rate of 8 feet per* 
second i»er second ; 

(5) When it is decrea.siiig at the same rate ; 

(c) When the speed is iinilorin. 

(17) What stearly force must act on a mass of 10 lb. initially at 
rest in order to move it 144 feet in 3 seconds ? How dwH 
tins force compare with that of the earth’s attraction for 
the ma‘<s ? 


Impact. 

53. When two or mure IxxUes in free motion impinge on 
one another, their action and reaction are erjual and opi) 0 .siU% 
or, in other words, there is no outstamling or resultant force 
tending to move the system^ of bodies as a whole in any 
dirfiction. Whatever was their average motion before im- 
pact, that same will continue to be their average motion 
after imi>act. The inomentiim of the wliole can only be 
changed hy a force exerted by something outside the system ; 
internal forces can rearrange the distribution of momentoy 
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but are incompetent to affect total momentum. Hence, 
l)eing the maasea, if Wj, % initial velocities, 

and Pj, fKj their final velocities, the above deduction from 
JNTewton^s thinl law may be written ; 

The resultant of 7n^u^ and m^w^^the resultant of 
and initial momentum and the final 

momentum are equal in both magnitude and direction. 

The impact of particles or homogeneous spheres may Ije 
either direct or oblupie. The impact is direct when tliey 
approacli each other -along the same line and when their 
surfaces at the point of contact are perpendicular to this line, 
HO that the bodies also recede along the same line after 
impact In this case the equation of momenta is 
mp/j -I- 7n,2U,2 ~ 

The line through the point of contact perpendicular to their 
surfaces at that point may be called the line of the blow, or 
the line of impact If the velocities of the approaching 
bodies are inclined to this line, they may be usefully resolved 
into components — one along this line, and the other at right 
anglers to it — the first being the component in the direction 
of impact, and the other the transverse comjwnent of the 
velocity of each body. The direct components of momentum 
olK*y the alK)ve law. The transverse momenta not only obey 
tlio same equation of tobil equality, but are individually 
al)8olutely unchanged by the impact. 

Another mocle of suiting the law of constancy of total 
momentum is to say that the motion of the centre of gravity 
of the two bodies continues unchanged by the impacts, or 
by any other exertion of internal forces For, as will be 
shown in sect. 131, the centre of gravity of the two bodies 
is a point between them such that its distance, Xy from any 
line in the same plane with them is given by 
4- 7n^x « m 

whence it follows that its velocity, perpendicular to that 
same line, is given by + + before im- 
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pact, and that its veU>city, r, after impact, is given hy 
(i/i^ -f m^)v = + ?n^t\y Hence, hiking tho line < >t refei*onco 

perpendicular to the line of impact, that is, attending to tim 
component velocities in this line, and rememhcring that 
+ Wjrj + we see that so that this 
component of the velocity of tho centre of gravity is 
unchanged by the impact ; and, d fortiori^ tho transverse 
component is unchanged, therefore tlie motion of the centre 
of gravity is entirely unaflected by the blow. 

And this is general : for instance, when a shell exi»lo<IeH 
in mkbair, the centre of gravity of the whole of its materials 
continues its ]>arabolic orbit unaltered until some of the 
pieces strike external objects. Or, again, when a shot is 
fired from a gun, the total momentum after explosion is the 
same as it was 1)eft)b? — namely, 0 ; that is, the giin nooils 
with a momentum which is equal and op|M)site to that of the 
shot and tlie powtler gases forwanl. This fact ijf utilised 
in a rocket in an emphatic manner. 

All this represents the first fundamental Jaw of inqmct or 
of internal foioes in general, and it is called tho law of 
‘conservation of momentum/ It is to l>e entirely dis- 
tinguished from the conservation of energy ; indeed, energy 
is l)y no means obviously conw'rved in cases of inq^ict 
Heat ami sound, as well as r<»tjition, have t<» Ik* taken into 
consideration Indore the conservation of eiiergij can Ixi 
asserted (see Cliapter VI.), hut the conservation of mo- 
mentum is a simple variant or extension of Xewton’s first 
law of motion. 

The next fact that has to lie stated is of a more empirical 
chameter — namely, that, in tho case of direct imj)act, tho 
relative velocity of recoil always bears a fixc^I ratio to the 
relative velocity of approach for a given pair of bodies, 
provided that, in general, tho shock is not so great as to 
permanently defonn or break them. 

Consider two spheres moving in the same line and one 



IMPACT, 


CHAP. IV.J 


6d 


ovcrtiiking the otlier. Before impact their relative velocity 
is Mj - ; after impact their relative velocity is v.^ - ; and 

thesi; two velocities are pro]xn-tional, so that the ratio 

tt ^ ^ cjonstant. Tliis constiiut, which is usually denoted 

by e, is called the * coeifficieut of restitution/ which we may 
shorten into ifie recoH-ratio of the two bodies. 

In a few simple cases, such as perfectly elastic spheres or 
equal rods impinging ‘end-on,’ this coefficient is practically 
luiity; but in general it is less than 1 by reason of the 
setting up of rotations, and also by reason of some eneigy 
taking the form of vibrations, whether of sound or heat ; 
and in the extreme ccisc of perfectly inelastic bodies, like 
putty, or dough, or wet clay, the valuo-^qf the coefficient is 
zero. In these latter cases the Inxlies move on together 
after inymet without any recoil The following four state- 
ments are now easy to verify for cases of direct impact ; 
though, like the rest of tliis section, they will not be found 
easy till more Ims been mul ; 

(1) Two equal liodies with c = l interchange their original 
velocities after impact. (For example, if one lia<i l)een 
stationary at first, the other will be left stationary at last.) 

(2) Wlien 1, the initial and final energies are equal. 

(3) Wlien e==0, the loss of visible energy at imjiact is 

1 111 . 

where ~ — -f — ; 

M /nj ^2 

the loss being equal to tlie eneigy of an imaginary particle 
moving with the relative -.velocity of approach of the two 
impinging l)u<{ies, and of mass e<|ual to lialf their harmonic 
mean. 

(4) In all cases of direct impact the loss of eneigy is 1 - e* 
times the above amount 
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Oblique Impact. —If the impact is oMicjue, tlie component 
velocities in the direction of imjmct are changed in accoixl- 
ance with tlie above eciuations — namely : 

^ ( 1 ) 
ami V,, - ~ - «^) ; (2) 

while their comix>nenU i)eq)endicular to this direction an?, 
as previously stated, wholly unatfected. 

If one of tlie masses (//^>) is infinite, eijuation (1), though 
still true, is useless, Init eipuition (2) is then sufficient. 
Moreover, since the velocity «.» of the iniinite mass is prac- 
tically unaltere<l by the collishm, and will most naturally be 
taken as zei*o, the eipiation reiluces to 


that 18 , the cornjionent velocity of in the direction of im- 
}>act is revei*scMl and iliminished in the. ratio of e;'L The 
transverse comtionent is, of coui-se, unalteml by the collision. 

It is interesting to note that, since the path of the cjentrc 
of gravity of two colliding nias8«‘s is absolutidy unalteretl by 
the collision, the circumsUnces of impact an', the same as if 
the two massses eacli collided with an irdinite mass moving 
with the vehx;ity of tlieir centnj of gmvity. If we cojisider 
their motion relative b) tlmir cent«3 of gravity (obtainotl by 
comjwunding with the actual velocity of each mass a vehtcity 
efpial and opjiosite to the velocity of their centre of gravity), 
the comjwnent velocity of each in tlio direction of impact is 
reversed and diminished in the ratio of c : 1, in aocordance 
with what always }uipi)ens when a finite mass collides with 
an infinite mass; and theij' transverse relative velocities 
continue unclianged. These ideas wdll assist ns to n5present 
in a diagram the changf3 of velocities caused by a collision 
under given conditions 

The following general construction can be given, and its proof 
left as an exercise. If AO represents in magnitude and direction 
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the velocity of some particle A, and BO the velocity of any other 
particle and if G is the centre of gravity of the two particles A 
and H, then CO is the velocity 
of their centre of gravity ; and 
A(J, BG are the velocities of the 
particles relative to their centre 
of gravity. After impact has 
taken place, in some line to 
which MN is drawn normal, the 
velocity of the centre of gravity 
continues unaltered, but the velo- 
cities of the particles l>eco‘me A'O 
ami B'O resfiectively, such that, 
if = the line MN is equally 
inclined to AB and to A'B', while 
A'(J = A(; and B G = BG. 

(If e is not unity, then the tan- 
gent c>f the angle lietwefui A'lV and MN is e times the tangent of 
tile angle l>etweeii AB and iMN.) 

It should lie noticed that AM, BN are the dirert components, 
and MG, N(r the transverse coiii|>onents, of the velocities AG, BCr ; 
consequently in all cases MG, NG remain unchanged, while the 
direct com|K)]ients are reversiMl and dimitiished in the ratio e : 1, 
so that A'M ~ - c • AM, and B'N = - e ' BN. (In the figure, e= 1.) 


o 



EXAMPLES-IX. 

(1) Two halls of masses 4 Ih. and 8 Ih. are moving towards 

each other with velocities 25 and 3 feet per second respec- 
tively. After impact they move on together. Find the 
common velocity. 

(2) Two {lerfectl}' inelastic bodies of masses 120 and 150 lb. 

respectively, moving with equal opposite velocities of 18 
feet a second, impinge directly on each other. Find the 
sulisequent velocity. 

(8) A lump of clay when tlirow.i horizontally against a mass 20 
times as gi'eat, resting on perfectly smooth ice, makes it 
move 3 feet in 2 seconds. What speed had the clay at the 
moment of impact ? 

(4) Two masses of 6 and 10 lb., moving in opposite directions 
with velocities of 10 and 8 feet per second respectively, 
edilide. If the velocity of the smaller mass be exactly 
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reversed Uy tlie impact, find the coolllcient of restltntion 
for the two bodies. 

(5) Find the velocities of two bodies after collision, their masses 

being 18 lb, and 82 lb., their velocities (in the same straight 
line and in the same direction) 12 and 7 feet per second, 
and their coefficient of restitution 

(6) A I'OZ. bullet fii-ed from a 201b. rifie preescil against a iitass 

of 180 lb., kicks the latter back with an initial velocity of 
6 inches |*er secoud. Find the bullet’s initial velocity. 

(7) A bullet of mass ^ lb. is fired with velocity 800 feet |)er 

second into the middle of a wootlen block weighing 80 lb. 
luiiig by a very long cord. AVhat is the common velocity 
of peudulum and biiliet just after the collision 7 

(8) Two masses of 10 and 20 lb., moving in the same direction 

with velocities of 25 and 15 feet |K;r second resj>cc lively, 
collide. Find their velocities after impact, assuming them 
to Ijc i)erfectly elastic. 

i9) Masses of 4 and 0 1)». collule when moving in opposite direC' 
tions with velocities of 8 and 12 feet |icr .secoml i*es|KH;tively. 
If their coefficient of restitution l>e find their* velocities 
after im|»act. 

(10) Two ksJies, for whb’li the coefficient of restitution is 

appri>ac}i eaoli other with e<jual velocities of 20 feet jK*r 
second. After collision one IhkIv, the mass of which is 
6 lb., returns with vebKrity 15 feet jwr second. Find the 
ma.««s of the other Issly. and its velocity after collision. 

(11) Two masses of 5 and 3 Ih. collide when moving in op|>osite 

directions with veharities of 4 and 10 feet |>er second 
re«|)ectively. If the smaller is just hronght to rest hy the 
impact, find the cociricieiit of restitution for each limiy. 

(12) A bullet, weighing 50 grammes, is fire«l into a target with a 

velocity of .><K) iiietr<*s a second. The target is sup)m>mm 1 to 
weigh a kilogram fiie, and to lie free to move. Find, in 
kilogrammetres, the loss of energy In the impact. 

A'.K— 'R^fmemlwr tlmt giv«ji a result in not in ffrupiUt- 

iionaif Uinta. 

(18) A ball let fall on a stone slab from a height of 16 feet 
bounces the first time to a height of 9 feet. What is the 
coe^dent of restitution, and how high will the ball bounce 
next time? Find also the total distance it will travel 
before coming to rest 

(14) Two smooth spheres whose masses are proportional to 10 
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atiil 8f moving in directions pei*pen<Uciilar to eaclt other, 
^vith velocities of 20 and 30 feet per second respectively, 
collide so that the line of centres makes angles of 30" and 
00" respectively with the directions of the motions. Cal- 
culate their velocities after impact *, taking the recoil ratio 
as unity. Also find them by means of a diagram. 

(15) A cannon on an armoured train Ores a lOdb. projectile 

rearwards with a velocity of 2000 feet a second. If tlie 
tnick with the cannon weighs 2 tons, what initial velocity 
is imparted to it ? 

(16) A Maxim gun delivers SOGone-ounce bullets per minute with 

a speed of 1600 feet a second. What force is necessary to 
hold the gun still ? 

(17) A jet of water from a fire-engine delivering 30 gallons of 

water per minute through a quarter square inch opening 
impinges directly on a brick wall. What force does it 
exert ? 

(18) Why does a foul gun kick w'orse than a clean one, notwith- 

standing that it ejects the shot with less velocity ? 

<1 

(II.) ON ANGUI.AR VELOCITY AS AFFECTED BY FORCE; 
OR. FORCE AND ROTATION. 

(Dynamics of a liiyid Body.) 

64. Wlicu force acts on an extended piec*(3 of matter, it 
pDMluces in general both motion ami stmiii (sect. 6). The 
latter Wf3 do not ^vant to consider at present ; so to exclude 
it, wc supixjse the body to be riyid- nW its parts rigidly 
bound together nml incai»able of distortion or relative dis- 
placement. The effects of force on such a bcxly are translation 
and n)tation. If the effect is tniiislation only, the IxKly acts 
like a [mrticle (sect. 39), as if all its mass were concentrated 
at a i>oint (called its centre of inertia, or sometimes its 
centre of gravity), and the second law of motion as stated 
for particles applies to the rigid Ixxly ; so that if R is tlie 
resultant of all the external forces acting on the body, and 
if m is its mass, the acceleration of its centre of ineitia is 
R 

- . This is true anyhow, whether there is rotation or not ; 
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but when rotutioii is allowed the subject Iwcomes much 
more complicated, OvSjteoially if translation is possible as 
well. We can, however, consider rotation by itself, by 
supiKKsing one line or point in the Inxly to be iixed in 
jK)sition, so as to con.stitute an axis or centre of roUition. 

55. All we can siiy al^out the subject here is, that in 
estimating the rotating ellect of a forae, one must not only 
consitler its impulse - that is, its magnitude multiplied by its 
duration (sect, — but we must als<» consider its position ; 
how far its line of action is from the fixed line or axis of 
notation the farther it is oil*, the moitJ ettect it has ; its 
moment (sect. 40) is gn'ater. 

8up|H>se a force acts on a ImhIv only cajHible of rotation, 
at a <listance R fn.uu its fi.xed axis : the moment nf monwntnm^ 
or amjnlar momenlnnij genenitetl or !'(//* r^u>), see 

stn’t. 42], etpials the pnxluct of the moment of the huce, 
FK, into the duration, t ; in other wonls, it e/|uals the 
moment of the iinpnt^e ¥t . K. 

This is expressetl by the bellowing e<|uation, wliere the 
moment of Inertia of the btMly '^(mr-) is denoted by I (see 
s<.»ct. 43) : 


Iw-FR/, 

or, moment of moment nm — moment of impul»e^ 

which ivS an extension o! the simpler particle e<|uaiion, 

(sect. 4H), momentum ecjuals hn/mlee, ///r — FV, 

56. This equation may also \ni writUni (since w ~ at), 

, 1 4 • FK moment of force 

angular acceleration - a := . ^ . , 

I moment of ineHia 

which is evidently analoguu.s Uj the simple, and, for jmrticlcBi 
fundamental e<|uation {metk 47), 


acceleration « - 

in 


force 

ineitia’ 


and iiiclude.s it as a s{>ecial case. 

For an application of this equation, see sect 142. Read 
agaiii^ carefully, sections 40-43. 
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Moment of a Force, 

57. The idea of the moment of a force is a very im- 
portant one, and will occur again and again in Statics (Chap. 
VIIL). It Wiis from this jiarticiilar ciise of it that tlic 
name moment arose, signifying that cm which the i)ower of 
a force in joroducing rotation depends. Thus, to close a 
door rotating on its hinge?, hy a pusli, it is much more 
eifectual to apply the push near the handle than near the 
hinge. In pulling at a lever, the farther you are from the 
fulcrum the moi'e j)ower you have. Doubling the distance 
of the fierce from tin? fulcrum is as gtod as doubling the 
force itself — doubling either doubles the effect — doubling 
Ixith tpiadruples it: himce clistiince and .foi*c(? enter ecpially 
into till) effect —that is, the moment of the force is propor- 
iioml to the pnwluct of force and disUince, FK, and may lie 
d(»lined as eqml to it. 

TJiC! dishince cjdled R here is always the i^hortest distance 
from the p(»int or axis of rotation to the line of action cd the 
foiTC- that is, it is the length of the perpendicular drawn 
ladween these two lines, or let fall from the tixed jx)int 
upm the line of action. Kow, the area of a triangle is half 
the Iwise multiplie<l by the }>eq>endicular height ; hence, if 
the foive be taken as the base of a triangle, (Uid the point of 
rotjitiou as the vertex, the ami of the triangle so formed 
will be half the moment of the foive about that p)inD Or, 
in symbols : the im)ment of the force AB about the point O 
is AB X < )X, where ON is 
the distance R, being the 
peri)endicular let fall from O 
upm the line A 13, producejjl 
if necessary (fig. 13) ; but 
AB X ON also ecjuals tmee 

the area of the triangle OAB ; hence, twice the area of OAB 
represents geometrically the moment spoken of. Tlie posi- 
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lion of AB tn the Hue is evidontly of no consequence, as all 
triangles of equal heights an<l leases have the sanic urea (cf. 
sect 51). 

But to express a luoiuent completely, we must also notice the 
direction of its rotative teiulency. In the figui*e it hap|)ens to be 
like the luuuls of a watch, a direction it is convenient to call, 
w'ith Professor Cl itlonl, ‘clockwise.* If AB were reversed, or if 
O had been on the other si<Ie of it, the direction of rotation would 
bo also revei-setl, or ‘counterclockwise.* This last direction — 
namely, that op}Hisite to the hands of a clock, it is customary to 
call positive,— the clockwise rotation Udng therefore negative. 
So in the above figure the moment is equal to2.0BA ; the order 
of quoting the angles being attended to. 


Force Perpendicular to Path of Motion. 

58. But tlunv is another as|M‘et of the sulyoct. When a 
IxMly (siiy a wheel) rotiitejj roiinil an axis, every point of it 
is describing a circle ; and w>, even when ita motion is 
uniform, and not accelerated in the orlinary senw, still a 
force must act on each of its ixirlicles to coini>el them to 
move in the circle contmry to the lii’st law of motion. 
This force is supplied l>y the stivngtli of its material, and is 
often neglected ; it is, however, very iiiijKU'tttnt. It may 
happen that the inateiial of a wheel is iu>t strong enough to 
exert the force required when the rotation is very rapid, 
and in that case tlie particles will ce^uH*. to move in their 
circles, but will iKfgin b» move in stmight lines : in other 
worls, the wlnrel will fly to pieces. If a Ixxly revolve 
alsiut a centre outsiile itstdf, the needful forcer must Ixj 
supplied to it by a link nr coni, or by scime other con- 
straining mechanism (a groove in the case of a solitaire 
marble running round its Iswinl). 

In this, as in every case, the acceleration is pro|)ortional 
to the force, and a constant force produces a uniform accel- 
eration (sect 45) ; but the acceleration, or at least a com- 
ponent of it, is here perpendicular to the direction of motion 
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(see sect. 15), and this is a most important case. We will 
now proceed to investigate it further. 


(III.) ON THE DIRECTION OP MOTION AS AFFECTED BY 
FORCE; OR, FORCE AND CURVILINEAR MOTION. 

{Dynamics of a particle continued . ) (Centrifugal force . ) 

59. The vehx^ity of a particle of matter may be changed 
b<>th ill magnitude and direction by the acti<jii of force. 
Hitherto wo have dealt only with change of magnitude; let 
us now pi*ocee<l to change'of direction ; ami consider a case 
where a foitie produces mdy curvature in the path of a 
particle without otherwise ailecting the velocity. 

Imagine a particle of matter moving round and round a 
circle with constant aj>ee(L Although there is no accelera- 
ti<»n in the direction of its motion, yet, nevertheless, a force 
must, necessarily act continually in order that the circular 
motion may continue. The velocity is unifonu indeed in 
speed, but its direction is constantly changing. But, by 
tlie first law of motion, a particle of matter Mdll move 
always in the same direction — that is, in a .straiglit line — 
unle,s.s it is acted on by force : hence, force is necessary to 
change the direction. 

If the i>articlo were at the point O (lig. 14), and the 
force were to co4iso to act, it 
would continue to move in the 
stmight line OT, touching the 
circle at O. In onler to go 
round the circle, it must then 
fall from this line normally, 
that is, toward the centre of 
the circle; it thus arrives at 
the point P, and now it is 
going along PT'; but it falls a little towards the centre 
again and so reaches the point Q, and so on. A force then 
must constantly act drawing the particle towards the cenbe 
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of the circle ; and this force is called therefore the e^rUri- 
peial force. It is constant in inagiutude, bnt continually 
changing in diit'otion, being always at right angles to the 
direction of motion of the particle. And because it in at 
right arigles to this direction, it can produce no acceleration 
in it Whirl a stone round by a string : the tension in the 
string is tin's centrij>etal force, and you will fiial it greater 
as the atono is larger, and also as whirl it quicker. 
The tension in the string, however, is really a stress (sects. 

3 and and has two asjH^cts, one the ae/ion of the liaml 
or centml Ixnly on the revolving {xirticle, which is the 
centri|Mital force propr ; the other the reaction of the 
revolving panicle on the central l)o<ly, whicli is the force 
felt by the'hami, and gws by the name of centrifuged fon'e. 
Of course the two are e<|ual. The essential thing, however, 
is tlio stress, an<l which com|)oncnt wo speak of matters 
little : but, as we are at pres<mt concerned more with the 
action on the (cu ticle than with the reaction on the centre, 
it will l)e c<»iivenient to attend more to the centripetal force 
than to the other. 

Value of Centripetal Force and Centripetal Acceleration. 

CO. Xow, to find the magnitude of this force, wo must 
regjinl the motion of the particle as compounded of two — 
one a uniform velocity along the tangent to the circle ; the 
other a uniff>rm acceleration along the rarlius, produced by 
the uniform ccntri{)ctal force F, acconlfng to the law 



a being centripetal acceleration. 

We have then a case of composition of motions very like 
tliat discussed in sect. 29, where a uniform rectilinear motion 
was compounded with a uniform acceleration in a constant 
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dircction--that is, always pamllel to itself; and wham fJia 
path of the resultant motion was found to be a parabok 
But, in the present case, we 
have to compound a uniform 
motion with a unifonn accelera- 
tion at riglit angles to the j>ath 
of motion at each insUint, in 
fact along the radius of the 
circle, and hy no means pamllel 
to itself. 

Drawing a figure similar in 
principle that of sect. 29 (fig. 

9, which see), let OP he the 
very minute portion of the 

circular patli descriknl in an infinitesfmal portion of 
time f with the constant velocity t’, so that 
• OP = r/; 

aiul complete the figure as shown in fig. 15, letting fall PN 
IMirjiendicularly to the diameter of the circle 01). 

Then OP is the diagonal of an infinitely small jmrallelo- 
gmm * with sides OT and ON ; wlierefore the motion along 
OP may he reganled as compounded of two motions— one 
with the constant velocity v along OT, which the particle 
would liave if left to itself ; the other, due to a constant 
pull of the centre C, and therefore uniformly accelerated, 
along ON, which is the distance travelled in that direction 
in the alxivc small time f ; wherefore 

It only remains to determine, from the geometry of the 
figure, the relation between ON* and OP, in order to find 

* The quedrfistemi OKPT is not rollly s pariiIlelogFatn« bnt It is more nearly 
one the smaller it Is— that is, the nearer P is taken to O ; anil it is accurately one 
in the limit when it is infinitely smaU— that is, when P is the neit consecutive 
point to O, whicii is supposed to be the case ; for of course OPQ, &c. are really 
consfcniitv iioinU of the circle, only they have to be spread out in the diagram. 

Ill the limit ahto OP and OT are equal, and hence OT is alsoequid to eC. 
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Uio value of the ceuiri|>etal acceleration for a ix)int moving 
with given velocity in a circle of given size. 

The angle ()PI>, l)oing an angle in a semicircle, is a right 
angle (Euc. III. 31), and so is the angle at N ; moreover, 
the angle at 0 is common to the two triangles ONP anti 
OPD ; wiierefore these triangles are similar (that is, one is 
like the other magnihed), and their corre8i)onding sides are 
therefore pn)iK)rtional ; m 

ON : OP : : OP : (^D ; 

or in symlxds, if r is tlie radius, CP, of the circle, 

:ri:2r; . 
or, a : v — v : r, 

whence (n\r is a ‘mean projxntionar or ‘geometric 

mean ’ between h and r. 

The value of the centripetal acc<‘iemtion is then 

2 • 

rt « — ; ur (writing v - car) a ~ urr = m 
r 

Tlie centri[)etal /orre is of course .simply tn time.s this, m 
being the mass of the revolving j)article of matti^r, or 

r? o 

F = — mca-r = invta : 
r 

or it is projwrtional to the nia.ss of the particle, the square 
of its velocity, and thti curvature (see «e<‘t. 13) of its path : 
in other words, it is j)i»)j)ortional not only to the monumtum 
of the particle, but also U) the rate at w hich its direction of 
motion revolves — that is, to its angular velocity. 

Head again sect. ]5 carefully, and also the examples on eircnlar 
motion in Examples II L, especially No. (3). 

,61. As an example take a stone weighing 5 lb., attach it 
to a string 3 feet long, and then whirl it round twice a 
seconcL 

The length of one cireamfereoce being 2xwxZ^9t feet, ita 
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velocity must be }2ir feet per second ; and the tension in the 
string, or the centripetal stress, must be 

= about 2400 ponndals 
o 

(taking ir^ as equal to 10 instead of 9*87) ; equivalent to the 

.... 2400 ,, 

weight of 

Tiiis stress might easily l>e sufficient to break the string, and 
one would then correctly say that the centrifugal force, exerted 
by the revolving mass on the string, broke it. This may be 
understood os an abbreviation for the following more expansive 
statement : The force required to continually deflect the mass 
from its natural rectilinear path, and cause it to move in the 
given circle at the given rate, was so great that the string was 
incompetent to exert it, but was torn asunder in the effort. 

Take anotlier example from astronom}", which, however, 
will be better appreciated after reading Chapter V. The 
moon revolves round the earth, in a path w’hich is nearly a 
circle with the earth as centre, in a time of nearly 28 days. 
Hence it too is continually being deflected from its natuml 
rectilinear path : the force which deflects it being its iceiyht 
— that is, the earth’s pull (or gravitative attraction). Call 
the mass of the moon m ; then its weight must be mtj (see 
sect. 64), where y' is the intensity of terrestrial gravity at 
the distance of the moon. 

The intensity of gravity at the moon’s distance is much less 
than 82, its value near the surface of the earth, because it 
decreases in the same proportion as the square of the distance 
from the centre of the earth increases. 

This force, ing\ then, is the centrii>etol force which makes 
the moon describe its curve<l path, and hence it should 
equal 

jT' 

Now the mdius (r) of the moon's orbit is about 240,000 
miles, or about sixty times the earth’s radius ; and it goes 
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once round in 2,360,000 seconds, or about 27 days 8 hours : 
hence its velocity (v) is 


27 r X 240,000 x 1760 x 3 oo-i r ™ 

2,360, (KW“ ^ 33^4 feet per second. 

So — , tfic centripetal acceleration, is = •00898. 

r 2j 360, 000 

This is the value of the acceleration alx>ve denotiid hy g\ 
and the centripetal force is 

‘00898m. 


Kow if this force he really due to gnivity, and if gravity 
really diminishes with the squart) of the distance, then, tlie 
distance of tlie centre of the enrth from the moon being 
sixty times as gre^^t as its distance from the surface of the 
earth (that is, the earth’s nnlius), it would follow that < 7 ' at 
the distance of the moon shouhl Ix) the 3600th part of the 
value of g at the surface of the earth. 

lJut the value of g is 32*2 {skjc next chapter), and the 
3600th jxirt of this is *00894 ; so the weiglit of the moon 
should he * 00894 ^ 1 ; and this is as nearly equal to the 
necessary centrii>et 4 tl force, *00898;;?, as our rougli data can 
l)e exj>€cted to give it 

This is the sort of calculation which Newton went tlirough 
w*hen he proved that the force required to keep the moon 
in her orbit was just the same as wotild l;e exerted ];y the 
gravitative pull of the earth ; supposing that the force which 
pulls down stones and apples extended so far, and decreased 
regularly all the way with the square of the distance from 
the centre of the earth. Wlience he concluded that this force 
does so extend, and is the dctual force in operation. 


EXAMPLES-X. 

(I) Half a pound is whirled at the end of a string Ift inclies long 
S times round per second* What is the tension in the 
string? 
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(2) If a string can stand a force of 1000 units without breaking, 

what is the greatest length of it which can be used to 
whirl a 5>lb. mass once round a second ? 

(3) What is the smallest length of the same string which can be 

used to whirl a 5db. mass with a velocity of 10 feet a 
second ? 

(4) A string just able to carry 40 lb. is used to wliirl a ) lb. 

weight in a horizontal circle 5 feet in diameter. At what 
speed will the string break ? 

(5) Find the tension in each spoke of a six-spoked flywheel, 8 feet 

in diameter and weighing 12 cwt., when making 200 
revolutions per minute, assuming all its mass collected at* 
its rim, and that by reason of cracks in the rim, the spokes 
have to bear the whole of the strain. 

Ail a matter of fact the rim of a flywheel ouglit to stand its own 
strain, and tlie spokes need add but little to the strength. 

(6) A stone weighing 6 oz. is attached to the end of a cord 3 feet 

long, the other end l>eing fixc<l. If ftic cord breaks when 
the stone is whirled round at the rate of 10 turas'per second, 
find ^ the greatest weight it could have been able to 
support. 
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CHAPTER V. 

ON FORCE AND UOTIOV-Coniinued. 

the fokck of ouavitation. 

62. I^fore pr»>cmling furtln^r, it will liolp our ideas to 
apply some of the general laws U) a few special cas 4 .*s. The 
most univ<?rsal force known is the foii'e of gnivitation, and 
it will 1)0 c<»iiveuierit to take illustrations fiom the action of 
this force ; hut we will, in the present vSUige, only consider it 
as a uniftmn action exerted by the earth, tending to pull 
every piece of matter down to the earth’s surface with a 
force vaiying with tlic ma.ss of the j)ieco of matter, but with 
nothing else. This is j)rartically true in all common cases, 
for though tlio force really varies inversely with tlie sipiare 
of the distance from tlie centre of the cartl), yet the variation 
for ordinary heights is very small. For there is warcely 
any difference in the distance of tlie centre of the eartli fnmi 
the sca-level and fnjin the top of a mountain— one is say 
4000, an<l the other |)erhap» 4001 miles. 

63. This force is what is known as weight ; it is measured 
like ever}' other force by the acceleration it can jinMluee in 
unit maas, or, in other wonls, by the momentum it can 
generate in a second. To measure the force, amU.s«uf how 
it de|xsnds on the "nature of the attracted Ixxly, we will first 
take the same mass of different Ixxlies, and compare the 
accelerations which gravity is able to produce in them. 
Tlius take a pound (see sects. 24 and 36) of lead, of iron, of 
stone, of wockI, and of cork, and drop them all at the same 
instant from a high tower ; then if eveiy disturbing cause 
were absent — tiiat is if they were subject to no other force 
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but tliat of gravitation — they would all be found to reach 
the ground at j^recisely the same instant, having all acquired 
the same velocities. 

If, however, the experiment took place in air, they would be 
subject to disturbing causes, and the falling together would lie 
only approximate. The wood and cork would l>e retarded by 
the air more than the others, partly from the same cause that 
enables us to winnow cliaff from grain, and partly for a reason 
which may be rendered more obvious by dropping the different 
things under water. The falling of the woocl and cork would be 
then not only retardeil but reversed into a rise. The air has a 
floating powder, only it is less than that of water. The air must 
therefore be rcmove<l, and the bodies droppe<l in vacuo, if tlie 
observation is to l>e precise and extended to all sorts of bodies 
such as cotton-wool or feathers ; the experiment is then often 
called the guinea and feather experiment, «and for a description 
of it you may refer to Ganot or Deschanel. 

The ubnve experiment, if carried out accurately, would 
prove that the pull of gravUtf haa nothing to do with (he 
material nature of the sidfstances, for all equal masses arc 
equally accelenite<l whatever the material; and, since the 
masses are equal, tliis means that they are iill pulled with 
equal force (sect. 45). 

64. Next take unequal masses (either of the same material 
or not), say a swan-shot and a cannon-ball, and drop them 
from a height at the same instant. They will lx)th reach 
the ground at the same time — that is, they each receive the 
same acceleration. This experiment was carried out by 
Galileo from the Tower of Pisa. It shows that the earth*8 
pull on a body is directly proportional to its mass. For 
since force is equal to the product of mass and acceleration 
(sect. 45), and since the acceleration is found experimentally 
to be the same for all masses, it follows that the force is 
necessarily proportional to the mass. 

If we denote by g the acceleration produced by gravity 
— that is, the velocity gained per second by a freely 
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falling iKKiy — the force pulling it down is measured by 
its mass multiplied by y, and tjiis force is tenue<l its 
weight; so 

W * mg ; 

or, the weight of a body is g times its mass ; in other 
words, g ~ weiglit ~ mass, that is, weight |M*r unit mass. 
Hence g is often calknl the mtemitg of gnivity. 

This is simply a special case of tlio geiienil relation 

F = nm, 

weight being a i>articular ease of foive, and g lx»ing a par- 
ticular cjise of acceleration. The accelemtion due to gmvity 
is the Siime for all material boilies, and if o!ie thing is ever 
ol)serYed to fall’nlore slowly than another, it is because of 
the disturbing ellVct of the air. In a vacuum all things 
fall at the same rate if they start fair; and this exjwri- 
mental fact, combined with the st?coml law of motion, proves 
that weight is pro|Mjrtional to mass. 

The ratio of weight to mass is often called the inUmsity 
of gravity, ami denoUxl by g ; and a knowledge (>f its value 
at any place enables us to translate gravitational imits of 
force there into invariable alxsolute units. In this couutr}', 
g is fouml by experiment (see next section) to T)e about 
32*2 F.P.S. units, or alxmt 981 C.fr.iS. units; so that the 
weight of a jsjund is about 32*2 poundals, and the weight 
of a gramme alwiit 981 dynes. If the earth were a stationary 
sphere, g would be constant all over its surface, and it would 
only vary on ascenrliiig al)ovo or descending below the sur- 
face ; as the inven?e sc|uare,of the distance from the centre 
as you ascend, as the direct simple distance from the centre 
as you descend (supposing the density uniform). But inas- 
much as the earth is a rotating spheroid, the intensity of 
gravity is different at different parts of the surface, as shown 
in the following table, whose figures are calculated from the 
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known sliapc of the earth, which, again, was calculated by 
Newton from its period of rotation. 


INTENSITY OF GRAVITY AT DIFFERENT LATITUDES. 



Latitude. 

e.G.S. unite. 

(/inF.F.S.uuits. 

Ecpiator 

Paris 

Greenwicli 

Ikrlin 

Liverpool 

Ediiihii It'll 

North Pole 

0* 

45** 

48"*50' 

51-29 

52*30 

53-29 

55*57 

90** 

978*10 

980-61 

980- 94 

981- 17 
981-25 
981-34 
981-64 
983*11 

32-090 

32-173 

32-184 

32-191 

32-194 

32-197 

32 207 
32-256 

1 


Thus, whereas a stone falls 16*045 feet in the first second 
at tlic c^iator, it falls 16*099 feet at Liverpool, and 16*128 
feet at either pole. 

Th(3 weight of one i)ouud is therefore about 32*2 absolute 
F.P.8. units of force or iK>undals. (Read sect. 36 again.) 

Falling Bodies. 

65. To express all the laws of falling bodies, we have 
simply to aj^ply all the kinematics we know about bodies 
moving with constiint acceleration. 

Thus a stone let drop is found to fall about 16 feet in one 
second (more accurately 16*09), so that 16 is its average 
velocity during that second ; but the average velocity is half 
the final velocity; hence the velocity acquired in one 
second, or the accclemtion, is 32 (more accurately 32*18)i 
and this is the value of ^ (Since 16*09 feet equal 490*6 
centimetres nearly, the value of g is 981 in centimetred-peiv 
second per second ; and this therefore is Uie weight of a 
gramme in dynes.) A more accurate metliod of determining 
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fj is to lot a IxKly fall again an<l agiiin, and hike the time of 
a long sucee8sn)n of falls. This ciin 1 k> pnicticully carried 
out with a jHniduluin (see sect. 78); hut for many 
pur|K)Sos an approximate value of // in round numhem is 
sufficient, and the numl>er 32 hapiums to 1x5 very con* 
venient, Ixx’auso both its half and its tloublo have an easy 
square root. Hence the following handy rules : 

The nlocity 32 is yniwd in every sevoml o/ the 
fatly 80 the velocity yaifod in t etcowh ie 32/ {feet pir 
eevond). 

The distance travelled, helny preytortional to the square 
of the timey is 16/^/cc/ (h — \yt'). 

* The vehH'ity yained while falliny from a heiyht of h feet 
from rest is (by equation r-~2//s), In feet jwr seco/uly 

8 Jh ; 

8 Ifciny the sfjuare ro^yt (f 64 or 2g. 

The time taken to fall froyn rest at a heiyht of h feet Uy in 
aecondSf 

whb'h follows at ojwe from the equation 8 = 

These ex|ire?>sion.H, 32/, 16/*, Hv7<, ami Jv^i only apply when 
eveiything is exj)resMHl in feet ami second.**, and when tlie falling 
IkxIv starts from rest ; hut given these comlitions, they are very 
useful for rapid mental estimatc?s, csjKJcially the last two. For 
instance, the time taken to dnip 144 feet is J\/144, or 3 seconds, 
and the velocity acquired is 8\'444, or 06 feet a second. To 
drop 400 feet, 3 seconds are needed, and the speed attained 
is 160. 

66. Modes of dilnting tbe Intensity of Oravity.— 

The acceleration is equal to g for all bodies only on con- 
dition that they fall freely — thatf is, that tlie weight of each 
has only its own mass to move and nothing else ; for then 
as F/tn, but F « m//, ma^g. 

If, however, by any arrangement, we make a weight move 
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another mass as well as its own^ the acceleration must be 
less. 


Tims suppose we tie a 
weiglit P (say 6 lb.) 
to a mass Q of 18 lb. resting 
on a smooth flat table, as in 
fig. 16; then the force causing 
the motion is the weight of 
the 6 lb,— that is, but 
the total mass moved is 
18 + 6=24 lb. ; hence the ac- 
celeration is 


§2 

24 


= lfl '=8 


Q 



feet-per-second i>er second. Hence in tlie first second the com- 
bination would move 4 feet, and in t seconds 41* feet, while the 
velocity acquire<l in t seconds wculd be 81 feifet per second. 


Ill a similar way, we can find the ac- 
celenition* if two weights 01*0 connected 
by a string passed over a frictiuiiless 
pulley, witliont inertia, as in fig. 1 7. 

Let the maH.se8 Q and P be 7 and 9 lb., 
their weights will l)e 7g and 9g respectively, 
and the effective force will be the difference, 
that is, 2y. The niaas moved is 16 ; hence the 
acceleration is 

^=iir=4 F.P.S. units. 

Tliis amvngenient of two unequal 
Avoights over a pulley is called ‘Atwood^s machine,' for 
determining the acceleration produced by gravity, and for 
oxi>erimenting on the laws of uniform acceleration. 

The advantage gained by experimenting with it instead of 
with freely falling bodies is owing to tlie fact that the latter 
fall too quickly to be conveniently observed. Any acceler- 
ation whatever less than g can be obtained by the use of 
tliis simple macliine. Gravity is as it were diluted (tliat is^ 
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its intensity hns to Ixj multiplieil by a prt'jKjr fraction 
to give its accelerative otFect), but tlie laws of falling 
remain tlm same. Another imxlo of diluting gravity, 
employed by Galileo, is to roll round Inxlies ilowu an 
inclineil piano. 


67. Mode of measuring the Intensity of Chravity. - 

To use the machine ft)r measuring #/, we put on liu? string 
two nearly t»<jual weights, massi^Hi V and ; the elFective 
force is then the dilferenco of their weighUs, 
iiniss movfMl is V + Q ; hence the accelenition is (by diix^’ct 
applicati«>n of Newton's secoml law, in the form n " F///^ 
the ratio of the moving force to tlie mass moved) 


• • P + t) ' 


or 




If this accelenition (call it n) in oWrvcd, tj is easily cal- 
culated. To obtain n experimentally, you may oI>serve tlie 
distance s fallen in time /, and then apply the formula 


For instance, let P 1>€ 21 oz. and Q Ik* 23 oz., then the acceler* 
ation i.**, as calculated dyuamicaily. 


2 

44 


Of or 


0 


22 ' 


Let the wei^diU move for six seconds, repeating the exjieriment 
several times to get it fairly accurate, and oWrve that the 
heavifnr weight has fallen (and the lighter weight risen) a 
distance of 26 feet; then say 26 feet ~ Jo x (6 «ec.)^» whence 

« or the acceleration olmerved is ^ F.P.S. units ; hut it 

has just lieen calculated an afeo hence y»31{. 

An actual experiment with •AtwoodV machine would be 
hardly likely to give y «o nearly correct aa this. There are 
other methods of finding the value of g which are much 
better praciically, though not so theoretically simple. The 
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most occunite method consists in observing the time of 
oscillation of a iKjndulmn of measured lengtli, which may 
l>6 considered os a heavy lx)dy constrained to fall along a 
circular [nith, and having its fall rei^ated automatically 
again and again, so that the time of fall may l>e accurately 
measurctl — namely, one quarter of the peritxl of a complete 
swing to and fro (sec sect. 78). 

68. It in easy to uiuitM'stand how cx|)criuients may lie made 
with Atwoo<r« macliiiie on the Ia%v.s of uniform acceleration. 
TIiu», to take the case when the weights are in the ratio of 21 to 

13 

23, and the acceleration therefore \vc should lind tliat the 

distances travelle<l in 1, 2, 3, 4, 5, 6 seconds resjiectively were, 
in fact, 

13 4x 13 9^ 16x13 25x13 36x,13 
i8’ 18 * 18 ’ IS ’ 1& ; 18 

—that is, always half the acceleration multi|die<l by the square 
of the time {{fth). 

The distances travelletl durintj each secontl would follow 
another law. They ai^ cosily obtained from the precetling 
ittimlierH. for if we subtract the distance travelle<l in three 
seconds fnmi the distance travelUHl in four, we obtain the 
distance travelled during the fourth namely, 

16x13 9xl3_7xl3^ 

18 18 ~ 18 ' 

and similarly, we get for the distance travelle<l in the first, 
second, thini, fourth, and fifth seconds re8i>ectively, 

13 3xJ3 5xy 7x13 9x13 . 
fs’ ^18 ’ 18 ’ 18"’ 18 ’ 

a series ascending by the odd numl>ers ; the distance travelled in 
the nth second being that travelled in the first second multiplied 
by the nth odd numW, 4a(2rt- 1). 

69. All this may l>e readily remembered by observing 
its analogy with a simpb geometrical diagram, as in 
sect 23. 

Draw any rightangled triangle, OPC (upside down does 
best for falling bodies); divide its base, OP, into any 
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miiubor of eqiuU aud draw a vertical line at each 

division. You will thus cut up your 
triangle into trapeziums, of which the 
left-hanii one degenerates into a triangle ; 
and it i>s plain to .simple insi)ectiou that, 
whatever l)o the ami of this small triangle, 
the trapezium next to it has three times 
that aiva, the next live times, the next 
seven times, and so on, as may lu* seen 
from the <lotted lines drawn in fig. 18. 
Hence, if the first art*a represent tlio disUince tmvelled 
hy a uniformly accelerated Isnly in the first secoml, tlio 
second area will repnsent that descrilxnl in the s(H*<»nd 
second ; ami tl»e sum of the two figures will the space 
des^.'rilH.Ml in the <\fo st'conds together, and so i>n. 

Moiwver, the whole area of the triangle will roptvwmt 
the space tmvell»*d in the whole time, as meastired hy a 
uumlH‘r of seconds equal to the numln'r of m^gimnits of the 
lms4?. Thus, in the ahove figure, the whole area is the 
space de.s/Ti}»e«{ in four sec<iiids. (Head S4»et. 23 again.) 

The vertical heigiit of the ligun* Inung nothing at its left- 
hand j[s»int, corresjM)nds with the. fact that the falling hmly 
starts from rest — tiiat is, is finqtpM, But if the laxly is 
ihrotm eitlier «lown or up Muth an initial velocity, this vehv 
city must l^e represenUMi hy a line drawn at the leftdiand 
|xunt, either down or up, and the figure Ixjcomes as in 
fig. 19 or Jis in fig, 20, wliere OA n*presents a velocity 
doivn wards, and ( a vehxnty upwartla. 

In the first case the veUicity continually increases, until 
in four iw^conds it becomes ^qual to PC. In tlie sec^md case 
It at first decreases, l)ecoming zen> at the iKiint K two 
seconds after shirting, and theft increases downwanls until 
it becomes P'C'. 

This second case exactly corresiionds with that of a ball 
thrown up in a vacuum against gravity. In lioth cas^ the 
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whole area of the figure represents the whole space travelled, 
lu the second case we see that the area OA'E is the space 
or height the ball rose through, and EP'C' the height 
it afterwaixls fell through. The ball was at its highest 



point two seconds after being thrown up, having then no 
velooity. 

In lK>th casf>s the ball must have l>ecn thrown from the 
top of a tower or some other height, or it could not fall for 
so much as four seconds without 5«triking the ground. The 
area < )ACP may n^pn'sent the height of this tower, and OP 
the time taken to fall, in the first case — that is, when the 
Ixall was thrown downwanls ; but in the second case, when 
the Imll was started upwards, the height of the tower is the 
difference of the ait^as FIP'C' and OATS. OP' is the whole 
time iiiken by the ball, first to rise a height nl>ove the tower 
equal to the area OA'E, and then to fall from this heiglit to 
the ground. Tlie lines AC and A'C' are necessarily parallel, 
since the slope of each represents the rate of numerical gain 
of velocity, 32 fcot-pe^sccond |)er second. (It might, how- 
ever, be anything less than this if Atwood^s or some other 
Mtluiiug’ machine were used.) 
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Sapposing it is 32, aiul that OE is two seconds, and KP six ; 
then, of course, tJje iiiitiaJ velocity 0 A" must he (M, and PC' must 
be 192, feet per second. The area OA'E will lie 64 units (its 
height being 64, and its liase 2), and therefore the height the hall 
rises is 64 feet. The area EPC' is 676, and so the height of the 
tower is 512 feet. In the diagrams, the time represented by OP' 
in the second diagram is greater than the time, OP, in the first, 
by twice OE ; and the initial velocity OA is numerically equal 
to OA'; hence also the final velocity PC is equal to P'C', and 
the area OACP represents 512 linear feet 
III each of these figures (neglecting dashes), OP is the line of 
time ; OABP represents the sjiace describerl due to the initial 
velocity alone; and AlIC the space dcscribe<l duo to gravity. 
Also BC represents the gain of velocity at ; and PC the actual 
final velocity. 

Refer to. sect, 23 for some more statements concerning 
these diagratn.s practise drawing diagrsuns for all kinds 
of cases of rectilinear motion. Thus, draw diagrams for 
the motion of a railway train, which gets up speed, goes 
uniformly, slackens, 8toj)s, and gcxKH on again, several times, 
an»l then comes l^ack ; for tlio motion of an india-rubber 
hall tlirown down to the gn>iind and then Ixiuncing; for 
the motion of the Isib of a very long |)entlulum ; for tlie 
motion of a tilt hammer, &c. ; and rememlier in drawing 
these diagrams that time never itjtrogrades, ami hence 
that no part of a diagram can lie vertically under or over 
another part, but the drawing must pnigress continually 
forwards, .ffiumeys fiack an.* ropresentcHl by an^as liclow 
the line of time in.stea«l of above. Tlio curve for a liouncing 
liall is practii^ally a discontinuous set of ]>arallel straight 
lines, 1)ecau.sc at the moment of Iwunco the veJfKjity is 
suddenly reversed. 

70. To actually experiment on the velocity acquired by 
the falling weights in Atwood’s^machine, we must remember 
the definition of variable velocity at any instant (given In 
Chapter I., end of seet. 9) — namely, the distance the body 
would go in the next second if at that instant the acceleia* 
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tion c«a«j(l. Now, the cause of the acceleration in this 
iimchino is the force (P - Q)^. If this force were suddenly 
removed —that is, if P and Q were suddenly ma<^Ie equal, 
there would be no further acceleration, and the masses 
would continue to move uniformly forward with the velo- 
cities tliey had already acquired, until they were checked 
either by striking something or by friction. 

This stulden removal of the inequality in the two weights is 
practically accomplished by making the extra weight by which 
P exceeds Q (2 ounces in the experiment of sect. 67), a loose metal 
liar too big to pass thnmgh a certain fixed ring placed in the path 
of P. When P (lasses through this ring the bar is removed ; P 
aiu! Q liecouie equal, and move a distance in the next second 
which is numerically equal to the velocity they had acquired at 
the instant the liar was taken o(f. For a fuller description of 
AtwiKxi*s maclitne, and for many details of*jt§ actual construc- 
tion, you may refer to'Dcschanel or Ganot. 

71 . Fosther Illustration of the Fmidamental Equa- 
tion. — This example of the two weighta, one pulling 
up the other, illustrates the statement in sect. 54 tliat the 
second law of motion applies to otlier cases tlian tho.se where 
the motion is j>erfectly free and unresisted ; in fact, that it 
i.s (|uiU‘ genend, if wo always consider the force F as the re- 
»nliant of all the forces acting on a !>ody, and not simply 
that force which liapi>ens to be most obviously apimrent to us. 

Thus, go l>ack to the mass of 18 lb, resting on a table, and 
pullcf! along by a weight of 6 Ib. hanging over the edge by a 
string (fig. 16, sect. 66). The acceleration we saw oiiglit to be 8, 
but suppose it was observed to be only 3, we should at once know 
that all the forces had not been taken into account The table, 
lierba|vs, is rough, and retards the motion of the 18 lb« with a 
force sufficient to reduce its acceleration to 3, and the force of 
friction may from these data l>e calculated. 

So again when a 56db. buckc^ is dragged np a \vell with a force 
of 1020 poundals (the weight of 60 lb.); if this were the only 
force acting, the acceleration of the bucket upward would be 
1920 
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F.P.S, unitsh- tliat is, it woaW gain this velocity per »ecomi ; hut 
if the exjteriment Ijc trietl, the velocity actually gaiiieil per 
secoiui will be fount! to Ik; nothing like so iiiuoli as this— it will 
be only alioiit units. The reason obviously is that there is 
another force left out of account, opposing the pull of the ro[>e — 
namely, the pull of the earth, which is 56x.?2=I792 pouiiclals; 
and the resnltant force is the dilTerenco of these two, or 128. 
Hence the actual acceleration is 


72. To take another very similar example, a cage of mass w, or 
say 1000 lb., is lowereii by a ro|>e down a coabpit; what is the 
tension in the rt>pe, at a time when the cage is gaining downward 
velocity at the rate «, or say 24. feet a second every second? 
Well, the resultant force must equal the mass accelerution, hut 
this resultant force is the difference between tlie weight of the 
cage, m^, and the lydl of the rojn?, T, hence 
r/wy ~ T = f/Mf 

or T -- m(^ - o), 

which is the ten.sion requireil. Kumencally, In the present 

8000 

illustration, the tension is lOOOx 8 |H)midal8= wj Ih. weight “J 
of the nonnal weight of the cage. The tension in the rope Is 


ahvays ^ times the weight of the cage if a represents its 
downward acceleration. If the cage is lading accelerated nptrards, 
the tension in its rope Is times its weight 


If the tennifin in the ro[)e were equal to the weight of the cage, 
the cage wonld necessarily liave a constant velocity ; it might l)c 
moving citlier up or down, hut there could be no acceleration 
(cf. sect 133). Such a Isaly Is olieying the first law of motion ; it 
is subject to no resultant or iinfmlanced force. A loebmotive 
dragging a train at constant speed on a straight line, even uphill, 
is in the same case ; the forces on it are balanced *, anfl until the 
rails curve, or the steam is shut off, or the Iwakes are put on, the 

motion is perfectly uniform, the effective force Is sero. 

^ • 


EXAMPLE8-XI. 

(I) What Is the weight of 20 lb. at a place where a falling 
body travels 4 feet in the first second ? 
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i*2) At wliat Iteiglit al)ove the earth^A Durface could such a 
place be found ? 

(3) A curling weight w thrown on ice witli a velocity 60 ft. per 

second. Supposing the force of friction to be ^Vth of the 
weight, how soon will it stop? 

(4) fn an AtwocKl's machine a 40-gramnie weight on one side 

is drawn up by a 50*gramme weight on the other, 2*18 
metres in two seconds. What is the value of ^ in 
ccntimetres-per-secoiid per second ? 

(5) In the preceding question find the tension in the coixl in 

grammes weight, and in dynes. 

(6) Wiien a 31b. weight hanging over the edge of a smooth 

table drags a 46-lh. mass along it, find the acceleration 
and the tension in the string. 

(7) Find also the acceleration if the coefficient of friction 

l^etween the table and the weight is *06. 

(8) From a 1>alloon which is ascending wdth^a velocity of 80 feet 

a second a stone is drop{>6d, and seen to strike the ground 
in 7 seconds. Find the height of the balloon at the moment 
of IcUing go the stone. 

W A cage Is hauled up from the bottom of a mine with 
an acceleration of 12 feet-per secoml per second. After 
nsing 96 feet a stone is drop|>eii from it. How soon will 
the stone reach the Ixittom of the mine ? 

(10) If a l>ody fell at a certain place 50 feet in the 3d second of 

its fall from rest, wliat would be the intensity of gravity 
at that place ? 

(11) A iKKly weighingSO lb. placed on a smooth horizontal table 

has a string attached which runs parallel to the table, 
passes over a smooth peg at^the edge of the table, and lias 
a weight of 2 lb. hanging at its end. Find the tension in 
the string, and the acceleration of the system. 

(12) Two Inxlies of 17 and 16 lb. respectively are connected by a 

string wliicli passes over a smooth pulley. Find the 
acceleration with which they will move, and the tension of 
ilie string. 

(13) Determine the acceleration of an Atwood's macliine if the 

masses at the ends of the thread are 40 and 60 grammes, 
and the pulley is equivalent to an additional mass of 10 
grammes. 

(14) In an Atwood^s machine the weights on either .side are 6 and 

4 \\k 4*e8peetivdiy» and the wh^ is equivalent to aa extra 

0 
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inertia of 3 Ih. Find tlie distance deeeendeti hy the heavier 
weight In 3 seconds, and the velocity acquired. Find also 
the tension in each portion of the light coixi. 

(15) If the weights are respecti^^ely 3) and 4| lb., and if the 

motion is 12 feet in 3 seconds from rest without friction, 
what Inertia must the wdteel be equivalent to! 

(16) A mass of 20 lb. is being dragged olf a table by a 4 lb. 

weight attached by a string wliicli [>asses over a smooth 
pulley at the etlge of the tabic. The friction InHwecn the 
weight and the table is ^*5 of that weight. I>etcnuine how 
far the whole moves in 3 seconds from rest, and find the 
tension in the ntrinfc, 

(17) If a stone is dropfKKi out of an ascending or descending 

balloon, how long a time will eliq^se l>efore it is 16 feet 
below the balloon? If a stone and a light fleck of cott<}n* 
wool are release<l siiiiultaneoiisly ami are in one second 
30 feet a(>art, how rapid is the %'ertical motion of the Imb 
h>on ? If t lie stone anti the wool are oWrveil to meet and 
pass each otlier 3 seconds after their simultaticoiiM release, 
what is the balloon doing? « 

in each cam thst the iro(>l remains pmetiesUr sUtionarx, 
•tiapcnde^i In air, aiu! that the taalir^urs motion, irhatover it ia, U 

fttearl/. 

(18) An engine winds a three ton c4igo up a coal-pit shaft at a 

iinifonn pace of 11 yards a secoml. \Vhat is iltc tension in 
the roj>e? 

(19) Insteatl of a uniform ly/tW/y, the nl»ovo cage is wound up 

with a unifonii ne^rUratum 6 feet-t)cr*»ecoiMl |)er secoml. 
What is the tension in the rope ? 

(20) A monkey clings to a light flexible rojie passed over a large 

fixed pulley without inertia or fricti»>n, and is balanced by 
a precisely equal weight at the other end of the rope. 
What hapiiens if it now liegins to climb the ro[>e ! ^ 

73. That aspect of the second law of motion which says 
that it makes no difTcrence^to the effect of a force on a hoAy 
whether that bo<ly was in motion or not (sect 49) is well 
illustmtod by falling bodies (sell sect. 22). 

74. But law is more strikingly illustrated when the 
direction of the initial velocity of a falling Ixidy (now called 
a proJeedUe) is inelined at some angle to the force of gravity. 
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The path of a projectile is shown in fig. 9, sect. 29 ; the 
simplest case being where the initial velocity is at right 
angles to the force of gravity, or horizontal. 

Thus a rifie-bullet, starting with an initial horizontal 
velocity «, retains this velocity unaltered, if vre neglect 
friction against the air, and therefore in t seconds it travels 
a horizontal distance ui ; but its vortical velocity, whicli at 
fii*«t was zero, continually increases, and in t seconds is (/( ; 
the vortical space fallen tliroiigli being or just the 
same as if the gravity had acted ui)oii tlie Inxly at rest. 
The whole circumstances of the motion of such a projectile 
have therefore been alr<a<ly worked out in sect. 20 ; which 
see, and read agjiin. 

If the rifle is lirod horizontally from the toj) of a cliff of given 
height, say 144 feet, it is easy to find liow far the bullet will go 
liefore striking level ground, its initial velocity lieing known. 
Let the inithd horizontal velocity he 1200 feet |>er second. We 
must first find the time the bullet takes to fall from the top of 
the clitf to the grouml, from the equation 144= 16f* (for it 
takes Just the same time as if it liatl no horizontal velocity. 
Ijiw IL, sect. 49); this gives or It goes therefore 

three seconds before striking the ground, so evidently the 
horizontal distance it travels is 3x 1200=Jtt>00 feet. 

Ami generally if A W the lioight of the clilf, and u the 
initial h<»rizontal velwity of tlie bullet, its rafUf€j or 
horizontal distance, is \h Jh, 

75. The com|H>sition of tliose two motions, a uniform 
horizonbil voh>city with a uniform vertical acceleration, is 
well illustrateil by Morin’s machine, for a description of 
which me Deschanol or Ganot. 

It consistii of a long tlniin or cylinder, ea|>able of rotating by 
clockwork about a vertical axis. Down one side a weight can 
fall between gntdes, and can, by means of a pencil, mark a 
line on the dmm aa It falls. If the drum is stationarys the line 
tlraMm is, of coarse, straight and vortical; but if the dmm 
rotates, it is spread out into a curva This curve, when un* 
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wrapped from the drum, is preemely the eame ae titat which b 
described by a projectile shot out horixontatty in poeno with a 
velocity equal to that imparted to the tur* 
face of the drum by ita clockworks 
The drum b usually covered with paper, 
ruled into fu^uaree or oblonge, which can 
be detached and uurollccl. The Hue traecil 
on it may then present the a}>|>earaiiee 
shown in %. 2K In suecessive seconds 
the horizontal distances are as I, 2, 3, 4, 

— j the vertical as I, 4, 0, 16, 25, and so 

— ; on. A cur%*e with this property is callefi 
— ; a paralsda. It is the t»ath of a projectile 
^ — in a vacniiiii (coni|>are sect. 2!>). 

W 76. The ffiuipleftt methfsi of tlealitiff 
V: with proj^vliles is to resolve their initial 
vclmdiy of projection into a horizontal 
and a %'ertical oomjsincfit, and to treat 
them separately. The horizontal tnotioii 
is not Hiihjecicil to any force except the 
resiHiaticc of the air ; the vertical iiiutiori 
is MiUjcct to j'ravity as well. It is a 
complicatcii matter to take the it^sistauceof the air into account ; 
especially since, if the projectile b spinniiiKi the air resistance 
directly alters its path as well as its s|»c4.>d. Sutltce it to say that 
the simple |>araW!a could only Ite realty attaincMl in a vacuum, 
and that the path of a simply thrown crieket lMiU b an unsym- 
metrical curve with its dest'cndinj; |H)rtion shorter and steefier 
than its ascending (ho tion. In the cane of a go1f4«a)l, the spinning 
motion so conipUcates matters that it may travel straight for 
some distance, ami then actually rise u]»on the air resi,Htance and 
drop fairly dead. Or, if cut sideways, like a racquet hall, it may 
deacrilje a corvcil path not by any means in one plape. We 
shall limit ourselves to the case of a Iwly shot from level ground 
in a vacunrti, with a certain initial velocity fiicHne<l at a certain 
angle to the horizon. Given tliese data, it b easy, by constructing 
a parallelogram, or otherwise, to determine its horizontal com* 
ponent, which we will call ii, ,and its vertical component, v. 
Tlien the following statements shonld be proved, and examples 
on them shonld lie worked : 

The time, T, taken for a projectile to reach Its 
hli^iest point b given by* ea 
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Its whole time of flight ie 2T. 

Ita range, or hotlsontai dietaoee reached, b. SkT^-^. 

lt« niaximam elevation is . 

2g 

Ita vertical component of velocity, at any instant 

if i« v-gt. 

Its horizontal component of velocity is a]\vays....ti. 

Ita actual velocity at any instant, t, is \/(u^ + (v - 

Its actual velocity at any elevation, y, is \/(u^i-v*-2gg). 

Its }H)sition at any insUuit is given by the two 
coiii]M>tients, horizontal x^ut^ vertical ;/= 
rt - igi^; 11*0111 which, eliminating f, we get 
its trajectory or ]Mith— namely, the curve 
which is a paralwla with 

its axis vertical. 


EXAMPLES -XIl. 

PwjKrtiies itt Vacuo. 

(1) A CAunon liall is iircil horizontally from a hill 900 feel high 

on the coast. Find the time which elapses iKjiorc it strikes 
the sea, neglecting the resistance of the atmosphere. 

(2) If the velocity of projection in the proceiling question were 

1320 feet [>er secomi, liiul the horizontal (Hstance tiavelled. 

(3) A string, 2 feet long, able to sustain a weight of 104 Ih. 

without breaking, is attached to a stone weighing 4 lb. 
and whirled in a vertical plane round a Hxed centre 6 feet 
als»vc the ground till it breaks. What hap}>ens to the 
stone? 

(4) A stone is drop|>eil fiom the ear of a lialloon sailing along 

horizontally at the rale of 40 feet a sec«>iid, 100 feet above 
the gnoiind ; find when, where, and with what velocity the 
atone will strike the ground. 

(5) A bullet is fire^l with a velocity of which the horizontal and 

vertical cotn]Kinents arc 30 and 120 feet per second res[>ec* 
lively. Find its range apd greatest height. 

(6) Two bitllete are shot horizonWly over a lake from the top of 

a tower 144 feet above the neater ; one of them with a 
velocity 300 feet |ier second, the other with 000. At 
what distances from the tower, and how long after leaving 
do the ballets strike tiie water? 
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(7) A aUme b thrown ohlt<)nely with a veloeHy wbone tnitiid 

vertical and liorbontal eomponenb are 160 and 06 feel per 
second respectively. Find Its time of Oiglit^ and the 
greatest height it attains. 

(8) A cricketd)all is driven so that it reaches a height of 75 feet 

and strikes tJte ground, supposed level, 300 feet away front 
the starting* point Deterntiiie the iimgnitude and direc* 
tion of its initial velocity. 

(9) A Imll h thrown with a velocity the hort 2 ontal and vertical 

co!iipoucnts of which are 80 and 40 feet j>er second 
re.Hj)cctivcly. Find its nuige, the greatest height reac-hed 
hy it, iiiiil the time which ela|>ses Ijefore it strikes the 
ground again. 

(10) The horizontal coni|Hment veh»<dty of a cannondwill is 8<JO 

feet per secoml. What was its vertical coin{M>nent at the 
moment of pmjtTtion if it tmvelleij 2000 yards range 
l)efore re turning to the level »)f the mii/zle. 

(11) A cannon- hall is projtvteil at an angle of .W to the horizon 

with a \tdiK'ity of 2tS¥) find fso MH'ond. Calrtilate its 
range, and the greatest height to which it with attain. 

(12> What vtdocity nitist 1 h* given to a golfdiall to etiahle it to 
ju>t clear the toj> of an oUntacle 12 feet high anti 
HJt) >ards if the Isill U struck upwards at an 

angle of 45' ? 

(13) Six hiilfets are siriinItanf.H)usly pnojwted from the top of a 100- 
feel tower over level gr«>iifid ; l>eifig wnt horizontally, 
another at 30', another at 45* elevation, amrthcr at 6fT 
elevation, another at 30"' tlepression, while the last Is 
tlrop[s»<i. Fintl when and where they each strike the 
grouml, ami their toaximttni elevation ; the initial velocity 
of each Iwing the wime— namely, 12Q0 feet jMjr second. 

Oorvilinear Motioii and Botatiioit 

77. We have already illustmtiKl one other ea«e of the 
eurmlinear motion of a ptrlkle (sect. 69) |)r<xluce<I hy tlio 
force of gravity, namely that of the moon, 8Up|>o«ing it to 
be a jwirticle and to move in a circle (see aeet 61, and read 
it again). Tlie whole snhjrfct of the motion of the platieta 
in their orbita comes proiierly in here, but it is hanlly 
profitable to attempt it at the present stage. 



nmvwuB. 


lOS 


CHAP. V*] 

78. The subject of the rotation of a rigid body (seek 54) 
under the action of gravity may be illustrated by fixing a 
point of a rigid body, and then letting gmvity act on it 
We thus get a very imiJortant set of physical laws known 
as those of the pen/Julum ; f< r a ‘ pend^um ' is simply a 
rigid iKKly, with either a point or a lino in it fixed some- 
how relatively to the eartli, and then the body displaced 
from its ix>8ition of e<]uiIibriioii, and left to swing under the 
action of gravity. The motion is periodic, and the rate of 
oscillation dei>ends only on the length of the pendulum (or 
its virtual length, as will lie explained directly) and the 
intensity of gravity. The time of a corn]>lete swing to and 
£ 1*0 is ohUiined by multiplying twice the ratio of the cir- 
cuinferenco of a ciiTle to its diameter by the square root 
of the rati<» of the lengtli <‘f the [Huuluhun to the intensity 
of gmvity — that is, in syinlH)ls, 


Assuming this (which will practically proved in the next 
SfMjtioii), one secs that, by inea.suring / and /, the value of g 
can Iw ascerhiined {g - y and this is the most 

accurate means of flctermining g. A j>endulum whose 
length is obvious i.s called a 8imi)le pendulum ; in other 
cases some pains must l>o Ixjstoweil on undereUinding and 
measuring the virtual or equivalent ‘length/ a matter 
which is explained in sect. 80. 

The pmcticol use of a {xjudulum as a timekee|>er depends 
on the time of an oscillation being almost invariable — tliat 
is, on its motion Ixdng on the average veiy uniform ; hence 
it is ver}^ largely used as a timekeei>er, all the rest of the 
clock being, firstly, an apparatus to keep the pendulum 
going notwitbsUinding friction, and, secondly, an apparatus 
to record (like a gas-meter) how many times the pendulum 
has oscillated. 
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Pendulums. 


79. Conical Pendulum and Governor Let AB (fig. 22) 

be a vertical axis of rotation, and P a massive ball at the end of 
an arm AP, capable of rotation about this vertical axis anti 
pivoted at A ; then it is well known that AP will fly out from 
the vertical more and more as it revolves faster and faster. Let 
it be revolving with a constant angular velocity u, and let it 
perform every revolution in T seconds, so that 
2v=wT. 

The centripetal force which must be acting on 
P in the direction PN to keep it moving in the 
circle (sect. 60) is wiwV, xvhere r is the ratlius 
PN of the circle in which P moves ; and if the 
rotation were to cease, this is the force which 
must lie applied in the opposite direction PF, 
in order to keep the ball in its position without 
letting it fall back to the axis AB. 

Hence in the diagram (fig. 22), we may regard 
P as stationary and in cquilibriutn under the 
action of three forces— the force FsswiwV, its weight W -mgy and 
the tension in its supixjrting arm. The triangle A!^N has its 
sides parallel to these forces, and hence represents them ; so, 
calling the vertical distance AN, A, wc have 
nuif^r : mg ; : r ; A ; 



or A=^; 

that is, the vertical distance of the governor hall below the pivot 
A is inversely proportional to the square of the angular velocity 
of rotation. 


The time of one revolution is T= 



and such an 


arrangement is sometimes used as a measnrer of time, Wlion it is 
called a ‘ conical |>cndulum,’ because the arm AP traces out a 
cone. 


If the radius of the circle in which P moves Is very small, the 
height A is practically equal to the length of the pendulum, AP, 
which we will eali /. Moreover, if. you try swinging a weight at 
the end of a string, you will find that the time of a complete 
motion is the same whether the pendulum simply oscillates 
in a nearly straight line or whether it revolves In a horizontal 
drele or in any other elliptical curve ; that is, the time of an 
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OBcillation (t<> and fro) of a simple pendulum equals the time of 
rotation of a conical one, provided the motion of both is small ; 
and each period is veiy approximately 

By a simple pendulum is meant one about whose length there 
can be no ambiguity. Jt is a heavy particle , swinging at the end 
of a perfectly light cord attached to a fixed point. 

EXAMPLES-XIII. 

(1) Find the time of beat (half an oscillation is called a beat) of a 

simple |)endulnm 39 inches long at the equator, where 
^7=32 09. 

(2) Wliere the length of a pendulum which beats seconds (called 

the seconds pendulum) is 39 inches, find the value of y. 

(3) If gravity is greater at the north i)o]^ than at the equator, 

how many seconds a day will a seconds pendulum at the 
north pole lose when taken to the equator ? 

(4) How many seconds a day will a clock lose whose pendulum 

(intended to beat seconds) is a meti*e long, at a place where 
the intensity of gravity is 981 dynes per gramme ? Find 
the length of the seconds pendulum at the same place. 

(5) If a simple pendulum 39 inches long beats seconds, vrhat 

should l)Q the length of one which shall beat 40 times in 
one minute ? 

(6) Calculate the number of beats i>er day made by a simple 

pendulum 40 inches long at a place where the length of 
the seconds pendulum is 39 inches. 

(7) If a ])endulum 39 inches long is gaining a minute a day, how 

much should it be lengthened to keep correct time? 

(8) What is the length of the seconds pendulum at the latitude of 

Greenwich ? (See sect. 64.) 

(9) What is the value of ^ at a place where a simple pendulum 

2-^^ inches long makes two complete oscillations a second ? 

(10) Show that the time of beat (in seconds) of a simple pendu> 

him is, approximately, 0*16V()ength in inches). Find the 
value of g for which thhf formula is accurate. 

(11) Bhow tliat, if ^=a:981 dynes per gramme, the time of a beat 

(in seconds) si *00308 in metres). Find tlie 
number of beats per minute of pendulums whose lengths 
are respectively 9 cm., 86 cm., and 16 metres* 
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(12) Find the luiiuber of beaU per miiuite of a (lenduluiii 3 feet 

lon^, using the formula of Ex. (10). 

(13) If a weight be attached to a string 4 feet long, and is then 

caused to descril>e a horizontal circle, so that the string is 
inelincHl at 60* to the vertical, find its angular velocity, its 
actual velocity, and the time of one revolution. 

80. Vampound Pendtdum , — The time of oscillation of a com* 
pound pendulum, that is, of a rigid body of any 
size pivoteil on an axis through O, and swinging 
slightly under gravity, may now be calculated. 

Let O lie the centre of gravity of the mass, 
and call the distance 0(1, a ; the small angle of 
displacement from the vertical, NO(f, call 0 ; 
and the distance XO, call x ; the latter is prac> 
tically equal to a0, the arc of a circle with 
centre O. 

• Tlien, if m be the mass of the whole l>m!y, 
fig. 28. the foice restoring the iKsly to its position of 
equilihrittni is mg acting at O, so that ^ts moment 
about () is mgx ; and the angular acceleration produced by this 
is (see sect. 56) 

where I is the moment of inertia of the lK>dy about the point O. 
For the particular case of a simple |>enduliim, when the whole 
mass is concentrated into a particle at G, and when a=c/ and 
IsifnP, this equation liecornes 

a0 

Now we can choose a simple [>enduhim of such length that its 
angular acceleration at every instant, and therefore Us whole 
motion, is the same oh for the compound pendulum. Let L l>e the 
length of such an equivalent simple f^iidtiluin, then the equation 
mg(t$ _g0 
1 “"L 

ii satisfied ; and the length of tH^ equivalent simple pendulum 
(sometimes called the * length ’ of the compound pendulum itself) 

is 
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But the time of a BiiiaU oscillation of tlib simple pendulum is 



therefore the time of a small oscillation of the compound pen* 
duluin in 

T=:2ir,/-i . 

'ywga 

where I fttauds» a« already statetl, for ite moment of inertia 2;nr* 
about the centre of suspension 0, and a is the distance lie tween 
this point aiul its centre of gravity. 

The above equation l^mah gives a simple means of experi- 
mentally determining the moment of inertia of any body about 
any axis. Hang it up by this axis and measure a, the distance 
from it to the centre of gravity; then set it swinging slightly, and 
observe the length of a simple })endu)um which keeps time with 
it : multiply the prcjduct of these tw'o lengtjis by the mass of the 
iKxly (in lbs. or grammes), and you have its luoment of inertia 
under those cit'd! instances. 

81. Cenfre of Oscillation or Percussion , — A point O' in a 
swinging l)ody, situated in OG produced, at a distance L (the 
length of the equivalent simple pendulum under tlie circum- 
stances) from the centre of suspension O, is called the centre 
of oscillation^ because the ho<ly oscillates as if a portion of its 
mass were concentrateil there, the rest of it being at O, in such 
a way that G remains tlie centre of gravity ; this may be verified 
os regards mere time of swing by the experiment of swinging the 
body and a simple pendulum or phimb l)ob together, and observ- 
ing that, when of the proper length, the motions of the simple 
and of the compound pendulums are identical. It may be shown 
that the liody will swing in just the same i>eriod if suspended at 
this point O' as if it were suspenddi at O. This depends upon 
the fact that if I l>e its moment of ineitia about a point O, at a 
distance a from G, and 1' its moment of inertia about a point O', 
at a distance a\ such that a+a'==L, then IrasTia'; or the 
length L is the same for both points. 

A line through O', perpendicular to OG, and to the axis of 
sus|>ension, is sometimes called the * line of (lercussion * or the 
cciHre of percussion^ because this is the place where the body 
strikes things best without any jar on its support. A cricket-bat 
drives the ^11 liest if the ball strikes it at a point on this line» 
and it does not then jar the hand. 
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To find all the pointe about which a rigid body (say for in* 
stance a flat plate or board pierced by a pin which supports it, 
fig* 23a) will swing in the same time os abont any point O, 
determine experimentally the length 
of the equivalent simple pendulum, 
say by atlj listing a plombd>ob to swing 
ill the same time as the plate, and 
measuntig its length ; then mark this 
length uj>on the plate, as 00\ and 
draw a couple of circles with centre O, 
through O and through O' resjHMitively ; 
the plate will swing in the same time 
if pivotetl at any jmnt on cither of 
the^e circles. If pivoted at an axis 
between the circles, it will swing more 
quickly; if pivoted inside the smaller 
circle or outside the bigger circle, it will swing more slowly. 
The experiment sliotild be trieil ; and if some care is lieslowed 
upon it, and a series of pairs of such circles recorded, the result 
will lie instructive to a student. The proiluct of* the radii 
of every such pair of circles will turn out the same ; and, 
when multiplied by the mass of the Wl}', it will represent the 
principal moment of inertia of the l>ody —namely, that alxiut the 
centre O. 

The eirciiiiistances of a swinging body pivoted on a line or 
axis at any point A may lie stateil 
in terms of figure 24, where G is the 
centre of gravity and AKH is a right 
angle (or semicircle)* 

The moment of inertia of the Ixidy, 
alrout an axis parallel to the pivot 
but drawn tb rough G, is the mass 
multiplied by GK*. The moment of 
inertia about the pivot A is the mass 
multiplied by AK^ and that about B 
is the mass multiplied by BK^ 

A is the centre of suspension, B is the 
corresponding centre of oscillation, and 
a line through B perpendicular to AB 
is the line in which a blow must act to 
spin the body automatically abont A without any force from 
the pivot. 




‘C 
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1 

Fig, 23<!. 
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The length of the equivalent simple pendnlnm is AB, and the 
axes A and B are interchangeable^ 

Expresaing these facts algebraically : 

U is called the B\ving-ra<litis of the iKKly about the axis A, 
and is such that while 

The whole dynamic and stetic behaviour of the body is 
like that of two heavy particles rigidly connected, the one 
at A and the other at B ; the mass of tlie one at A being 

and the mass of the one at B being - wi, so that 

their centi*e of gravity is the mmc as that of the body. 

82. Ballistic Pendulum* — A heavy b^>c}c of wood hung 
up as a pendulum hy two strings, so that it can swing 
without apy roktion, is sometimes Uvsed to measure the 
im]>ulse (n?t») of a blow, such as that of a rifle-bullet fii’ed 
into the %voch 1. The block will be displaced and will rise a 
vertical lieight, A, which must l>o observed (either directly 
or hy calculation from tJie angle of swing) ; and tlie velocity 
V imparted to it is calculated as j{2ghY The velocity v 
with which the rifle-bullet struck the wood can then be 
found, if the mass m- of the block is known, from the 
equations, 

mv =2 {m -f- m^v 

and v' = J{2gh), 

EXAMPLES-XIV. 

(1) A uniform rod 3 feet long is swung as a pendulum aboutone 

end. Find the length of the equivalent simple pendulum. 

(2) Find the point abont wliich the above rod should swing so 

that the time of oscillation may be a minimum, and find 
that minimum time. 

In tbit esM tbs osntm of sospetiiton ami osonuuon mtist be 
equidistant hom the eentie of the rod-^ end of aeet. 81 . 
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(3) A uniformly thick rigid door on smooth hinges is shot at 

with a bullet Find where and how the bullet must strike 
the door so as to cause no jar on the hinge. 

(4) A one-ounce bullet fired horizonially into a 20db.- block of 

wood 8U8]>ended by two strings dii^laces it so as to rise 3 
inches. Find the 8|)eed of the bullet. 

(5) A I foot sphere hanging by a 64nch string oscillates like a 

pendulum. Find its time of swing and the length of the 
equivalent simple pendulum. 

(6) Find the perioti of a rectangular thin plate 4 feet x 3 feet 

swinging in its own plane about one corner. 

(7) Find where else it may be suspended to swing equally fast, 

and find how it must be hung to swing fastest. 

(S) A triangular plate of height A and mass m swings about its 
base. Find the length and mass of the equivalent simple 
pendulum. 

(9) The same plate swings about an axis parallel to its l>ase, 
bisecting the ^titles. Find the length and moss of the 
equivalent simple pendulum. 

(10) Show that a triangular plate has the same momeat of inertia 

alM>ut any axis as a system of 3 equal particles (eachs^t 
of the mass of the plate), situate at the middle points of 
its sides, and find the time of swing of a triangular plate, 
with sides each 4 feet long, swinging in its own plane 
al>out a vertex. 

(11) Find the mass of the c<[uivalent simple pendulum in Ex. (1), 

if the mass of the rod is 4 lb* 

(12) A chair weighing 20 lb. is hung by a {mint 2} feet from its 

centre of gravity, and is found to oscillate in precisely the 
same way as a simple pendulum 3 feet long. Find the 
moment of inertia of tlie chair about the point of suspen- 
sion. 

(1.1) Find the time the chair w*ou1d take to complete admail 
oscillation. 

(14) A one-ounce ride bullet is fired into a suspended block of 
wood weighing 30 Ih. If the blow causes the wood to rise 
a vertical height of 1| inches without any rotation, find 
Uie velocity of the bullet just before it struck the wood. 
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CHAPTER VL 

WORK AWJ> ENEBGT. 

83. Tlie present chapter is to indicate a method of 
treating the effects of force on matter in a perfectly general 
manner; all consideration of how the force acts, or what 
it acts on, being regarded as accidental and secondary. 
Wliether the body acted on is a particle, or a rigid solid, 
or ail elastic solid, or a liquid, or a gas, mattens nothing; 
and whether the effect produced is motion, or strain, or 
both, or neither, also matters nothing. It is to treat of 
the effects*of force in general on any body whatever. 

84, Now, in order that an agent exerting a force may 
produce any effect on the b<xly to which it is applied, it is 
necessary that the body shall yield somewhat — that is, that 
the point of application of the force shall move in the 
direction of the force ; and whenever this happens — when- 
ever the point of application of the force does move along 
its line of action — s(nne effect is necessarily produced. Thus 
either tlie body is set rolling, or swinging, or moving in 
some way, or its motion is checked, or it is squeezed into 
smaller compass, or bent out of shape, or it is lifted up 
against gravity, or it is merely shifted along against friction, 
or it is warmed or electrified ; no matter what the effect is, 
some effect is always produced, f nd the force, or more pro- 
perly the agent exerting the force, is said to have dmts teorh 
Moreover, a body upon wliidi work has been done is found 
to have an increased power of doing work itself — ^that is, 
of producing physical changes in other bodies; and it is 
therefore said to possess more energy than before. This* 
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increase of energy is indeed the most essential part of the 
effect produced in a body by an act of work. 

85. Energy therefore is that part of tlie effect produced 
when work is done u]x>n matter whicli confers upon the. 
boily possessing it an increased power of doing work. 

86. The work done in any case is proportional both tr» 
the magnitude of the force an<l to tlie distance through 
which its point of application moves in the direction of the 
force. Unless the p<.)int of application moves, no work is 
done and no energy is pn^luceil, however great the force 
may bo ; for instance, a j)illar supporting a portico is doing 
no work, though it is manifestly exerting great force. 

IFoiA*, fg the ad of produchnj an effect in hofliee 

hft means of a force tr/toac imnt of application rfwves 
through a fUstanci in its own line of aetioUy and it is 
measured hg the product of the force into the distancCy* or 


SucJi n force is conveniently called an ‘effort ’ if the motion is 
in its own direction, and a ‘ resistance * if the motion is against 
it. (If the force and motion ai'o inclined to each other, only one 
component of the force is tlie effective effort.) 

The work is reckoneil {Kmitive, and is called simply *work,’ 
when the body acte<l on is moved in the same sense as the 
force; if, however, by any means, it lie caused to move in 
opposition to the force exerted by an agent, the work done by 
that agent must be reckoned n^ative— that is, w^ork is done 
npon it. 

Tlius if a force of five poundals acts through a distafTce of 
six feet in its own direction, it does thirty times the work 
which would be done by one poundal acting through one 
foot This latter work may be called a footpoundal, and 
represents the F.|^.8. absolute ynit of work. 

British engineers use as their practical unit the work 

* Tbs memtrd dfafinu wm tlao dslload sta force inttltlplted by • dUitonce, but 
by a dletanee tneeenred ol HgH mupts fo (ks pm. It ie therefore an entirely 
foObreiit thlttf tfm wofiu 
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done by an effort equal to the weight of a pound acting 
vertically through a foot, and they call this a foot-pound. 
It is of course equal to 32 foot-poundals approximately, 
l^rench engineers use the kilogrammetre as their practical 
unit of work, being ecpiivalent to the weight of a kilogramme 
raised a metre. It is equal to 98,100,000 absolute C.G.S. 
units. 

The C.G.S. unit of work is called an erg (from ^pyov^ 
work), and is the w'ork doiie by a dyne effort acting through 
a centimetre. Thei'e are 421,390 ergs in one foot-];)oundal. 
Since the eig is so small a unit, it has recently become 
customary to employ ten million ergs as a more convenient 
unit of energy for some purposes, and to call it a Joule, 
It is appioximately f of a foot-lb. The muUiplicity of 
units is admittedly tiviublesome to prteeat-ilay students, 
but it is one of the penalties they pay for living in an age 
of tmnsitien and activity. 

The algebraic expression or * dimensions * of an absolute 

... , . pound (foot)^ gramme (cm.)® , . „ 

nmt of work » <>r fe— l^etng essentially 

a momentum nniltiplied by a velocity, or, wliat is the same 
thing, a mass multiplied hy an acceleration and a length. 
The gravitational unit, or foot-pound, is a weight multiplied 
by a vertical height, and is frequently convenient ; though it 
is liable to be hastily niisinterpretcd as an incomplete specifica- 
tion, the ^dimensions* of acceleration necessarily involved in it 

ignored, instead of being only taken as suppressed 
or * understood.* 

87. The effects produced in material bodies when work 
is done upon them are various, and constitute the different 
forms of energy. The full discussion of the subject of 
energy belongs to tlie science of physics, so we can here 
only just royghly enumerate its principal forms. 

‘ (1) Motion (whether translation or rotation). 

W 
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(2) Strain (whether extension, coniprossion, or ilis- 

tortiou). 

(3) Vibration (including the particular kinds called 

Sound). (4) Heat (sensible and latent), 

(6) Radiation (including the particular kinds which are 
able to aifect the eye, and whicli are therefore 
called Light), 

(6) Electriiication. (7) Electricity in motion. (8) 
Magnetisation. 

(9) Chemical se|)aration. (10) Gravitative separation. 

To these we ought perhaps to add vital eneigy, only 
that it may l)e held to be included under head 9. It is 
quite possible that many of these may reduce to eimpler 
forms; in , fact, all but Nos. 9 and 10 are already pretty 
well known to be special cases of Nos. 1 and 2 (cf. wet. 5), 

It is usual to consider those fonns of energy which are 
more directly connected with large and visible*^ masses of 
matter as more jmrticularly the province of meclianics ; and 
we shall here discuss only tlie.se more mechanical forms of 
energ}% Nos. 1, 2, and 10. 

The essential nature of No. 10 is at present unknown 
(see Introtluction, sect. 3), but for most pmctical pur- 
poses it come.s under the class indicated by No. 2. 

88. Now the question arises — When work is done and 
energy prcxluced, is it create<l out of nothing, or is it only 
manufactured from previously existing materials 1 The 
latter is the truth, for it has been found, as the result of 
innumerable experiments on the subject of ^pci^)etual 
motion’ and others, that it is as impossible to create 
energy as it is to create imiter^ and that whenever energy 
appears as the result of work, it is always at the expense 
of some other fom of energy which was previously existing. 
This fact is popularly expressed by saying that * perpetual 
motion is impossible’ — a statement which requires inter- 
pretation, because if there is one thing more universal thop 
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another it is perpetual motion (see sect. 4). The statement^ 
however, is understood to be an abbreviation for the follow- 
ing ; It is impossible for us to construct any machine which 
shall move and do work (and therefore generate energy) 
of itself without consuming at least an equal quantity of 
pre-existing energy. 

89. All this indeed, in a much more complete and accurate 
form — ^more complete, because it involves the non-destruc- 
tim of energy as well as its non-creation — follows from 
JSTewton’s thM law of motion, sect. 52, provided we assume 
that energy is to be measured by work done — that is to say, 
that when a body does work, it loses a precisely corre- 
sponding quantity of energy, and that when a body has 
work done upon it, it gains an amount of energy equal 
to that work. For the third law tells jis, that whenever 
force is exerted, and therefore (a fortiori) whenever work 
is done, two bodies are always concerned — there is the body 
which acts, and the lx)dy which is acted upon or re-acts — 
and these two bodies exert equal and opposite forces ; hence 
whatever quantity of work one body does, the other has 
done upon it ; or the positive ami negative works are equal 
(see sect. 86, small print). 

The ‘agent,' or body which does the positive work, loses 
a certain quantity of enorg)\ The body which has the work 
done upon it gains the same amount. Hence, on the wdiole 
— that is, taking both bodies into account — no energy is 
lost, and, algobniically speaking, no work is done. The 
energy is merely transferred^ and the act of transfer involves 
two equal opposite works. 

The law that, 6n the whole, no eneigy is ever created 
or destroyed by any forces wliich w*e know of and liave 
experimented upon, is called the law of the ‘ Conservation 
of Energy.^ 

90. Just in the same way then that a force is the partial 
aspect of a stress, so work is the partial aspect of a some- 
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thing which consists of action and re-action, in the sense of 
work and anti-work, but which neither has, nor as yet 
perha|)s needs, any name ; and whenever we speak of * work 
done,* it will be by attendhuj to the action of one Ixxly on 
another, and neglecting the reaction of that other on the 
one. To summarise then : Work creates energy ^ anti-work 
destn'»y3 it, so l)oth together simply transfer it. If it were 
possible to liave a force without its anti-force, it wouM also 
be possible to get work done without its anti-work, hut as a 
fact of ex|>erience it is 7ioi j>ossihle. 

91. The fact that work is done whenever energy is tmns- 
ferred, taken in connection with the ex|>erience that energy 
often manife.sts a temlency to transfer itself from one Ixxly 
to another, anti thereby to do work, has caused energy to be 
defined as ilin fot>*er of domj ivork. Now certiiinly a lH>dy 
possessing energy thereby possesses Uie jK)wer of doing an 
equivalent amount of work, provided the energy is of such 
a sort that it can l>e tmnsferred to some other lx>dy ; and 
in this sense emrtj»j and power of doing work are equivalent, 
though it is more precise to say that the possession of energy 
confers upon a l^odg the {Miwer of doing work, than to say 
that energy is the |>)wer of iloing work. It is quite jxm- 
sible, however, for a Inxly to possi*ss energy and yet have 
practically no i)ower of doing work, for energy is not always 
available. 

Thus, a stone lying on the ground may he said to posses.^ an 
amount of energy corresponding to its fall to the centre of the 
earth, but this energy confers on it no j>o>ver of doing work, for 
it would be int|)ossible to let it fall without first expending a 
great deal more energy in digging a hole. 

Again, energy is indestructible, and a given quantity may lie 
transferred from one liody to another, from A to B, from B to C, 
from C to D, and so on and liack again, each time conferring upon 
its possessor a powder of doing work, which \vork Is done at each 
transfer by the body losing it. Hence, if it were correct to speak 
of work as lieing done by the energg, instead of by the body 
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possessiug tlie energy, the working power of a given quantity of 
energy might he unlimited, and at any rate would be wholly in- 
commensurate with the quantity of energ}\ The power of doing 
work, in fact, does not depend solely on the absolute quantity of 
energy in a body or system, but on its capability of being trans- 
ferred to other bodies or systems. We seldom have to deal with 
the total or absolute energy in a body, but only with its 
variations. 

92. There are, however, practical difficulties in effecting such a 
series of tmnsfers of energy without loss of working power, for 
though the quantity is unalterable, yet the quality has a tendency 
to deteriorate. 

These practical difficulties are very similar to those which you 
would experience if you attempted to transfer a given quantity of 
miter down a series of vessels. For you might spill some, some 
would evaporate, some of the vessels might leak, and all would 
remain wet. The quantity of water would lie unchanged— it 
would be all there — but some of it would %c unavailable. It 
would Ije— not destroyed — only useless. Just so with energy, 
whenever it' is transferreil from one Ixidy to another— that is, 
whenever work is done, some of it is pretty sure to pass into a 
less available and more useless form. Its quantity is not altered, 
but its availability is less. 

This tendency of energy to become less available is called the 
law of the Diesi/mtiou or Degraiiation of Energy, It may be 
expressed thus; When energy is transferred fiom one body to 
another, it is also always transformed, from one of its forms to 
another, and some portion of the new form is pretty sure to be 
lower in the scale of energy than the original form ; because of 
friction, imperfect elasticity, and so on. It is, in fact, impossible 
by any known process to raise energy in the scale of availability 
on the whole. Any given quantity, indeed, may be raised, but 
some other greater quantity will in the operation be degraded, 
The average is usually lower, and cannot be higher. 

The energy of the earth in its orbit is not available to us. The 
energy of a flying molecule is almost unavailable, because we 
have as yet no means of dealing with molecules singly ; if we 
could see and handle them, their motion would be as high a form 
of energy to us as the motion of other visible masses. Hence the 
distinction between high and low forms of energy is a purely 
relative one 

Energy falls in availability usually by becoming molecular— 



118 SLSMKS^TARY MBCHANIC8. [HE<rr. 92, 

that is, by being transferred from visible masses to their ultimate 
inoleculea. Tliis transfer is efiectetl by friction and viscosity ; 
hence friction and viscosity are the chief practical canses of the 
dissipation of energy which is perpetually going on. No known 
means exist whereby energy is antomatlcally mieeil in the scale 
of availability, but it has been surmised that perhaps this power 
appertains to certain forms of 

93. Energy and work are nut to be confoundecl together ; 
and all such phrases as * aoennmlated %vork/ * conservation 
of work/ * work consumed/ &c., should l^e escdiowod, or else 
reganled as permissible colliHpiial inaccuracies. Energy is 
not work, but work can Ix' got out of it if the jUY»j>er comlition 
Ih* supplitMl. Energy might thendor3 called ^ntusihle 
work. Foy consider the two fumhimental forms of cnerg)* : 

(1) Tho free motion of mass^'s of matter i-elatively to 
one an»)thor ; and (2) The separation of maswm of matter 
from one another against stress. 

In the first case, the body j>oasessing the cnerg)' is moving 
throtigh a distance, but is not exerting any fonre. Supply a 
resistance, and work is immediately (bme. In the w*c<»ml 
case, the Kwly possessing tho energy is exerting force or 
pressure, but it is stationar>% Allow it to move, and work 
is immediately done, 

27/e f/ro fnnflammUd /omw of ^nergy^ therefore^ corre^ 
gpowl to the two factors in the prodnei mlled work — namely^ 
F and s. The first form corresimids to s ; there is motion 
through space, but no force. The secomt corresponds to F ; 
there is force, but no motion, 

Tlie first is calle<l Kinetic Energy, or the energy of 
motion ; the second might l^e called Dynamic Energy, or 
the energy of force (properly stress) ; or it might lie called 
Static Energy, to distinguish it from Kinetic. As a matter 
of fact, however, it is generally called Potential Energy, 
which is not a bad name so long as it is not misunderstood 
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to meam pombU eneigy — a phrase without sense. Neither 
is Kinetic ever to be called Actual Energy. All energy is 
actual and real — ^potential just as much as ^etic ; and both 
represent possible teorlr — that is, work that will become 
actual as soon as the other factor is supplied. ^Possible 
work^ merely means possible transfer of energy; just 
as money and goods, which might be called forms of 
mercantile energy, represent a possible transfer or ex- 
change. 

94. Whenever work is done, both factors, and therefore 
l>oth kinetic and potential energy, must be present ; and the 
energy is always passing from one of these fonns into the 
other while the work is being done. For if the motion is 
icM the force, the speed must increase, and if it is against 
the force, it must decrease ; while in* tl.e first case the 
distance through which the force can act, or the range of 
th(j force; is dccreiising, in the second increasing. The 
oiHUgy of a vibrating body is continually alternating from 
one form to the otlier. 

Knougli has now been .said to show that the eneig}" 
method of treating forces and their eifccts is a very general 
one, and extends to the whole of Physics. But the bi’ancli 
of the subject concerning which w’c can liere enter into any 
detail will lie a very small one, and wdll only extend to 
giving some examples of the transformation of energy fnmi 
form 1, that of motion, to some other fonn, especially that 
of gravitativo separation, and back again. 


Measure of Kinetic Energy. 

96, First consider how to meiisure the energy of motion 
in the case of simple translation of a particle ; remembering 
that its energy (more strictly its gain of enoigy, over and 
above any otlier forms of energy, such as heat> &c., which 
it may retain constant all tlie time) is defined as equal to 
the work done by the force which caused tiie motion. 
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Now when a force F is a[)i>lioil to a mass tlie accelera* 
tion is 

rt=?(Clmi,t« IV.), 

and the velocity genemted wlien a iKidy moves, from rest, a 
distance with the acceleration n, is given hy 

F 

= 2as (Chapter II.), that is, v* ^ 2—8 ; 
an equation readily written in the form 
F^ = 

But Fa equals the work done by the agency of the force 
while it acts through the distance s; and as energy is 
measured by the work done in its pniduction, it follows that 
the energy of a Ixsly of mass m moving with velocity is 

because r is the velocity generated in the IxKly during the 
I>erfonnance of the amount of work, F<f. 

This expression, is a most inqw)rtant one, and it is 
called the kinetic energy of a particle due to its motion 
relatively to the bo^Iy which is supposi^l to l)e at rest — 
usually, of <x»urse, tin* earth. It equals the work that lias 
Iwen done ujKm the Ixxly in setting it in motion, and als<» 
the amount of work which it must do in onler to stop 
itself — that is, to tninsfer its eneigy to some other Ijody, 
either to the earth nr to anything else wliich Impjxens to 
come in its way. 

When one snspended elastic hall impinges directly on an equal 
one at rest, tlic first stops deail, and the other receives the whole 
motion ; the energy lias Wen here obviously transferred. The 
transference takes place just a.s really, though not so obviously. 
In eveiy case where a Ixsly comes to rest or starts moving. 

The unit of energy is the equivalent of the unit of work, 
and usually goes by the same name (sect. 86). For instance, 
the British unit of eneigy would be a foot-poundal, being 
the energy produced, or, lather, transferred, by the action of ^ 
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unit force tlirough unit distance ; the C.G.S. unit of energy 
would l>e a dyne-centimetre, or one erg. 

96. If a Ixxly, instead of l)eing at rest when the force 
uctc<I on it, liad been moving with velocity it would have 
alreiidy possessed the energy \mv^ ; and so the gain of 
kinetic energy, equivalent to the work done, would have 
been 

where represents the final velocity possessed after the 
force has acted for a distance $. This immediately follows 
from the old equation = 2as, if we write F/m for a, 

and leave tlie term Fs by itself on one side of the equation. 

ILLUSTEATIONB.. . 

97. A truck of mass 2000 lb. runniDg along a level line at the 
rate of 20 feet a second, has an amount of energy equal to 

i xaooojb. =400,000 foot-ponndalff, 

or 12,500 foot-pounds. If it were required to stop it in a distance 
of 600 feet, we should have to apply a brake exerting 800 jwundals, 
equivalent to a retarding load of 25 pounds- weight ; for the work 
done by the truck against this force in the given distance would 
be 25 pounds- weiglit X 500 feet, or 12,500 foot-pounds, which is 
piecisely the energy of the truck required to be destroyed, or 
rather to l>e transferred to something else. 

One can always find the foixse necessary in any such case by 
dividing the work required by the distance given ; for, of course, 



Again, to propel a one-ounce rifle-bullet (iVth lb.) with a 
velocity of 1200 feet per second, ^wiil require work to be done 
u|K>n it equal to the energy geiierated<-namely, 

j X X «^»000 foot-poundals, 

or about 1^ foot-lh, or | of a loot-ton. (This energy, and a 
good deal more, was contained in the diarge of powder in the form 
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of chemical .•^paration, No. 8 (sect 87) ; a «]uaiitity is alw ays wasted 
in the useless noise and tlosh attending the explosion, Nos. 3, 4, 
and 5.) This work mast have l>een done hy tlie |M)wder whiltj 
the bullet was travelling from the breech to the muzzle of the 
gun, a length of say four feet ; hence the average force exerte<l 
by the powder must have been 45,000 foot poundals divided hy 
4 feet, or 11,250 poiiiidals, equivalent to about 3 cwt 

Suppose now in passing tliroiigh the air it loses 400 of its 
velocity by friction, so that it reaches the target with the velocity 
of only 800 feet per second, then the energy of the blow will bo 

1 X A X (800)«, or 20,000 nnits ; 

while iliat which has been * lost ' by friction (that is, transferred, 
some to the air and some to the molecules ol the bullet, but in 
any case debased into the form of heat) is 

45,000 -*20,000, or 25,000 F.P.8. units of energy ; 

and this must be the* number of units of work which have Issen 
done by the dying bullet against the resistance of the air. Hence 
if its range^ or distance travellcil, w*ere 1500 feet, fho average 
resistance exerted by the air must have lieen 25,000 divided by 
1500, or 16} units of force, equivalent to the weight of about 
half a pound. 

Finally, let a target stop the htiUct dead in the s{>ace of f inch 
(Vith of a foot), then, since the whole (negative) work it has to do 
is numerically e<jiml to the energy of the blow—naiiiely, 20,000 
nnits<~it follows that the average force of the blow on the target 
is 20,000 divided by that is, 960,000 units of force, or alsntt 
13} tons weight, a much greater force than even the powder 
exerted ; ami this is apparent in the results, for the bullet is 
flattened out by the target, while the force of the iiowder had but 
a slight effect a|>on its shape. 

Very likely an iron target wonld not yield so much as | inch ; 
if it only yielded half as much, the force of the blow would bo 
doubled. Whether the bullet l)Outices off or not, matters nothing ; 
it must have lieen stopped liefbre its motion can Ije reversed. The 
reverse motion would not alter the force reqn[re<1 to stop the 
bullet, but it would increase its ithpuUe (sect^ 48) by lengthening 
the time during which the force was exerted against the target. 
Thus, if the bullet bounced off with its original speed, the time 
and therefore the Impulse would be double what they would 
have been if It had stopped dead like dough* 
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98. Notice the clintinction betvvcMjn the energy of a blow, 
the imjm/se of a blow, and the/oire of a blow. 

The (Micrgy equals or Imv^. 

The impulse equals F/, or 7nv. 

7)iv 

The avemgo foire equals F, or ' , or - (cf. sect. 45). 

A t 

It will be a good exercise to find from this last equation, in all 
the above cases, the time taken to do the work— that is, to 
transfer the energy. For instance, find the time of flight of the 
bullet, and also how long it took to travel the length of the gun, 
and so on. It is worth noticing that work 

«foree x distance moved 
^impulse x average velocity 
« momentum generated x average velocity 
«(mt?i-w»o)x J{Ui+Uo) 

Those jbwo expressions for an average force, “ and 

are worth comparing. The first ^ye know is expi*e88ed 

in Words hy saying that force is rate of change of momen- 
tum ; m/e here having a reference to time, and meaning the 
increase [ler second of time elapsed. Similarly the second 
may bo expressed by saying that force is rate of change of 
energy, only rafe here has a rtrference to distance, and 
means the increase per linear foot of distance travelled. 

The whole subject of the rates of variation of things with 
resjiect to diffeient variables, considered as a branch of 
pure matliematics, is called the differential calculus, a science 
the foundation of which was laid by Newton and developed 
by I^oibnitz for the purpose of treating questions concerning 
velocity, acceleration, and the like. 

Uaaamre of Potential or Dynamic Energy. 

99. Now let us consider how to measure potential eneqgr, 

* or the energy of stress, especially in the form of gravitative 
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stress exeiied between the earth and a mised weight. This 
is a very simple matter, for, s«pj>o8ing a stone is at a 
height /(f, we have a constant force vkj exerted on the inxly, 
and a distance h throngli which it can act-, so the work it 
can do while the st<ine falls is simply nifj?i ; whei-efore 
nufh measnn*s the eneigy ilue to the ivlative position i)f 
the earth and stone, ami the numerical value of this 
exprt'ssion is often called ‘the j)otentiaI energy of the 
raised weight.' It equals the number of unit.s of work that 
have l>een done upon the weight in raising it, and also the 
amount of work it must do whenever it dn>ps. The eneigy 
is often cn//ed tliat of the weight, but it rwilly Iwlongs to 
whatever agcfiit is exerting the stress pn^ssing Uie weight 
and earth together (s«‘e IntrtKluction) ; and as the nature of 
this agent is unknown, it is better nt>t to speak of the 
jK)tcntial energy of anything. 

100. The gravitativc em*rgy of a j)ound of matter one foot 
high is called a f<M>t-pound, Waii.se it is the effect which has 
lx?en produce*! by a force of one jsmnd- weight acting tlirough 
a f(K)t ; it eipials thirty-two F.P.S. units of energy or foot- 
poun<lals, becaus*' the weight «»f a |x>unfl ef|ual8 tliirty-two 
F.P.S. units of f*)n:c or ixjuiulals. 1’he unit of work or 
energy alxuit correspfuids to the raising a half-oimc<5 weight 
one fixjt high (cf. st^ct. 46), (half an ounce being the g\d of 
a iK)und). 

‘Thirty two/ of course, stands for the value of whatever it 
may happen to l>e : it is different in different latitudeM, and not 
necessarily exactly thirty- two anywhere. In French measure the 
numerical value of is 9S1 (sect. 66) ; 84) the gravitativc energy 
of a gramme of matter one c^entimetre high (called a graiiime- 
centinietre) is 981 ergs, lieeatuic the w'eight of a gramme ia 981 
dynes. 

101. To keep a raised weight still, it must be supported, 
and it will exert pressure on its support, because it is being 
pressed by something towards the earth. This something 
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is not, however, yet doing work. Remove the supiK)^, and 
immediately the weight l)egins to move ; hence now work 
is done, and the potential energy of the agent which exerts 
the pressure is transformed gmdually into kinetic eiieigy, 
and transferred gradually to the moving mass— to the weight 
itself, if falling freely — to whatever strings and wheelwork 
it is connected with, if it is constmincd to fall slowly like a 
clock w'cight. When half-way down, the energy is half 
kinetic and half potential ; when J down, it is kinetic and 
I potential, and so on. 

For the original energy was bn t when half-way down, 

the potential energy is mg\h^ or only lialf what it was, so the 
kinetic must lie equal to the other half. Wlien J down, the 
potential energy is only mg\h^ and the remainder is kinetic. 

When within an ace of the ground there', is no potential 
energy, ayd therefore the Ixxly has kinetic eneigy 
ecpial to the original cneigyi 

This equation, 

gives us the velocity ac‘quired hy a Ixsly freely falling a 
height /i, as V- knew perfectly well 

before, only we formerly anived at it in a different way 
(see sects. 2 1 and 65). 

The instant the falling Imtly touches tlie ground compression 
occurs, and so work is done again, though this time very rapidly; 
and the energy is again transformed, and transferred, some to the 
molecules of the earth and l)all as lieat, some to the air in the 
form we cal! sound ; while the rest, after having existed for an 
instant as strain or stress energy between the earth and ball, re- 
appears as kinetic eneigy in the liouncing ball. No ball, however, 
is i>orfect1y elastic, so after a few bounces it will come to rest, 
and will possess nether kinetic nor potential energj" relatively to 
the earth (it will 1)e a little hotter than it was--that is all). To 
rfdse it again^ something else must do work upon it 

102. As another illustration, consider a body sliding down 
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a rough iiicllueU plane. Lot a mass m slide from A to B 
(tig. 25)j a length against a force of friction /, the vertical 
descent being h. Then the work done against friction is 
// ; the work done uj)on the mass is }^mv^ if it reaches B 
with the velocity r ; and all tliis work has been done by 
gravity. But the work done by gravity is the force 7 ng 
multiplied by the distance niove<l through in Us mm 
(vertical) direction — namely, h ; so we have tlie equation, 


fl + ~ mgh^ 

from which v can lie readily 
J fouml. The tenn fl repi'osents 

‘A ^be amount of energy which is 

^ ^ j transfonned (degra<le<l) into heat — 

— jJ that is, it is the * mechanical equiv- 

pjjj 25 . alent* of tlie heat generate<l. 

If /^O, that is, if thq plane l>e 
smooth, the velocity v acquired in descending the vertical 
height 7/ down the plane is the mine as that found for a 
//V'^/// falling IkxIv in the last w^ction, and it has no connec- 
tion with the slo|)o of the plane ; showing that the jHitli of 
a falling Inxly has no influence on the velocUtj acquired by 
it, provided everything 1)0 smmith. (The tme of descent is 
gn^atly influenced by the path.) 

103. The simplicity of gramtation examples is due to the 
fact that the force acting (the weight of the raised body) is 
constant and does not alter as the w^eight descends. IJut in 
every case, if a be the range — tliat is, the distance through 
which the force can act — and if F l)e the average value of 
this force, the potential cner^ is (See Appendix, p, 307.) 


* Energy of Rotation. 

104. So far we have only considered energy of motion in 
the form of translation, or the motion of a particle ; but the 
energy of a rotating body can now \>e easily expressed, since 



CHAP. VI.] WORK AND ENERGY. 127 

it is made up of particles, and the energy of the wliole is 
the sum of their sepamte energies.* 

Any particle of mass w, at a distance r from the axis of a 
IxKly stating with angular velocity <u, is revolving round 
and round a circle with velocity v = rw, and its energy is 
l77iv\ or, as it may be also written, Now the 

energy of the whole body is the sum of the energies of all 
the particles in it ; it is therefore 

for, since the oj is constant, it may be taken outside the sign 
of summation ; but the sum of the second moments 

of inertia of all the particles in the Ixxly, is the quantity we 
liave called the wmient of inertia of the rotating body 
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(sect. 43), and denoted by I ; hence the simplest expression 
for the energy of a rotating Ixxly, like a flywheel, is 

A flywheel mounted on a vertical axle can be started 
spinning by a descending weight, as shown in fig. 26. 

* Notice that the pamllelogratn law(e«ct. 20) does not apply to the composition 
ofentTglts, Siivttgy is not a diluted q^uintity, and simple arithmetical addition 
applies to It. 
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By the time a vei^t of 14 lb. over mi above what is 
needed for friction hue thus descended 8 feeti it will have 
done 84 foot-pounds of work and geneiuted tilts amount of 
kinetic energy, of which a portion will bcdong to the wheel, 
and a portion to the weiglit If it has taken 10 secomls to 
descend, its acceleration has been *12, and its kinetic energy 
is 14 X *12 X 6 = 10*08 foot-secoud-imits, or, what is the same 
thing, J X 14 X (1*2)2 Tiiig jg one-thinl of a 

foot-ll)., and all the rest of the enei^" belongs to the wheel. 
If Uie winding pulley were *6 foot in eircmnfenuiee, it 
would now 1)0 making two reviJutions a second, tlieivfore 
its angular velocity would W, 4ir, and so its moment of 
inertia would Ih^ dt»termined hy the energy equation 
}I(47r)-..?4x 32- 1008. 

105. A rolling ai’hen^ or cylinder has a motion comjxninded 
of a tnirislation forwanl and a station round the centre of its 
rim, and cons4K|uently its energy is similarly ccmq)Ounded. 
Its tmnslational energy is hmv\ where r is tlie sjieeil of 
its centn^, forw'ard ; and its rotational energy is |Iw*, where 
I is the moment of inertia of the Ixxly alxntt its centric ; hut 
a simple relation holds l>etween v and w, since the spciOil of 
rolling advanct^ is the same as the sjK'cd the rim would have 
if the centre were stationary; wdiereforo the al)ove two terms 
may lie added together, making |(1 4* This su^ests 

that tho l)ody is really rotating at cacli instant alxjut the 
ix>int where its rim touclies tin* gremnd, and that its mo- 
ment of inertia ulxmt any [s>int on its rim is great4*r than 
that al>out its centre hy rnr ^ ; at any rate thesis statements 
are true ones, as may Iw seen hy referring the list of 
Moments of Inertia, sect. 43. 

EXAMPtE8--^XV. 

(I) A liody slides down a rough plane, iravelUttg 20 feet 
along the plane, hut only descending 12 feet vertically. 
If the force of friction ui equal to |th of tite widght 
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oi the body, dud the velodty gidiied during tilie 
deaeent 

(2) What is the work that must l>e done in order to jnopel a 

2db. stone at the rate of 40 feet a second ? 

(3) A simple pendulum Is palled aside till its heavy bob is raised 

8 inches, and Is then let gv). Find its velocity when it 
passes its lowest point 

(4) What initial velocity is necessary to make a rifle bullet 

strike a target placed 800 feet high vertically above the 
gun with a velocity oi 600 feet per second, neglecting the 
resistance of the air? 

(5) What would be the answer to the last question if the bullet 

weighed an ounce, and if tlie resistance of the air were 
taken to be equivalent to a drag-hack equal to tlie weight 
of 5 ounces ? 

(6) If a projectile were started in any direction with the velocity 

80, and arrived at another point on the same level with the 
velocity 30, after having travelled ISOlPeet, what most the 
average resistance of the air have been equal to ? 

(7) What fbree would be necessary in order to stop the projectile 

of Question No. 2 in the space of 6 feet, and how long 
would it take ? 

(8) Find the mechanical equivalents of the heat generated by 

friction in the motions considered in Questions 1, 5, 6, and 
7 ; assuming the mass to be 3 lb. in each cose. 

(9) What is the energy of a hollow globe 2 feet in diameter which 

is swinging round in a hori/x>ntal circle at the rate of 90 
revolutions per minute, the mass of the ball being 8 lb., 
and the radius of the circle described by its centre 3 
feet? 

Cotiskler Uie string so nearly horizontal that loacUcally the baU 
rotates once during each ravolntion. 

(10) What is the energy of a uniform steel disc a yard in diameter 

and an eighth of an inch thick rotating about a vertical 
axis 3000 times a minute, if a cubic inch of iron 
weighs 4 lb.? 

(11) ^ Wliat is the kinetic energy of a 5-cwt. projectile moving with 

a velocity of 2000 feet per second ? , 

(12) A body whose mass is 12 lb« moves from rest witba unUbim 

acceleration of 100 inches-per-second per second. Calculate 
its kinetic energy After it baa moved a diitanee of 20 feet. 

(13) Find what work Is beliig done per minute-^that is, find the 

I 
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activity or the power of an engine which ia raising 2000 
gallons of water an honr from a mine 900 feet deep. . 

A gallon of water weighs 10 lb. 

(14) A train of 150 tons is running at 60 miles an hour. What 

force is reqiiireil to stop it in a quarter of a mile? 

(15) A small heavy body weighing 20 lb. slides down a rough 

circular arc 10 feet in radius whose plane is vertical. It 
begins to move from one end of a horixonta) diameter^ and 
is found to reach tlie lowest |M>int with a velocity of 12 feet 
a second. How many foot'|>otinds of work have l>een done 
against friction during the motion? And if the same 
proportionate loss of energy o<*curreil in the next portion 
of the same circle, how* high woiihl it asoenfl? 

(16) A massive slow-inoving flywheel, mounted on a horizontal 

axis 1 foot in <liameter, ])Ossesses 1500 f(K>t'{K>unds of 
kinetic energy*, which is used to raise a weight of 25 lb. 
by means of ro{>e coiled round the axis. Assuming that 
a weight of 5 lb. is able to overcome the friction, how 
many times will the wheel r*?volve l>efore it cojnes to rest? 
How many revolutions in the opjMxsite direction must 
l>e made before the original energy is t'estored to the 
wheel ? 

(17) A railway carriage of 4 tons moving at the rate of 5 miles an 

hour strikes a pair of buffers which yield to the extent of 
6 inches. Find the average force exerted u])on them. 

(18) A three-ton truck sliding down a plane rising 1 in 20 

acquires a spceil of 30 feet a second after travelling 500 
feet down the plane. Find the average force of friction 
acting on IL What velocity would it have acquired if 
there had been no friction ? 

(19) A train of 50 tons moves up a rough incline of 1 in 10, the 

resistance caused by friction l>eing 16 lb, weight per ton. 
What horse power must the engine exert in ordei^to main- 
tain a uniform speed of 3 miles an honr ? 

A hme>power irui by Jftines Watt to maan 88,000 fooi-potiAdi 

of work |>«r niinab$. 

(20) If a horse walking once round a circle 10 yards acrofm raises 

a ton wdight 18 Inches, what for<»> does he exert over and 
above that necessary to overcome friction ? 
f21) Calcnlate the work done in turning a wheel ten times round 
against a load of 15 lb. applied by means of a string 
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wrapped round its axle, which is 8 indies in diameter. If 
the wheel starting from rest makes 20 revolutions in the 
first quarter minute after being let go, what is its moment 
of inertia, supposing no friction ? 

(22) A mass of 224 lb. falls from a height of 10 feet upon a pile. 

Express its energy and its momentum when it reaches the 
pile. 

(23) A man cycles up a hill, whose slope is 1 in 20, at the rate 

of 4 miles an hour. The weight of man and machine is 
187j| lb. What work per minute is he doing? 

(24) At the top of the hill the cyclist is met by a strong head- 

wind, and he finds he has to work twice as hard to keep 
the same rate of 4 miles an hour on the level. What force 
is the wind exerting against him? 

(25) If a train moving at 80 feet per second, up an incline of 1 in 

64, slips a carriage, how far will the carriage move before 
lieginning to mii back, ignoring axle-friction ? 

(26) Find the horse-power of a locomotive which draws a train 

at 10 miles per hour up an incline of 1 in 40, the weight 
of train and engine l>elng 400 tons. 

(27) Find the horse-power of an engine which draws a train of 

100 tons up an incline of I in 60 at a speed of 30 miles an 
hour, the friction being equal to a drag of 20 lb. weight 
per ton. 

(28) A sledge left to itself slackens speed from 30 to 20 feet a 

second while going 16 yard.s. Assuming the coefficient of 
friction constant, find its value ; also find how soon and in 
what distance the sledge will stop. 

(29) A train weighing 60 tons, and running at the rate of 40 miles 

an hour, is stopped by an ol>stacle in 10 yards. What is 
the average force applied by the obstacle ? 

(.30) How much w*ork has a man, weighing 16 stone, done in 
walking twenty miles up a slope rising 1 in 40 ? What 
force could drag a dead load of the same weight up the 
same hill— (a) if the friction be negligible, (6) if the friction 
1)6 i of the w^eight? 

(31) How innch energy is expended in winding up the hour* 
striking paii; of a turret clock eacli day, if its weight of 
2 cwt. descends 1 inch ^or each stroke of the bell, and if 
the friction is equivalent to i of the weight? On the 
same hypothesis as to friction, how much of the energy is 
available for the production of sound t 
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(92) A sliding and a rolling body start down similar slopes to- 
gether ; which travels fastest, if one plane Is smooth, and 
the other only just rough enough to ensure rolling ? 

(33) What must be the coefficient of friction of the plane pre* 

viously smooth in order that the roller and the slider may 
travel at the same pace and arrive together? Take the 
case of a plane whose height is 1th the base, and the rolling 
body A soliti cylinder. 

(34) Show that all solid and homogeneous spheres in rolling 

down an incline will travel together if they start together, 
whatever their sire or material. 

(35) Show the same for cylinders, and find by how much the 

spheres will lieat the cyliiiderH on a given slope. 

(36) What Is the energy of a pendulum bob weighing hall a ton 

and swinging past its ecjuilibrium position at the rate of 
1 foot a second ? 

(37) What energy is stored in a cros8d)ow whose cord has been 

pulled 15 inches with a maximum force of 2 cwt 
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CHAPTER VIL 

COMPOSITION AND RESOLUTION OF FORCES. 

{Introduction to Statics, ) 

106. Hitherto we have only considered the effect of a 
eiiiglo force when it acts on a particle or on a rigid lx)dy, 
and we find that it may either pull the body along (trans- 
lation), or turn it round (rotation), or do both at once. 
But in very few cases in practice do we have only one force 
acting in this way; often there are a* great number of 
different forces, so that it l^econies necessary to consider how 
the motive effect of a number of forces may be deduced. 
The simplest way is to reduce the forces in number; 
ami the following statements may be recorded here as 
memoranda : 

\Vlien any number of forces act on a partide they may 
always be reduced to one^ — that is, they may be replaced 
by a single force which produces precisely the same effect 
as them all. This single force is called the resultant; 
and the operation of reducing the number of forces is 
called the coxnpoaition of forces. 

If a number of forces act on different points of a rigid 
body — ^that is, an assemblage of particles connected rigidly 
together — they cannot in general bo reduced to one force, 
but they may always be reduced oo two forces in different 
planes (sect 121). Tliey can, however, always be reduced 
to a single force (of which what is calle<l couple Ms a 
si^eoial case) if they either all pass through the same point 
(that is, virtually act on a particle), or else all Uo in the 
same plane (cf. sect 137)» 



134 KUnUKtARV MBCBAKiaS. [SKOT. 103. 

A picture henguig by a coixl over a nail furuishee m wiib an 
example of a rigid botly acted on by several forces, and the tetiidon 
in the two parts of the cord is e<|uival6ut to tJie weight of the 
pictnreu A weight resting on a tripod-stand is another example, 
and the three stresses in the legs are equivalent to the one 
weight Again, a table or chair k snp|M>rte4l by as many forces 
as it has legs, unless some are toosiiort (which they often are), A 
teetotum is spun by forces w’^hich may he retiuced to two e<|aal and 
parallel ones in opjKisite directions, and we have here a case 
of pure rotation without translation. A kite in the air is acted 
upon by the wind pressing it, by a tension in the string, and by 
the pull of gravity ; and the kite moves aliout acconling to the 
direction of the resultant of all these forces. 

107. for sonic piir|H^H, it is convenient to analyse 

or split u]> a single force acting on a Ixnly into two or three 
coniiionouixS so us to study their elFects 8e|mmtely. Tliis 
ojiemtion is calletriho resolution of foites ; and it is carrieil 
out in the same way, and h»r the sumo sort of ohjiHit, as the 
res*>liition of motion.^ and velocities (.^‘o sect 50). llius, 
supfwise u i\»sting on aii mcliued plane, we may 

resolve its weight into two forces one i>erj>c‘ntlicuJar to the 
pIaiK% and thendoro Imlaiiced by its resistance ; the otlicr 
acting along the plains and producing motion, exc4?pt in so 
far as it is balancal by friction. Again, in a >vindmill, it is 
Convenient to n*s<»lve the wind « pressure on the sails into 
two coni|w>nents — one the effective one in the direction of 
motion ; the other a useless one in tlie direction in which, 
hy the construction of the machine, no motion is allowed.* 
This last component, therefore, only proiluces strain. 

Composition of Forces acting on a Particle, 

108. Tlic methoil of coiin>ounding forctjs into a resultant, 
or resolving them into components, is a very simple one, 
being tiio same as that by which motions were comiioundeil 
and resolve<L* For if sevonil forces act on a piirticle, each 
tends to accelerate its motion in its owm direction, and the 
resultant acceleration is the r^mltant of these several com- 

* A wioiliitiU al«ray« Omw tlie vriaiL 
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ponent acceleratious. The single (orce which would cause 
this resultant acceleration is equivalent to the several forces 
combined, and is called the resultant force; while the 
se})arate forces are called its components. 

Hence forces are coiiLi)ounded in the same way as 
accelenitions or motions (sect 28), being represented by lines 
in their resi>ective directions pn:)portional to tlie accelera* 
tions they could proiluce in unit mass. And they can be 
resolved also in the same way. No furtlier proof of the 
triangle or the polygon of forces is necessary. 

The alK>ve deduction from Newton’s second law, F=»wr, does 
not, however, establish tlie position of the resultant, but in the 
case of a particle this is obvious. The further condition neces* 
sary for an extended body is given in sect. 119. 

The rule, then, is — Draw a set of lilies one after the 
other, without taking tlie pen* off, parallel to, and in the 
same sense as the successive forces acting on the body, and 
proportional to them in magnitude ; then the line re(iuired 
to complete the iwilygon, taken in the reverse sense (tliat is, 
drawn from the starting-point, not to it), will be the re- 
sultant in magnitude an<l direction. The forces may be 
taken in any onler just as the motions might (sect. 24). 

Since we arc only dealing with a particle^ this is the full 
ami complete solution ; for the resultant, of course, acts on 
the particle, and therefore its jiosition is known ; and the 
three things, magnitude, direction, and position, completely 
sjK^cify a force (see sect. 51). 

The resultant of Uoo forces is often more conveniently ex* 
pressed as the diagonal of the parallelogram whose sides 
represent the forces, than as equal to the third side of a triangle. 

109. Examidea of the Composition of Two Forces,— A 

{Kirticlo of moss m is pulled along by two strings — one 

* rr the forces do not *U lie in one plane, the polygon cannot be dznwn oa 
{laper, but It inay ba conatructfid in wood. 
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•Iwqrs polling oast, with a fotoe P ; tlie <^«r alwajra ualh, 
wiA a lotee Q. What ia Uie accalen^oii and dinotiim of 
motion t 

Drawing the two forces P and Q (fig S7)t one finds On iwiltaut 
R at 4Mice as equal to V(P*+Q*) hy Euclid, 1. 47 ; and since this 




is the resultant force, the acceleration is — along tlie dia- 

gonal of the itarailelogtafa. If the two forcej* P And Q were 
e<|UA), tJien !<'■* would I>c .dimply 21^ ; tliiit w, U - P v2» a reeult 
worth rerneiii boring. 

Suppose now that the two forces act at some scute angle^ 
say 60^ then to find R we may use Euclid, IL 12, which 
says that AD^ oxcecils by twice the rectangle 

Ali'BN (fig. 28). 

The angles CAB and DBX are always equal (I. 29), and if 
each e<|ual« 60^, BN is twily seen to be half BD, liecatise the 
triangle BND is then half an equilateral triangle; so putting in 
this value for BN, and noting that BD = ACssQ, and therefore 
BN = iQ, we can write the general relation AD*s= + 

+ 2AB'BN in the form Q* + PQ for the ease when the 

angle lietween P and Q is 60^. 

If the angle CAB l>etwocn the forces had lieen an obtuse angle, 
such as 12(f, we should have procecfled similarly, only using Eiic. 
IL 13, and we .should have arrived at + PQ. 

Similarly we might proceed for angles botiveen P and Q 
of 45"* or 135®, of 30® or 150®; but for angles in general, 
though the relation 

AD^ - AB* + BT)* -p 2 AB • BN, 
will always apply— regard being paid to sign in the last 
term (see sect 12) — yet it is not so easy to express the side 
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BN in terms of the si4e BD (or Q)-**thd subject oi the 
meiiGiuimtiou of trian^ec^ or Tngouometryi not being mp- 
poBcd known at this stage. 

Our resource is then to find the resultant by construction ; 
and this indeed is often a very good way, even when one 
knows some tdgonometry. You lay off on paper the two 
given forces to any scale, and inclined at the proper angle ; 
then you complete Uie parallelogram, and measure the 
diagonal on the same scale- this gives you its magnitude ; 
an<l its direction referred to the given forces you get also 
from the figure. 

1 10. Notice that in the parallelogram of forces, you really 
liave two diagrams drawn together as one : a representation 
of the forces, an<l a geometrical construction ; but they 
should l>e understood to be essentially distinct. The propo- 
sition of the triangle of forces is really the geometrical part 
of the pamllelogram by itself. 

An example will render the meaning of this clearer. Let two 
forces, 6 and 8, act on a particle with an angle of 60® between 
them. Find their resultant. 



On tlie left of fig. 29 is a picture of the given forces. On the 
right is the geometrical figare— namely, a triangle in which AB 
represents the force 8, *BD the force 6, and AD tlieir resultantt in 
magnitude and directioD. (AD equals 12*17 nearly, as may be 
found either by drawing and nieasiidng, or by calcnlating it from 
sect. 99 as x6.) Its iK>8ition is known, for of course 

it acts on ^e given particle^; so we return to the left-hand 
diagram, draw through the point of interseotion of the two ^ven 
forces a line equal and parallel to AD, and this Will be the result- 
ant. Obviously It is the diagonal of the parallelogram of forces—* 
the triangle ABD is simply hw the parallelogram ; compare fig. 28^ 
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Obsem tibat the geometrical coiistmctioii is based upon 
only magnitude and direction: it does not give you position ; 
this must always be dotemiined from the iKwitioiis of the 
given forces in tlie force diagnim. It is not usual to 
tlm two figures in simple casos^ but as a matter of principle 
it is best always to keep them distinct 

111. The diagiuius for one instuice of tine polygon of 
forces may 1 h 5 also given, just to make sure it is fully 
uiulerstoo^L 

Forces in a plains of nia^iituilf^ 4, 5, 3, 8, act on a |>artic*lo, 
their directions making' with eacli other of 7o\ 4r>\ and 

120’ respectively. Find the resulUint. In actual ca^es the 




angles between the forces^ are not s(>ecili6d numerically, but are 
indicated directly. In artilicial rptestions, however, like the aliove, 
when the angles are sfiecirietl in degrees, a protractor may Iks 
nse<l to lay off the directioua* 

It turns out to be *504, m that the given forces aie very nearly 
in e^piilibriurn, or their resultant is very small. 

Observe the recipnscity of these diagrams. In one Hie lines 
meet in a point, in the other they enclose an area. 

Try drawing the tddes of a polygon in some other order, and 

* In sU Ummm ngarfs the tines sre drawn pamUtl to the forces ; this is the cMlest, 
thotigh not the essentUl ptsii. Whsi fs essentlst is, Unit the tines shsil represent 
the dirwetfon of the forces in some nodemtood msnner. It is nsnsltjr said that 
they will do either |MmtH or porpendietilsr ; bnt they would do er|ttsily well if 
sli were fnclineil st 4&*, or st any other siiRle. to the forces which they respee- 
lively represent, provided this angle were the same for all. The interior angles 
of the polygon are sapplcsoentary to the angles between the corresponding 
fotesa 
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see Uiat yoa always ge^ tlie same result Ei^^edally tty tlie eider 
4» 3, S» 5 $ for tilie polygon then happens to be a crossed one. 

The hits of forces represented by the linat snrroonding the 
enclosed space in a crosi^ polygon are in eqniiibriutii (Chapter 
VI 11. }» and may be removed from the particle without disturbance. 

In the above case the enclosed hit will he found to be an equi- 
lateral triangle, and the forces which may be removed are three 
threes-*namely, three parts from force 8, tliree from 4, and all of 
3 ; the forces left lieiiig 1, 6, 0, 5. Constinct the polygon for this 
mutilated set, and see that you still get the same resultant. 
Notice the reason why the three reniovecl forces were in equilibrium 
—namely, that they were equal and lay symmetrically, making 
angles of 120"* with each other. 

Y<ni are strongly rocoimneiided at once to get out your 
instninients and a sheet of dniwiug-|i{i]>er, and verify all 
tliis by careful drawing, as well as some of the examples in 
Ex. XVI. The instruments needed ar<^ a graduated scale 
of equal i>art«, a couple of set wjuares to act as a parallel 
ruler, iwrliaps also a T sejuare, and a pair of comi)asses, A 
protractor for measuring angles is also convenient. 

Resolution of Forces. 

112. Every force may 1)e split up into two definite com- 
ponents acting at given angles with it ; but, if the angles 
are not given, a force may be resolved into t>vo components 
in an infinite number of 
ways; in other words, 
the same line may he 
the <liagonal of an in- 
finite uumlier of pirallel- 
ogmms (fig. 31). One 
chooses in each problem 
the i>articukr imir of 
components wliich are 
most . convenient, the 
most convenient hehig usually at right angles to each 
other. Often one is in the direction of possible motion. 
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and the oilier perpendicular to it; again, in oases where 
gravity is concerned, one is often horizontal and the other 
verticaL 

Verify, by drawing, the following : A force of 8 units is e<iuivs> 

u 

lent to two coin{)onexiU of — 7 ^^ each, acting one on each 

aide the given force at angiea of 15*" with it; ali»o to two of 8 e4icli, 

8 

if the anglea be 60^' ; also to two of- — each, if the anglea 

V (* v3) 

he 7y ; also to a coiniKtuent 4, acting at an angle of dO"", and 
another of 4v 3 at an angle of 30' ; anti so on. 

(V 2= 1-4142 ; \/3^ 1-732 ) 

113. Constrained Motion* — When a b<xly is constmincil, 
as liy a line of rails, U> niuvo in some fixed direction, 
and when the j/rojielling force acts jiiirtly athwart the con- 
stmint, its treatment is siinidified by res<»lving it into two 
conijKJuents, such that one acts along the line 6t possible 
motion, and the other across it. The fimt is the effective 
or working force, and it either accelerates or retards the 
motion, while the other k the lateral force exerted against 
the mils and lialanced by their constraining pressure. 

114. To illustrate the use of this, take a mass f/), or say 
J 11). for those who like numlH3r8 
liest, on a smooth inclined piano 
incline<l to the horizon at an 
angle say of 30^ Such a lx>dy 
is constrained by the plane not 
to fall vertically, and the forces 
acting on it are the foyce fs 

Fig. 31 due to gravity acting 

downwards, and the pressure of 
the pkiicy say R, acting normal4o the plane. Now, resolve 
the downward force into two~one along the plane, tliat is, 
in the direction of motion, and call this effective component 
p; the other normal to tlie pknci as g (fig. 32). 
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Tlil« yon do by drawing a parallelogram with sides in these 
directions, and of such size iliat tv (in the present example, 
or 8) is the diagonal. The angle lietween p and w is 60’, that 
)>etween iv and g is .W, and we have just found (end of sect. 
112) that a force of eight units is cqui%'alent to two forces, 
4 and 4V3* acting at and 30® respectively ; so then j9=4 
and 93=4V3* 

The motion is in the direction of p, the acceleration being 

JioT ^ ^16, or half its unconstrained value : whereas there 

m i 

is no motion in the direction of because it is balanced by 
the constraining force R, hence R = - 4 

116. Friction. — The inaction of rough surfaces will 
aifoni us other examples. Wljen anything exerts pressure 
on a plane surface, the reaction of the s\irfaoe ie in general 
incHne<l in some direction or other U> iMfe surface — usually 
in that direction most likely to oppose relative motion ; but 
it is convenient to resolve this I'caction into two — one 
normal to the surface (normal merely means i>erpendicular), 
which is calliMl the normal pressure ; tlie otlier along the 
surface, which is cal]e<l the fHction. If either surface be 
jKJrfectly .month, this last component is absent, and all the 
reaction is normal. An<l even for rougli surfaces this may 
be so too, as in the case of a Kali resting on a level floor ; 
but if any forces are tending to cause motion over rough 
surfaces, then there is some component along the surfaces, 
or friction, which always opj>oses the motion. 

The force of friction is precisely equal and opjx)site to the 
resultant force tending to cause the motion, so long as the 
body does not move ; but if the applied force gradually ^ 
increases, it will* at a certain instant, become too much for 
the friction, which reaches a maximum, and can increase no 
further ; so then motion ensdes, the effective or accelerative 
force being the applied effort, minus the friction. For 
instance, in the above example of the inclined phm^ 
suppose the force ot friotiou to be called it would act up 
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the plane in exact opposition to p. If Uie l)ody were at 
rest, it would l)e so Injcause f-p; if it were in motion, the 

acceleration would be ^ 

m 

It is found experimentally that the maximum or critical 
value of / is projK^rtioiml to the normal pn^ssum R lx*tween 
the surfaces, the ratio Ix^tween / and K depending on the 
nature of the surfaces in contact, and Iwing calle<l the 

Coefficient of Friction.* 


Say that this ooeflicient in tlie aliove case of the inclined plane 
is 80 tliat/= }R, then the acceleration would l)e 


4^J4V3 
i 


= !6-2v/3. 


The acttnil pressure or reaction between the snrfaeeii in con- 
tact is, of course, tiie resultant of the two forces R and /, the 
iionnal pressure and the friction~that is, it is the square root of 
the sum of their squares ; and the angle which direction 
makes with the normal when the two surfaces are on the point of 
sliding over one another is calle<! the limiting angh offrictimi. 


When a Ixsly is resting on an inclined piano, supported 
only by friction, the resultant reaction of the piano must Iw 
verfiml, in orlor to Ixilanco the weight ; the greatest tilt that 
c;m l)e given to the plane without causing slip is therefor© 
equal to the limiting angle of friction — that is, the maximum 
angle Ijetween vertical and nonual ; and so this angle is 
called the angle of ropewe. On any jdano with leas tilt than 
this there will })© a margin, since the reaction is not os 

♦ Th8 coefAcient of friction when th# nurfMres »re in actiisl relative motion U 
tisnally lees than when they are Jnst coing to move ; hence there are two coeffi- 
dente of fliaerent value, one when the bo<liea are on the point of elfpping, called 
the static IHcUon, or * stietJon ; \ the other when the sitrftices are actually 
sliding over each other, calle«t the kinetic fHeilofir The latter Is the 
ifwUer of the two, and freqwmtly depends somewhat upon the tpeed of the 
relative motion. LoJ^cation not only teseeDS friction tnit tends to abolish the 
dlfEsrence between ^tfe and kinetic fiicUon. Keslti, oti the other hand, 
caaggeratea tbfa dUfersnee. Vibrations, with aci*ompanying noise, are liable to 
be tel up wtnmem there Is a nrnrkid difference between static and klJietle 
Irietion, because the sUppiog Is apt to become Intermittent, being alternated with 
taomente of adhedott. 
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much inclined to the normal aa it can possibly bo (see, for 
further information, sect. 142). 

116. It is often convenient to resolve motions and 
volwnties. Thus, as wo saw (sect 76), a projectile shot up 
at any angle has a certain initial velocity imparted to it, 
which may be conveniently resolved into two — one a hori- 
zontal one unaffected by gravity, whicli therefore remains 
constant except for the resistance of tlie air ; the other a 
vortical one, which is gradually diminished by gravity at a 
definite rate, until it is converted into a negative, that is, a 
downwanl, velocity which increases at the same rate till the 
body strikes the ground. 

Again, take a north-east wind. This may be considered 


as made up of a north and an east wind^caeh -^ 2 ^^ 

actual stnnigth, and on any thin, flat, smooth surface facing 
the north *onIy tlie northerly component can exert any 
pressure, tlie easterly component simply gliding over it. 


Or suppose the surface faccwl NNW., and we wanted to find 
the pressure on it ; the wind might be resol veil into an NNW. 
component, JV2 - V2 times its strengtli, and an ENE. one 
J\/2 + times its strength, and the surface would experience 
the pressure of the NNW. component only, the other being 
useless. 


Til is is how one deals with kites and windmill- and boat- 
sails. Tlioy are all surfaces exposed in a skew fashion to 
the wind, so that the pressure on the surface is a component 
only of the whole available force of the wind. The sails of 
a windmill are set so as to bo inefined Ixitli to the direction 
of the wind and to the direction of possible motion ; so also 
usually are the sails of a boaCl It is convenient to remark 
and remember that, disregarding viscosity or fluid friction, 
the pressure of a fluid is always normal to surfaces immersed 
in it. 
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117. In the case of a kite the nomal pressure of ilie 
wind is ImlanceJ hy two other forces, Uio pull of gravity 
and the pull of the string, otherwise the kite would l)o 
blown about, scarcely experiencing any pressure at all. The 
sails of a windmill are not blown in the dire-ction of the 
normal pressure on them, but in some other direction deter- 
miiml by the way they are set on the axle and by the sole 
direction in which this can tunt; tJie axle is always pur- 
pasely set so as to face the wu'nd, and so tlie sails can only 
move in a plane perjwndicular to the wind. So also with a 
boat ; the reason whj^ it is not blown in the direction of tlie 
nonnal pressure on its sails is that it is more easily moved 
through the water lengthways than l>readthways l^ecause of 
its shaj)e. • Hence tlie nonnal pressure of tlie wind requires 
again resolving into two com|)onents, one along the direction 
of easy motion, the other at right angles to it The first 
component is the active one in the case of })ot5i windmill 
and boat : the other component is entirely counteracted in 
the case of the windmill, hut in the case of the Ixwit it does 
cause a slow broaflside motion, which is called leevray. 

Thus if BR (fig. .1.1) represents the plan of a boat, MB Its sail, 
and W the relative direction and strength of the wind (represented 
also hy the arrow i), P is the normal pressare and Q the nseless 



component or tail-wind. Prodneing P for convenience, and re- 
noiving it idong and acroMi the boat, H is the efiTeeiive component 
prodndttg headway, and L is the leeway component The arrow 
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ii shows the direction in which the boat might tend to sail.* The 
rodder H is represented os turned in the direction required to 
counteract the leeway and make it sail along the line RB pro- 
duced. 

The rudder also affords an illustration of tlie present subject. 
When turned, there is a normal pressure on its front surface due 
to its motion through the water, and this pressure is resolvable 
into two forces — one in a direction opposite to the l>oat^s motion, 
which simply acts as a drag (hence in racing, the coxswain uses 
the rudder as little as possible), the other at right angles to the 
length of the boat, which pushes the stem round. 

It is obvious that no force can directly exert pressure at 
right angles to itself, and yet it is easy for a ship to sail at 
right angles to the wdnd. The reason is, that the sails act 
as a inediary, 1)eing inclined to lx)th wind and lx>at. Tlie 
force directly uiging the l^oat is a component of the pressure 
on the sails, this pressure again Ixjing due to a component 
of the wind*8 motion. Rememl)er that the effective wind — 
the wind felt by the ship — is the relative wind, w’hich is 
coin{)ounded of the true wind and the speed of the ship 
(cf. sect. 31). This explains why a sliip can sail very close 
to the wind. 

These examples will serve to illustrate the application of 
the principle ; but other examples occur daily, and may be 
worked out in the same way as tlie preceding cases, drawing 
and measuring l^eing often sufficient. 

EXAMPLES-XVI. 

(1) Find the resultant of two equal forces each equal to 10 units 
for each of the following cases— namely, when the angle 
between them is 120*, 00% 00% i5% 30*, respectively. 

* Tbfi amamM that ths sail la set amidships. In practice there Is stwars a 
preponderance of sail towards the stem, conseqnenilr an unsteersd ship gets 
blown round, and * sails np Into the w|nd*s tjt* The rodder would therefore 
more likely have to be turned the other way, to as to counteract the aeUon of the 
wind In causing rotatloiu The etfoct of the wind on the body of the boat has also 
to be taken into aoeoont In practice, and this may be dilferent according as the 
bow or the atem is moat out of the water^s thing which depende on the dishd* 
hution of the load. 

dr 
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(2) Resolve the force 12 into two farces, making angles of 46* 

with the given force on either side of it. 

(3) A picture weighing 12 lb. is hung by a cord over a nail so 

that each half of the cord makes 45* with the vertical. 
What is the tension in the cord ? 

(4) Find the tension in a picture cord when the two halves of 

the cord make nn angle of 30*, 60*, 90*, 120*, 1«50* with each 
other. What is the way to hang a heavy picture so as to 
get the least tension in the cortl ? 

(5) A weight of 10 lb. is placed on a smooth plane inclincMl 30* 

to the horizon. What force acting horizontally is required 
to support it? What force acting along the plane will 
suffice ? and what is the normal pressure on the plane in 
each case ? 

(6) A carriage weighing 2 tons is to 1)6 drawn up a smooth road 

by a rope paiallel to the road. The road rises 4 feet in a 
slopH* of 32 feet. What must the pull of the rope exceed in 
order that it pmy move the carriage ? 

(7) What weight can be drawn up a smo«>th plane rising 1 in 6 

by a force equal to the weight of 200 Ih. (a) when the force 
acts up the plane ? (^) when it is horizontal ? * 

(8) A heavy ball hangs from a point by a string. A second 

string is attached to it, and by this the ImiH is drawn osiilo 
no that the first string is no longer vertical. Draw a figure 
showing a triangle with its sides proportional to the three 
forces acting on the liall, and observe how they change with 
the inclination when the pulling string is kept horizontal. 

(9) Draw a diagram to scale showing the resultant of two forces 

equal to the weights of 7 and 11 lb. acting on a particle, 
with an angle of 60* lietween them ; and by measuiing tlie 
resultant find its magnitude. Indicate two equal forces, at 
right angles to each otlier, which would be equivalent to 
the almve two forces. 

(10) Calculate the magnitude of the resultant of two forces, of 35 

and 40 units respectively, acting at the same point and 
making with each other an angle of 120*. 

(11) Six forces, 3, 4, 7, 10, i, 6, act from the centre of a regular 

hexagon towards the angular points. Find the magnitude 
and position of their resull^nt. 

(12) Find, to two decimal places, the resnltant of two forces, 20 

and 12, both acting from the comer of a square, the former 
along the diagonal, the latter along a side* 
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(13) A crom wind strong enough to exert a pressure of 10 lb. per 

square foot on an object placed normally to its direction 
acts against a sail of 600 square feet area inclined at 46*' to 
it and to the boat. Find the effective component of the 
wind-pressure on the boat, neglecting leeway ; (a) when the 
boat is stationary ; (6) when the boat is travelling at 10 
miles an hour. 

The latter case Is to be solved by measurement from a diagram. 

(14) Draw a square ABCD, and take £ the middle point of BC. 

Forces of 10, 15, 20, and 25 units act at A, from A to B, 
D to A, C to A, and A to E respectively. Find their 
resultant by measurement from a diagram. 

(15) A piece of wire 26 inches long, and strong enough to support 

directly a weight of 100 lb., is attached to two points 24 
inches apart in the same horizontal line. Find the maxi- 
mum load that can be slung on the middle of the piece of 
wire without breaking it. 

(16) The sides AB, AD of a rectangle ABCD are 5 and 12 inches 

long respectively. Forces of 8 and 20 lb. weight act at A 
in the dii-ection AB and AC respectively. Find their 
resultant, either by constniction or calculation. 

(17) Til what time will a body slide down 4 feet of a roiigh incline 

of 30** for which the coefficient of friction is ? 

(18) What coefficient of friction >vill enable a weight just to rest 

on an inclined plane of 30® without extra support ? 

(19) Find the least force that will pull a hundre<l weight up such 

a plane as that in No. 18, or that in No. 17, and show that 
the best angle of traction is in general equal to the angle 
of re]H>se, 


COMPOSITION OF FOBOES ACTING ON A BIGID 
BODY. 

118 . For the case of a rigid lx)dy, in addition to the 
magnitude and diredion of the resultant as determined by 
the polygon construction, sect. 108 , it is necessary also to 
determine its position — that is, its line of action. For 
observe that^ though as regards translation a force in one 
place is as good as an equal parallel force. in another^ yet as 
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regards rotating power its position is important Thus, 
imagine a long trough of water lying on the ground with 
a string tied to it by which you wish to raise it Any 
vertical force greater than the weight of the trough must 
needs raise it, wherever the string is tied ; but if the string 
is tied anywhere except above one definite point, the trough 
will also turn round as it rises, and the contents will be 
upset 

Again, if you raise it by two parallel strings, one 
near each end, then when the pull of the two strings 
together is a little greater than the weight of the trough, 
it is raised ; but if you want to raise it witliout rotation, 
the pull of each string must ho carefully proportioned, 
so that the resultant of the two forces may pass through 
the point al30ve spoken of, which is called the centre of 
gravity. 

Again, in the case of a pivoted IxkIv, it is obvious that a 
force applied close to the pivot has much less effect than an 
equal one far off; and if applied at the pivot, it can have 
no motive effect whatever. 

119. Now, the fundamental dynamical idea in rotation 
is the moment of a force (read sect 67 again) ; and 
the following general statements are true, with their 
converses. 

(1) The moment of the resultant must equal the sum 
of the moments of the components about any point in every 
possible case, otherwise the resultant would not he truly 
the resultant, because unable to replace the components in 
rotating power. 

That this condition is fulfilled by the diagonal of a paral- 
lelogram whose sides represent the component forces may he 
proved among other ways as follows : 

To ikow tluU thk rmiliani ffipen the paraUdo^m of foreee 
ie equivoUnt to its components in rotating as well as in translating 
pow€r-^4hai iSf that its moment abotU any point in the plane is 
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to the mm ef the moinmU of the two eomponenU, The 
moment of the force AB about a point O (fig* 34) is (see sect. 33) 
geometrically representable by twice the 
area of the triangle OAB ; the moment of 
AD is similarly proportional to twice the 
triangle GAD, and that of AC is twice 
OAC : hence what we have to prove is 
the following equality between the areas, 

OAB + OACs=OAD ; the point O being in 
the piano of the parallelogram. 

Now OAC s OBD + ADB, because the bases 
are equal, and the height' of the single tri- 
angle is equal to the sum of the heights of the others (this is 
an easy extension of Euc. L 38 — analytically obvious, thus 

and by inspection, OAD=OAB + OBD+ ADB ; 
therefore GAD s= OAB -i- OAC 5 

which was to be proved. • 



(2) The algebraic sum of the moments of any number of 
forces about a point on their resultant is zero; in other 
words, the sum of the positive moments equals the sum of 
the negative. (The moments of two forces about a point 
on their resultant are therefore numerically equal, but of 
opposite sign.) 

For their resultant can have no rotating power about such 
a point, neither theiefore can the components. 

(3) If the body on which the forces act has one point 
fixed, and if their resultant passes through the fixed point 
or pivots it will not be rotated by them. 

For instance, to keep the beam (fig. 37) steady, C is the 
point to fix. The pressure of the pivot or fulcrum is then 
equal and opposite to the resultant of all the forces. 

(4) The resultant of two forces acting on a rigid body 
passes necessarily through their point of intersection. If 
they do not intersect even When produced (which can only 
be by reason of their lying in difierent planes), then they 
have no resultant; and they cannot be further reduced. 
The effect of such an irreducible pair of forces is to cany a 
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body along and twist it round at tlie same time. They are 
not to l)c confused with a simple ‘couple/ which I'esults 
from the intei’section of given forces at infinity : (|uite a 
different thing geometrically from not intersecting at all. 


Composition of Two Forces in Oeneral. 

120. If the two fuix'cs ai*e in one plane, the parallelogram 
is a complete solution, whether tliey act on a particle or a 
rigid IkmI}', for the forces must intersect somewlieit*, and the 
point of intersection fixes the position of the resultant. 

Thus fig. 35 is the physical part of fig. 29 rc]>eated for a rigid 
ImkIv, say a stone ]mlled i>y two strings. The geoiuetiical part 
applies just 08 well as Ixifore. The direction of the resultant 
must pass through E, the i>oiijt where the given forces prodncetl 
l»ack wards intersect) and it may l>e applie<l to the body at any 
point in a Hue El* parallel to AD (fig. 29). 


It may hap[)en, however, that tlie point of intersection 

of the two foires is in- 
conveniently distant, as 
/ 8® f pai)er for inshince, 

infinity when 
U** forces are parallel. 

^ c. ^ 4 ^ In such cases the general 

^ constniction of sect. 123 

As is resorted to. 


121. If the two forces are 


not in one plane they eannot 
intersect, and our construction for finding the resultant fails* The 
fact is th€%j have m resultant, and cannot be further reduced ; 
they can only lie put into the more convenient form of a force 
and a * couple * (sect 128) in a plane {lerpendicnlar to the force ; 
so they tend to ci\rry the body aUing and tnm it round at the 
same time. This pair of forces is called a wremht because it 
tends to twist the body abont a certain screw ; but the subject 
now becomes too complicated for us in this stage. (This is what 
was meant in sect 106 by the two forces to which any forces 
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whatever acting on a rigid body can always he reduced, even 
when no move can l)e done. ) If, however, all the forces lie in one 
plane, no ‘ wrench * is possible, and they may then always be 
reduced to one simple resultant; tliough it may be a resultant 
zero at infinity as one special case, in whicli case it is most easily 
treated as * a couple. * 

Composition of any number of Forces in a Plane. 

122. The panillelograni construction may be applied 
seveml times in succession, reducing the number of forces 
by one ciicli time. This is a complete but cumbrous 
solution. 

The polygon construction is a solution as regards magni- 
tudo and dinjction, but recpiires supplementing in oixler to 
determine position. The supplementary construction em- 
ployed is such an important one, that it leems well to intro- 
duce it here, altliougli’^its full discussion would lead us 
lK\vond our present mark. It will l)e best understood by 
an example, and the case of only three forces will afford 
a sufficient illustmtion of the method. It depends on the 
fact that a single force may l>c resolved into a pair of com- 
p<»neuts in an infinite variety of ’ways (fig. 31) ; so that, if 
th<' given foKres are m)t convenient to find the resultant 
fri)ni, we can choose a more convenient pair out of the set 
which liave the same resultant, and then draw the resultant 
of these. Expimsed in another way, it may l)e said to 
depend on the fact that forces in equilibrium pi’oduce no 
disturhince, and hence may l}e introduced or removed at 
pleasure. 

Oonstmetion for finding tbe line of action of the Besnltant 
of any number of Forces whose directions all lie in one 
Plane. 

{jninstmied hy the mse of three forces.) 

123. liCt P, Q, S (fig. 36) be the forces. Draw the 
sides of the polygon ABCD parallel to, equal to, and in the 
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same seuse as the three forces ; then tlie completion of the 
polygon, AD, is the resultant K in magnitude and direction 
Where is it to be placed ? 

Choose any point O, join OB, and draw in the other 
diagram a line PQ pamllol to it across the forces P and Q 
(the line is to Ixs drawn across P and Q, because B is the 




fTjfn«fi pamllol to each other in the two arc labelled almiUurly ; but the 

aitfipleat way in pntctice of indicatitiK the corre»iionUeoce of lines ia to mark 
the areaa in one ri£,*ttre and the pointe in the other. Thmi, for inaUiico, the 
letters P, Q. R, B, in the ri^ht^hand figure, may be gup{KXte<l to denote the 
oreoH containing these letters, and the letter £ may t)e affixeil to all the 
estental space. In the left-hand hgnre these same letters belong to {loints, 
es(KH?iaUy if R be uud«rsto<Kl to apply to all the arrow-beoda ; and all Une« 
in either ilgfire are denoteil by two lettem, in the one by pointe, in the other 
by areas which they se]siraie. Thtia the line QS Is the line joining ({ft 
atiiig) the iwints Q and B in one figure, and ie the line eeparatirig tlie space Q 
from the space B in the other.] 

m6eting>{)oiut of the sides of the polygon which represent 
PandQ). 

Then join 00, and draw a line QS parallel to it (C being 
Uie raeeting'point of the sides representing Q and S). 

Then join OD, and draw a- line through S parallel to it, 
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say SE ; also join OA, and draw a line through P parallel 
to it. 

The point where these last two lines int^ect, will 
be a point on the resultant, and its position is therefore 
dctemiined. CIE.F. 

Proof (This may be omitted till after Chapter VIIL has been 
read).— 'A force represented by AB is the resultant of two forces 
represented by AO and OB, because it forms a triangle with 
them ; but P is a force represented by AB, hence P is equivalent 
to two forces acting along* the lines EP and PQ, equal to AO 
and OB respectively, and may be replaced by them. Let it be 
so replaced. Similarly the force S may be replaced by two forces 
acting along SQ and ES, equal to CO and OD respectively. 

But Q is in equilibrium with two of these forces — namely, 
those along SQ and PQ, since their representative lines, BC, CO, 
OB form the sides of a triangle taken in onl^r (f act. 135) ; hence 
this set of three forces may be removed ; and there now^ remidn, 
as the equivalents of the original forces, P, S, and Q, only forces 
along EP and ES, represented by AO and OD respectively. 
Hence these two forces have the same resultant as the three 
original forces had ; but the resultant of these two forces passes 
tlirougli E, their point of intersection (sect. 120) ; therefore the 
resultant of the three original forces, P, Q, and S, passes through 
the point E. Q,E.D, 

It will I>e seen, therefore, that what we really do in 
tlio construction, is to compound with P, Q, and S, two 
sets of equilibrating forces — namely, two equal opposite 
forces in the line PQ of magnitudes OB and BO, and 
two in the line QS of magnitudes OC and CO; and by 
their help to replace the given forces by two intersecting 
ones, ES and EP, the position of whose resultant is 
obvious. 

This construction applies equally well to parallel forces, 
only then, of course, the polygon ABCD sliuts up, the points 
B and C being on the straight line AD ; but everything 
else remains without modification. 

The use of the above construction may not be quite 
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apparent perhajjs, hut it is put hero as an imlication of 
quite a lai^ art — namely, graphical sfo/iVs —which may 
well occupy the stinlent’s attention at a later stage. The 
quadrilatertil A BCD on the right of fig. 36 is called ^ tJie 
force-polygon/ and determines the magnitude aiul direction of 
the resultant ; the (juadrilatcnU i, ii, iii, iv on the left of 
tig. 36 is called ‘ tlie funicular |>olygon,’ and detennines its 
posithm. It is called the funuMilar jM)Iygoii or sometimes 
the link iwdygon, U»cause it represents the equilil>rium 
dir»?ctions of a weightless string or linkage of nxls .subject 
to the given forces. An arch or framework comixxsed of 
jointed hits of w<xh1, two of them j)laced like i and ii and 
two of them like iii and iv prMluccd, would in e<pulihrium 
under the given font's if its terminal ends were fixed. 
Or if tht^ hux’os w^fre reversfjd in «liroction, it would repn^- 
sent the slia[)e taken hy a string with fixed ends subject to 
the given forces. Another hut less id)vious stitemeiit 
which can be made is that the polygon i ii iii iv in the left- 
hand figure repn\scats the distribution o{ iKMuling-mornent 
in a l)eam subjectf^d to the force R, and to the foR'cs PQR 
rev(?i*sed ; it should have a thicknf»ss gmduated according to 
this manner if it is to l)e a.s stifi* u.s i)0SvSible without wasti5 
of mat<?rial. 


Composition of Parallel Forces. 

124. Parallel forces can only act on an extended ho<.ly : 
forces which act on a particle, of course, cannot 1)C parallel. 
The direction of the resultant of parallel force.s is the same 
as the common direction of its components, while its magni- 
tude is their algebraic sum— that is, their sum imying regard 
to sign — adding all that act in one direction, subtracting 
any that pull the other way. ^Ihis is all that is required to 
he known for translation (sect. 118); but to discuss the 
rolaiion of a body under the influence of parallel forces, 
we must leam the j}osiium of the resultant, and this requires 
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either a geoDietrical construction or an arithmetical cal- 
culation. 

Tlie general construction of sect. 123 applies to parallel 
just as well as to other forces, so we have only to give 
the metlnxl of calculating its position arithmetically. 

125. The fact (No. 1, sect. 119) that the moment of the 
resultiuit equals the algebraic sum of the moments of all 
the components, thougli universally true, is most useful 
in its aj)plication to i>andlel forces, and it affords a 
reatly method of finding the position of their resxdtant 
arithmetically. 


Tims imagine a weightless beam acted on by any parallel 
forces, say weights, 4,-5, 6,-2, &c., arranged anywhere on the 
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beam (as shown in fig. 37), at distances 4, 8, 16, 22 inches from 
some fixed point of reference O ; then the resultant R is, in 
magnitude, 

4-6+6-2=:3, 
and is at a distance z from O, such that 

ac«4x4 -6x8+pxl6 - 2 x 22=28; 

wherefore a;=9i inches. Mark off OC ^ual to this ; then R acts 
at the point C, as shown ; and, to keep the bar in eqailibriam, 
another pulley and string most be arranged to exert a foree 8 
upwards at this point 
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And, generally, if tlie forces be 

resj^ective perpendicular distances from 

any point 0, then the distance of the resultant from the 
same point is 

X ^ 

+ ICg + f/»3 + 

This is a constantly occurring form of fraction, and is a 
more general sort of average. If ^ &c., then 

it would ])e tlie onlinary expression for finding the average 
of the distances x^, x^, x^ &c.— that is, it would give the 
average distance of all the weights from 0 ; for it would 
add all the dishmces together and divide by the iunnl)er of 
them. 

To take another example, lot weights of 8, 6, 4, 2 {Kniiida 
respectively !)e hung at the following inch divisions of a 
one-foot rule: 0, 3, 9, 12. Find the position of the 
T(}sultant. Let it Ix^ at the division x, and take moments 
alx^ut one end. The moments of the weights are respectively 
0, 18, 36, and 24 ; the moment of their resultant is 20.%;; 
wherefore, equating this to the sum of the scqmrate 
moments, we get x -- 3*9. 

Once inorts let there lx* only two weights, say 4 lb. at 
one end of a rfxl a foot long, and 8 lb. at the other. Then 
calling the distance of the restiltant from the smaller weight 
X, its distance from the bigger weight is 1 2 - ar, and taking 
moments aljK>ut the resultant, wo have 4a: = 8(12 
whence x^S inches. That is, it divides the . nxl in 
inverse ratio to the two weights, and this is a general 
result 

Oomposition of Two Pmllel Forces. 

126. When we have only iwo forces to deal with, the 
general statements and eonstroctions are of course equally 
applicable, but they may lie put into a more simple form. 
The resultant is equal to the sum of the forces if they act 
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in the same direction, and is equal to the difference of the 
forces if they act in opposite directions; it is of course 
parallel to either force, and it only remains to find its 
position. The following three simple 
constmetions may be given for find- ^ 
ing the position of the resultant 
geometrically. 

Pirst Oonstraction (fig. 38).— Take 
a point M half-way between the forces ^ 

P and Q, and draw two lin^s through 
it; one parallel to the forces, the 
other not, but cutting them in A and B respectively. Lay 
off from M two lengths in the former of these lines, in 
th«^ si\me sense as the resi>ective forces, MC eqqal to P, 
and MD equal to Q, and join AC and Bp ; the resultant 
shall pass through E, the intersection of AC and BD. 

Proo/*.— We may suppose that we have here compounded P 
with a force AM, and Q with an equal, opposite, and therefore 
equilibrating, force BM ; and AC, BD are the diagonals of 
parallelograms, and have the same rennltant as P and Q have. 

Second Oonatrnction (fig. 39). — Anywhere on the line of 
P take a length equal to Q, 

and on the line of Q a r. 

length equal to P. Then 
draw straight lines joining 
the extremities of these two 
lengths ; they will intersect 
in a point on the resultant, 
and so determine its line of 
action. 

If the forces have the 
same sense, they are to be # 
joined crosswise, and E is 
the point. If they have contrary sense, they are to be 
joined without crossing, and F is the point 
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P^Y>o^~~Ob$erve that the two triangles with common vertex 
E (or F) are similar (their bases being parallel), hence their 
heights and bases are proportional. But their bases are Q and 
P ; so, calling their heights jp and 



or Pjt)=Qgf. 

This fact proves the proi> 08 ition ; for, by (2) sect. 119, the 
moments P/i and of the two forces about their resultant must 
be equal and opposite; but they are evidently op^mite, from 
the figure, and this equation states their equality^ aliout the 
point E, and similarly aliout the [loirit F. Wherefore the 
resultant paH.ses through £ if the forces have the same sense ; 
and through F if they have contrary sense. 

It is worth noticing that the moment of Raliont any point O is 
equal to the sum of the rnomeiits of its components ; for, taking 
the circufiistances as tlepicted in fig. .'19, we can easily show 
that R(;) i-r) = P/*f» Q(p + ^ + r), by reineinljering that R=sP*fQ, 
and that P/>=Q9. 

Third Construction (fig. 40). — A more general construc- 
tion, applicable whether the fon^es are parallel or not, 




and practically useful when the forces are nearly parallel so 
that their point of inter^tion is inconveniently far off, is 
based upon the method of the funicular polygon (sect. 

123 ). 

.Draw a line AB representing the force P, and a line 
BC representing Q. Choose any point 0, and join OA, 
OB, OC. Then draw across the given forces a line parallel 
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to OB, and at its points of intersection with P and Q 
respectively draw other lines parallel to OA and OC. The 
point E where these last two lines meet is a point on the 
resultant, and determines its line of action ; its magnitude 
and direction are given by AC. 

Proo/, —The force P has been virtually replaced by forces AO, 
OB acting along the lines ao, ob ; tlie force Q has been virtually 
i*eplaced by forces BO, OC acting along the lines bo, oc. Hence 
the resultant force is replaceable by AO, OC in the lines ao, oc, 
an<l therefore passes through their point of intersection. 

127. The following propositions concerning two parallel 
forces are now at once seen to be true, being little more 
than repetitions in a compact form of what has gone 
lx‘iore. 

(1) The distances between each force* ancl the resultant 
are inversely as the forces — that is, p : = Q : P. This 
formula, or some other monieni formula, must l3e used when 
you want to find the resultant arithmetically. 

(2) If two parallel forces have the same sense, their 
resultant is equal to their sum, and lies between them, 
nearer the bigger one. In fig. 39 it passes through E. 
If, however, they are of contrary sense, their resultant 
equals their difference, and lies outside them on the side 
of the bigger one, agreeing with the bigger one in direction. 
In fig, 39, if one of the given forces is reversed in direction, 
tlio resultant passes through F. 

(3) If two forces are equal, the resultant must be equi- 
distiint from both. 

If they are of contrary sense, this means that the result- 
ant is at infinity ; but its magnitlide is zero, being equal to 
the difference of the components. 

128. Hence, two equal contrary* parallel forces have a 

*Th(i phnuM *iion-concujT<int* hM been tieed to express psnillel opposition 
not in the saiiie line, but the word ooelmry is to be prefisrred, since the proper 
meaning of the word ^conenrrent ' is mceRiip in a poink 
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resultant sero at infinity ; or, as it is sometimes expressed, 
they have no resultant at all. (In any of the constructions 
the b'nos whose intersection gives the position of the 
resultant will for this case be found to be parallel.) Such 
a pair of forces cannot be further simplified, hence they are 
taken together and called a cmiple. The moment of the 
couple about any point will }ye easily seen to l>o independent 
of the pasition of that point, and to equal either force 
multiplied by the }>er|)endicular distance l>etwcen the two 
forces, this distance lacing called the ann of the couple. 

A couple is not pro|Xirly to be regaitled as two forces, 
but as a particular case of one — namely, an infinitely small 
force at an infinitely great distance. It obviously jKiSsesses 
only rotatipfji {>oM'er. The fact that its moment about every 
point in its pla?\e js the same causes its [)osition to Ixj un- 
important Its moment and its plane have to be specified, 
but nothing else. (Read again sect. 106.) 

The Composition of Parallel Forces as illustrated 
by Gravity. 

[Centre of Gravity.) 

129. Tlie force of gravity illustrates the subject of 
parallel forces very well. A rigid body is made up of 
particles, every one of which is pulled towards the centre 
of the earth with a force proportional to its mass, and 
equal to its mass multiplied by g (sect. 64). Now, since 
the centre of the earth is such a long way off, these con- 
veiging forces arc for bodies of ordinary size practically 
parallel. Hence the whole pull of gravity on h table or a 
book is really the resultant of an infinite number of parallel 
forces — the attractions on the i^veral particles. 

To find the fttagnitude of this resultant, you hang up the 
body on a spring balance — in ordinary language, you migh it 

To find its the easiest way is to hang up the 
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body by a bit of string ; the line of the resultant is then a 
continuation of the string, since it must pass through the 
point of suspension. Or you may balance the body on 
your finger ; the line of the resultant is always the vertical 
through the point of support whenever the body is in 
equilibrium. 

Its direction is a fixed one — namely, always pointing to 
the centre of the earth, no matter how you turn the body. 

Now when a rigid body exposed to the action of a 
numl)er of parallel forces acting at definite points in the 
body is turned aljout, there is one point in tlie body through 
which their resultant always passes in every position — 
and this point is called the centre of the parallel forces ; 
or, if the parallel forces are duo to gravity, it is callccl the 
centre of gravity. 

The criterion as to whether there really is such a point 
in general is rather troublesome ; and if the forces are not 
accurately parallel, there is, strictly speaking, no such 
point for l)odies of irregular shape. Nevertlieless, the 
forces due to gmvity acting on the parts of any body of 
reasonable size are so nearly parallel tliat practically every- 
thing likely to be experimented on has a centre of gravity. 

Determination of the Centre of Chravity by Experiment 

130. If this point be directly supported, the boily is in 
equilibrium in every position necessarily ; and conversely, if 
a body is in such equilibrium, it must be because its centre 
of gravity is dii^ectly supj>or(^. (A coach-wheel, for 
instance, should be pivoted at this point) Hence this 
gives one way of finding it Another way of experiment- 
ally determining its position is to find out the line of 
the resultant in some two positions of the body by hanging 
it up twice in different ways (see fig. 41) ; then the centre 
of gravity must be the point common to the two lines — 

% 
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that is, it must l)e where they cross. However tlie body 
be hung up by a single |X)int, the centre of gravity will 
always, when at rest, be vertically under or over the point 



- r Pig. 41. 

of suspension ; that is, the line of the rosnlUint will always 
pass through tlie fixed point. 

The whole weight of a Ixsly, tlien, may l)e con.sidere<l to 
act at its centn^ of gravity ; in f»ther words, it Iwdiaves 
for }yurehj statical as if the whole mass of the 

Ixxly were concentrated at this p<»int. 

]>et6rmiiiatio& of the Centre of Gravity by Calcnlatiom 

131. The centre of gravity is always the most symmet- 
rical point in a Ixkly. In a sphere it is the centre ; so it is 
also in a cubt^ or an ellipsoid, and in a square or circular 
plate. In a parallelogram or a parallelopiped (that is, 
solid parallelogram), it is the intersection of diagonals. 
In a rod of uniform thickness and material, it is the 
middle ; and so on. 

But it is easy to calculate its position in less uniform 
cases by any process which will determine the position of 
the resultant of a number of ^larallel forces, for it is simply 
the point through which the resultant always passes. 

In fact^ if nip are the masses, at the distances 
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Xp from any line in the plane (restricting our- 

selves to masses distributed in a plane), the distance x of 
their centre of gravity from the same line is given by 

(gee sect. 125). 



And if the distances of the centre of gravity from two such 
lilies (not parallel) are found, its position is completely 
detennined. In some cases, one line on which the centi’e 
of gravity must lie is obvious, and then all that is further 
necessary is to dctennine its distance from any given point 
on that line, as in the following example. 

Thus let this rod with middle j>oint M (fig. 42) be of weight 
two pounds, and let a ring A, weighing half a pound, be placed 
on it four inches to the left of M, and another ring B, weighing 
three pounds, six inches to the right ; then, if the rings fit 
tightly, the centre of gravity of the whole must lie somewdiere 
in the length of the hkI. To find whereabouts, we need only 
calculate the (position of the resultant of the three w^eighta (the 
two rings and tlie rod itself) in any position except the vertical 
one, say when horizontal. The magnitude of the resultant is 
plainly Take moments about any jwint, say about A; let 
the resultant act at some unknown point C, such that AC=a:. 
Then wo have 6Jir=!(.3xlO) + 

(2 X 4) + (4 X 0) = 38 ; wherefore x 
sffsrfiH; or the point C is 
2ff indies to the right of M, 
and it is the centre of gravity. 

If tlie hat is to lie supported in 
horizontal equilibrium, it must l>e pivoted or suspended by ibis 
point, or, l)etter, by a point just above it (see sect, 145). 

Try now taking moments about M, also about B, also about 0 
(anywliere), and see that you ahvays get the same result (when 
interpreted properly), remembeiing to allow for negative 
moments. 

In this example it has happtined, as stated above would often 
happen, that the line of the resultant in one position of the body 
(in this case when the rod Is vertical) is perf^tly obvious. 

The arithmetical determination of the position of the 
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centre of gravity of a body, therefore, (le|)end8 on j>reci8ely 
the same principle jis the ex|K‘rimental metlnxl, and con- 
sists simply in finding the line of the resultant in any 
two |)ositions of the l)ody, and noting 
their [)oint of intersection. ^ It then^- 
fore scarcely needs further exposition ; 
but it is probably necessary to show 
how this same principle is applicable 
to cases rather leas obvious. 

For instance, to find the centre of 
gravity of a Ixnly made of two parts, 
each jKirt having a known centre of gravity ; my two flat 
oblong plates, 4)f known weights, and joined en<l to end. 
Gj and being the centre of each sepimtely, their weights 
may 1x5 consiilercU us acting here, ami so the r^^sultant passes 
through a point G, wliich <livides the line GjGj in the ratio 
1 ^ 2 : i(?j (sect 127) — that is, so that G^G : GG^ : : ; 

hence G i.s the centre of gravity of this combination. 

Ur we might take moments alxuit any iK>int 0, and say 
ffj • ( )Gj 4- iCj-OGg « (tr, 4* Wo)OG, 
whence the distance OG, and theref4)re the position of 0, 
is determined. 

The same methotl applies if a bit is taken away instead 
of added on. 8upp<xse, for in.stanco, a square plate with a 
round hole in it anywliero (fig. 44). The operation of find- 
ing the centre of gravity in such a case 
may l>c regarded as the same as^ihat of 
finding tlie position of the resultant of 
two contrary forces — the weight W of 
the whole* square acting downwards at G| 
and the weight w of the missing bit acting 
upwards at Gj* Tlie centre of gravity 
G must evidently be somewhere in the line GjGj ; so, taking 
moments about any point O in this line, the equation 
W'OGj - « (W - fff)OQ determine its position. 



fig. 44. 



CENTRE OP OBAVITY. 


165 


CHAP. VII,] 

Or nioro simply tlius : let x be the distance of G from 
the centre of the sciuare Gj, and let a be the distance of 
the centre of the hole Gg from the same point Gj, then 
write Wx = tt(a -f x) and solve for x. 

Or again, tlie centre of gmvity of a trdpezium (that 
is, a quadrilateral with 
two parallel sides), whicli 
may be regjirded as a o 
triangle with the top 
missing, can be found in* 
precisely the same way. 

The last equation a])plie8 
as it stands, in fact, provided we know the positions of Gj 
and Go, the centres of gravity of the whole and of the 
missing triangles (see lig. 45). • 

The centre of gravity of a triangular plate is in the line 
joining a vertex to the bisection of the opix>sito base 
(Ixicause this line bisects every line in 
the triangle parallel to the Imse). Three 
such lines CiUi Ijo drawn, liecause there 
are three vertices. Therefore these 
three lines, joining each vertex to the 
middle jioint of the opposite side, 
nuM5t in a point, and that point is 
the centre of gravity. It is easily 
seen to divide each line in the ratio 1 : 2 — that is, it is 
one-third of the way up from the hose to the vertex. 

The centre of gravity of any quadrilateral can l>c found 
by dividing it into a pair of triangles in two different 
ways, and taking the crossing-point of the lines joining the 
triangles’ centres of gravity* 

The following statements may for the present be assumed 
for the sake of examples. 

The centre of gravity of any pyramid or cone is in the 
line joiniiig the vertex to the centre of gravity of the base 
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and one quarter of the way up. The centre of gravity of a 
solid hemisphere is |ths of its radius from its flat Ixnindary 
— that is, fn>m its geometrical centre; of a hollow hemi< 
sphere is half-way between centre and circumference ; of 

a semicii'cular area is or approximately ^ of its nidius 

OJT 

2 r 

from the centre ; of a semicircular arc (like a wire) is — , or 
approximately of its radius from the centre. 

EXAMPLES-XVIL 

(1) Resolve a force 20 into two pamllel forces, one of them 3 

times as far from the ^oven force as the other. 

(2) A weightless curtain rod has 4 equal rings on it, so that 

the 2 end rings are o feet ajuirt, and the 2 middle rings are 
1 foot apart, ohe of the end rings Wing 18 inches from the 
nearest middle one. Find the centre of gravity. 

(3) Where would the centre of gravity in tlie last f|ue.stion W, 

if the ro<l itself were o feet long, and weighed twice as 
much as a ring ? 

(4) A uniform circular disc has a circular hole punched out of 

it, extending from the circu inference half-way to the 
centre. Fimi the centre of gravity of the remainder. 

(5) Forces of 1, 2, 3, ami 4 lb. weight act along tlie sides of 

a square whose diagonal measures 4 inches. Fimi the 
magnitude and |M>sitiofi of their resultant. 

(6) Prove that the moment of a given ‘couple’ is the same 

al>out every point in its plane— that is, that a ‘couple’ 
has magnitude and direction but no position. What is 
the moment of a couple consisting of two equal contrary 
parallel forces, of 5 lb. weight each, separated hjr a per- 
|>endicolar <listance of 12 iiiclies from each other? 

(7) A uniform beam 10 feet long, weighing 80 lb., is suspended 

from two points in abormintal ceiling, 16 feet apart, by 
strings each 5 feet long attached to its ends. Find the 
tension in i^ach siring. 9 

(8) An iron sphere weighing 50 lb. is resting against a smooth 

vertical wall and a smooth inclined plane wliicli is ittclirierl 
at 60* to the horizon. Find the pressurea on the wall and 
plane. 
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(9) Find the resultant of i)arallel forces 1, -2, 4, -3, acting at 
equal distances, of one foot each, along a weightless beam, 
the negative sign indicating that the force acts upward. 

(10) Three forces represented in magnitude, direction, and posi- 
tion by OA, OB, and OC, are in equilibriunx. Show that 



O is the centre of area (the so-called centre of gravity) of 
the triangle ABC. 


SoMwh.--OA is equivalent to OB and BA. 


and OC 

BO 
3BO 

But BA and BC 

.3BO equals 2BD 


OB and BC, 

20B and BA and BC. 
BA and BC. 

2BD if 1) bisects AC. 
in magnitude and direction. 

Q.E.D. 


(11) A weight of 100 lb. is fixed to the top of a weightless rod or 

strut 5 feet long, whose lower end rests in a comer 
l>etween a floor and a vertical wall, while its up])er end 
is attached to the wall by a horizontal wire 4 feet long. 
Calculate the tension in the wire, and the thnist in the 
roti. 

(12) A uniform rod 8 feet long, weighing 18 lb., is fastened at 

one end to a vertical wall by a smooth hinge, and is free 
to move in a vertical plane perpendicular to the wall. It 
is kept horizontal by a string 10 feet long, attached to its 
free end and to a point in the wall. Find the tension in 
the string, and the pressure on the hinge. 

(13) A uniform la<lder 20 feel long, weighing 60 llx, is supported 

horizontally by two men at distances of 4 and 5 feet 
respectively from its ends. F^d the weight borne by each 
mui. 
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(14) A ladder 20 feet long, whose centre of gravity 8 feet 

from one end, is carried liorizontally by two wen, who 
each carry the same weight. If one of tliem is at the 
heavier end, how far must the other be from the light 
end ? 

(15) A uniform beam, 1^ feet long and weiglting 200 lb., is 

supported on two props, one 6 feet from one end, the other 
9 feet from the other end of the beam. Calculate the 
pressure on each prop when a man weighing 180 lb. 
stands on the beam 8 feet from the first prop. 

(16) From one corner of a square plate, whose side is 10 inches, 

a small square, whose side is 3 inches, is cut away. Find 
the centre of gravity of the remainder. 

(17) A circular hole 2 inches in diameter is cut in a uniform 

circular plate six inches in diameter, the centres Udng 
one inch apart Find the centre of gravity of the 
forated disc. 

(18) Find the centre of gravity of weights of 7, 6, 9, and 2 lb., 

arrangeil at tlie* corners of a square of 1 foot side. 

(19) Weigiits of 1,3, 5, and 7 Ih. are placed at the comers of a 

uniform square plate of 10 inches side, weighing 4 lb. 
Find the centre of gravity of the system. 

(20) Find the centre of giavity of weights 2, 3, 4, 5, 0, and 7 Ih. 

placed at the cornel's of a regular hexagon whose diagonally 
opposite corners are 18 inches apart 

(21) Show that the centre of gravity of a unifonn triangular 

plate coincides with that of three equal masses placed (a) 
at its angular points; (6) at the middle [loiuts of its 
sides. 

(22) A triangular plate weighing 5 lb. is in shape an isosceles 

triangle with its two equal sides each 5 feet long, and its 
base 8 feet long. A weight of 10 Ih. is hung at its 
vertex. Find the centre of gravjty of Uie whole. 

(23) The mass of a plate in the fonn of an c<piilateral triangle 

1 foot high is 4 Ih. Masses of 1, 1, and 2 lb. respectively 
are placed at its angular points. Find the centre of mass 
of the system. 

(24) From a square plate, whose diagonal is 21 inches, a comer is 

cut off by a Jiiie joining the middle points of two adjacent 
sides* How far from the centre of the square is the centre 
pf gravity of the remainder f 

(25) If, In the previons question, the comer, instead of being cut 
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off, w foUletl over flat on to the plate, find the centre of 
gravity of the whole. 

(26) Weights each equal to 1 lb. are placed at the ends of one 

side of a nniforni plate 12 inches square weighing 2 lb. 
Determine the centre of gravity of the system, 

(27) Two similar uniform bars, 4 and 6 feet long, are joined end 

to end at right angles so as to form an L. Find the centre 
of gravity of the system. 

(28) A uniform iron window-frame, 2 feet high, is in shape three 

sides of a square, surmounted by a semicircular arc. Find 
its centre of gravity. 

(29) A uniform iron plate, 2 feet higli, is in shape a square 

surmounted by a semicircle whose base coincides with a 
side of the square. Find its centre of gravity. 

(30) A circular portion 5 inches in radius is removed from a 

circular lamina 8 inches in radius, the distance between 
the centi’os of the two circles being 2 inches. < Find the 
centre of gravity of the remainder. ^ 

(31) if the original plate was wood, and if the hole is filled up 

with lead of the same thickness, but 12 times as heavy 
bulk for bulk, where is the centre of gravity ? 

(32) Find the centra of gravity of a uniform plate 8 inclios 

square containing a circular hole of 2 inches diameter, the 
centre of the hole being 2 inches from the centre of the 
plate. 

(33) The middle points of opposite sides of a rectangular plate 

being joined, one of the four parts of the rectangle is 
removed. By wliat fraction of the diagonal is the centre 
of gravity of the remainder distant from the centre of the 
rectangle t 

(34) Find the centra of gravity of a uniform quadrilateral plate 

whose sides are 6, 4, 3, 4 inches long respectively, and 
who.se two equal sides are equally inclined to the othera 

(35) Find tlie centre of gravity of a frame made of uniform bara 

arrange<l as above. 

(36) Whore is the centre of gravity of a slate-frame, 9 inchee by 

12, of which one of the short bai-s has l)een removed ? 

(37) Where is the centre of gravity of a triangular frame of sides 

5, 4, 3? Where is that of^ triangular plate of same sise? 
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CHAPTER VIIL 

ON EQUILIBBIUM {Statics). 

132. Before leaving the subject of motion as affecte<l by 
force, there is one im{)orUint part to l>e considered — namely, 
the comlitions under which forces may act on a Ixxly without 
affecting its motion in any way whatever. One force cannot 
satisfy these conditions, but a combination of any number 
of forces greater than one may ; and it is inten^sting, and 
for many practical purj>oses iini)ortant, to Ixj aide to 8i)ecify 
these coniiiti* ills,# and to decide in any given case whether 
they are satisfied or not. This part of the subject is called 
* Statics,' and it is a branch of the more general science of 
Dynamics. Its treatment will de[>end uinin the ideas illus- 
traUnl at length in the last chapter, whicli may lie n^ganled 
as an introduction to Htatics ; indeed, they arc usually 
considennl as a part of it, and (fften are made to follow, or 
are mixed up with, the subject of the present chapter. 

133. When all the forces applied to any mass of matter 
arc 80 balanced that they produce no acceleration in it of 
any kind, the forces arc (or the iKsly is) said to lie in 
equilibrium^ and the conditions wliich they tlien necessarily 
satisfy are called tlie conditiom of equilibrium. 

Oljserve that equilibrium <h)es not mean ml or zero 
velocity^ it simply means zero acceleration — that is, constant 
velocity. Tliere is no • (x^sion for the velocity to be 
nothing ; all that is meant is that it keeps the same value, 
whatever that may happen lo lie. Thus in the case of a 
bucket lowered down a well, suppose that it is df^soendiiig 
with a constant velocity of 20 feet a second; then, its 
acceleration being zero, the resultant force acting on it 
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(l)eing equal to mass-accelemtion, sect. 45) must also be 
zero. Now the actual forces acting on it are the pull of the 
earth downwards, and the pull of the rope upwards ; and 
the resultant of these two Ijeing zero, it follows that they 
are equal. The bucket is in fact simply olxjying the first 
law of motion. Whetlier it is descending or ascending or 
standing still, matters nothing, the tension in the rope is 
always equal to the weight of the bucket so long as its 
velocity is not changing. ITie conditions of equilibrium 
are therefore the conditions under which acceleration is 
imiK>8sible ; or, as it is often cornictly expressed, they are 
the conditions under which rest is j^ossiUe. It must l)e 
observed that foiees in cquilibriinn have no influence in 
cansirujf rest. Tliey have no effect on the motion at all, 
and the liody exposed to such forces simj^iy ol)eys the first 
law of motion. Rest is zero velocity. Etpiilibrium is zero 
acceleration. 

134. This lxu*ng clear, we will proceed to state the con- 
diti(Uis of equilibrium for any number of forces, and first 
i)f all 


The Oonditions of Equilibrium for Two Forces. 

The conditions which two forces have to satisfy in order 
to balance each other and have no effect on the motion of 
the Ixxly to which they are applied, are very simple and 
obvious — namely : (1) The foitjcs must both lie in the same 
straight line ; (2) They must act in opixjsite directions ; and 
(3) They must be equal. 

This is all usually e.vpre^ed by saying siniply that the two 
forces iiitist lie equal and opimitet thd acting in the same straight 
line lieing umlerstoocl. 

If any numl)er of forces ar^ in equilibrium, the resultant 
of any number of them must be equal a^d opposite to the 
resultant of all the rest For obviously all the rest are 
equivalent to their resultant, and that resultant is balanced 
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by a force equal aiul opposite to it. The statement just 
made is not to 1 h^ quoted as a condition of equilibrium, it is 
merely a manifest fact which may help us to ascertain the 
conditions of equiliV>rium. 

135. I^et us see how it gives us the tHpiilibrium conditions 
for three forces, for instance. Any one force must be equal 
and op}K>siti^ to the rosulhuit of the other two. Now any 
two of them, as A and B, in onler to have a re.sultant, must 

lie in one plane, in other 
wonls, must (if produced) 
meet in a point, and through 
this i)oint their resultiint must 
pass, Iwing the diagonal of 
the paRillclogram of foi’ces; 
the third fome, C, in order 
to maintain (Mpiilihriuin, must, by the al>ove statenient, 
1)6 a prolongation of this diagonal, ami hence it too piisses 
through the name point aa the other two, and is in tlio 
siime plane — namely, the plane of the pjinillelogram ; it 
must also l^e equal to the diagonal in magnitude ; in other 
wonls, it must 1 h? e«pial to the third side of a triangle, two 
of whose sides repr<‘.sent the other forces, such as OAR 
(fig. 48). Its magnitude, direction, and position are thus 
completely determined. 

Let us restate these ; 



The Conditions of Eauilibrlnm for Three Forces. 

(1) The three forces must all l>e in tiie same idafie. 

(2) Their lines of action must all pass through the same 
point. 

(3) It must l>e {msible to draw a triangle with sides 
jiarallel (or |)eq>endicular ; sep foot-note, sect. Ill) to the 
forces, and pro{>ortional to them in magnitude. The sides 
of the triangle must all be drawn in the same sense as the 
forces (thus in the figure, OA, AB, RO are the senses), and 
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it must be possible to draw the triangle without taking the 
pen off. This is usually expressed by saying that the three 
forces must be rcpnisentable by the sides of a triangle taken 
in order. The last two conditions together really include 
the first. 

Any numl)er of forces greater than three need neither 
meet in a point, nor lie in the same plane, in order to be in 
equilibrium. 

Conditions of Equilibrium of a Particle. 

136. Any number of forces acting on a particle will 
evidently be in e<iuilibrium if they are representable by 
the sides of a close<l polygon (plane or otherwise) drawn 
parallel to the respective forces and taken in order. 

This is the same as saying that the forces must have no 
resultant; for the line required to complete the polygon 
represents the resultant (sect. *108), hut no lino is 
rcMpiired to complete a closed polygon, hence there is no 
resuhant 

The converse is also true — namely, tliat if forces acting 
on a jxarticle are in equilibrium, they must l)e rcpresentable 
by tlie sides of a iH>lygon taken in order. This proposition 
obviously includes the triangle of forces, for a triangle is 
only a three>sided polygon. 

Oonditions of Equilibrium of a Bigid Body. 

137. If the condition just stated for a particle is satisfied 
by the forces acting on a rigid >)ody, they can produce no 
translation, only rotation ; hence a rigid Ixxiy will evidently 
be in equilibrium if the above condition for a particle be 
satisfied, and if also the directions of all the forces pass 
through a single point ; for a set of forces wliich intersect in 
one pointy and have zero resyltant, cannot possibly rotate 
anything. But this last condition, though sufficient^ is not 
fiecessory—that is, the converse is not true : if the forces 
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acting on a rigid Inxly are in oquilibrium, they must in- 
decnl be representable by the sides of some eloscil jiolygon 
(plane or otherwivse), but they neeil not meet in a jwint, 
unless there iu‘e only thi*eo of them. The more genend coii' 
dition for no robttion is that the moments of all the fon^es 
about every possible ix>int or axis of rotation must add up 
to zero. 

If this and the particle condition are satisfied, e<|uilibrium 
is complete ; and conversely, whei*ovor there, is equilibrium, 
these must be Siitisfiotl, So these are the n(3ces8ary and 
sufficient conditions, though not in a very simple fonn to 
apply practically. It will be sufficient for us, however, to 
consider at length, and j>ut into a more practical form, only 
the case wdiere all the forces act in me plane ; and we will 
procee4l to this %>m a fresh point of view in the next 
section ; but we may first notice a nuxle of exprt»ssing the 
conditions of wpiilibrium in terms of the construction of 
sect, 123. 

If the fome polygon is clased there is no resultant force, 
but there may Iks a resultant couple, causing rotation. In 
that cose the funicular lK>lygon cannot 1)e cIoscmI by pro- 
ducing its lirst anti last sides, for they will be parallel. 
Whenever the funicular lH)lygon is clovscd there is no result- 
ant moment, ami the funicular iKtlygon cannot Iw closed 
unless the force ix^lygon is closed ; so in (nises of complete 
eqiiilibrium, the force polygon and the completed funicular 
polygon are 1)oth closed. 

General Oonditiona of Equilibrium of a Rigid Body acted 
on by ForcM in a Plane. 

, 138. Tlie motions possible to a rigid body are translation 
or rotation of both, hence tke conditions for equilibrium 
really involve the conditions for no translation and for no 
rotation (strictly speaking, for no rectilinear and for no 
angular weederaiion ; but the words translation and rotation 
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are used inetead of these more accurate terms for shortness ; 
and the error is not great, for the conditions of equilibrium 
render entire rest posttible, though they do not in any way 
enforce it). 

Now, having assumed that the body can only move in a 
plane (say a vertical plane), and that the forces only act in 
this plane, it is obvious that all tmnslations must be up or 
down, or right or left, or else a motion compounded of the 
two, which may be analysed into up or down and right or 
left components. Hence, in order that there may be no 
tmnslation at all, the forces must have no resultant either 
up or down or right or left : this being a practically con- 
veniimt form of saying that they have no resultant at all at 
a finite distance. Still, however, they might spin the body 
(sect. 128); hence, in aildition to the abo^e, the condition 
is necessary that the sum of their moments al)out any 
j)oint in the plane must vanish ; and then the forces will be 
unable to cause any motion at all. Or the complete condi- 
tion for e(iuilibrium might be stated by siiying that the sum 
of the fome-moments a])out even/ point in tlie plane must 
be zero ; since this necessitates the non-existence of either a 
resultant force or a resultant couple. This condition is, 
however, not so practically applicable, in general, as the two 
sepamte conditions just laid down, which we now repeat 
with emphasis : 

The general conditions of equilibrium for a body only 
able to move in a plane arc : 

(1) Tliat the sum of the components of all the forces in 

any two directions in the plane at right angles to 
each other shall vanish. 

(2) That the sum of the moments of all the forces about 

any one* point in the plane shall vanish. 

* Ont point 1)1 ani&clont If eondiUon 1 la aatlallad, because the moment of a 
couple about every point la the same (sect. 188); hence, if it la aero about any 
one point, it ia sero altogether. 
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(1) is tho conilition for no translation (properly speaking, 
for no rectilinear acceleration), 

(2) is the condition for no rotation (properly s])eaking, 
for no angular acceleration). 

If (1) is satisfied without (2), there is rotation, but no 
translation. 

If (2) is satisfied without (1), there would be translation, 
but no notation al)Out the particular j>oint considered. If 
(2) is satisfie<l for crer// point, then (1) is alwi necessarily 
satisfietl, l>ecause tho moment of an unlmlmiceil force must 
differ for different })oints. 

If neither is siitisfied, there must be both translation and 
rotation. 

If iMjtli are Siitisfied, there must be complete equilibrium. 

The converge of each of these sUitements is also true. 

In case the Insly on which the forces act has one point fixe<l so 
as to be incapable of translation, the necessary and sufficient 
condition for eqnilihritini is simply that the resultant of all the 
forces must pass thrcMigh the fixed point or pivot (see sect. 110, 
statement 3). And in general, instead of applying IkiUi con- 
ditions (1) and (2), it \vould lie sufficient to apply condition (2) 
to three different points not in the same straight line, but it 
would be more troublesome in practice. 


ILLUSTRATIONS. 

139. Consider a ladder standing on rough groimd, and 
resting against a i>erfectly smooth wall. What forces are 
acting u[K)n it? There is the weight of the ladder W 
acting downw'anls at its centre of gravity O (fig. 49 ) ; there 
is the pressure of the ground R acting in some unknown 
upward direction at some <uigle with Uie vertical not 
greater than the ^ angle of repose’ (sect. 115), and the 
pressure of the wall P acting nonnal to the wall or 
homontally ; and that is all But the ladder is in equi* 
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librium, hence these three forces must pass through a point 
(sect, 136). 

Now W and P, whose directions are known, intersect 
when produced in the point C ; 
hence R also passes through the 
point C (fig. 50). 

This detennines its direction. 

Moreover, when tliree forces 
arc in equilibrium, they must be 
proportional to the sides of any 
triangle which are drawn reajiec- 
tivcly ptirallel to the forces. 

Such a triangle is ABC (fig. 

60) ; CB is parallel to W, and 
represents it ; BA is |)arallel to P, 
and represents it ; and AC is 
jiarallel to R, and represents it. If, then, the position of 
the ladder were given us, and also its weight, wo should 
simply have to draw the above diagram, and measure the 
sides of the triangle ABC, in 
order to determine the pressures 
P and R in terms of W ; the 
direction of R being also given by 
measuring either the angle BAC or 
BCA. 

This would be solving the pro- 
blem by construction. 

140. But suppose we wished to 
<lo it by calculation, applying the 
general conditions of sect. 138: 
should first consider the inclined 
force R resolved into two (see fig. 

49), a normal pressure N, and a friction F (the friction 
being ahvays in such direction as best hinders slipping, 
sect. 115), and tlien say that, since there is equilibrium 
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as regards translation, there can l)o first no up or down 
resultant^ or N and W must be equal and opposite ; and 
then that there can 1x3 no horizontal comix)nonts, or F and 
P must be equal and opixjsito. 

But to determine either F or P, in terms of W, we must 
make use of the second condition — the condition for no 
rotation — namely, that the forces can have no rotating 
power, or resultant moment^ about any iK)int. Take it 
numerically : 

Let 08 suppose that we are told the weight of the ladder is fiO 
lb., and that its centre of gravity is | of its length up, that the 
foot of the ladfler stands six feet from the wall, and the top of the 
ladder thirty feet from the ground ; then, as the condition for 
no translation, we have already found 

N=W, 

and F«P. 

But we don’t know either F or P yet ; we must find them by 
taking moments about some point— 'Uny (>oint wc like, for we 
know that since there is no rotation the sum of the moments 
about every point must 1x3 zero. 

Suppose we take moments about the i>oint A, then neither N 
nor F has any moment ; so the moment of P, P x dO feet, must 1x3 
equal and opposite to the inoinent of W, W x } of 6 feet. 

hence 15P = W = 60 lb. weight, 

or P=:the weight of 4 lb. 

And we already know that F and P are equal ; so then N, F, 
and P are all known, and now too we know R, tiecause 
F®; that is, K 3:60*13 lb. weight. 

See if this agrees with a determination by measurement, 
and then repeat the whole process with the wall rough 
instead of the ground, and then with both wall and ground 
rough. 

If the inclination of the required R to the vertical in 
fig. 49 be greater than the limiting angle of friction, 
equilibrium is impossible, unless a wedge be placed under 
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the foot of the ladder, which may be considered as equiv- 
alent to tilting the ground up. If the ground is like a 
sheet of ice, the required force F can be supplied by a 
rope tying the ladder to the wall, j 
If the ground is level and smooth, - 
and if no extra force is applied to - ^ 

the foot of the ladder, equilibrium ^ ^ 

cannot l>e attained by any roughness " \ 

of wall short of actual attachment, ^ ^ 

as by a hook, because If and W will - \ 

not intersect except at infinity. ^ \ 

141. Ifcxt consider a weightless H 

rod resting against a smooth wall Pig.6i 

over a smooth rail, and with a weight 
stuck somewhere on it, as shown in fig. 51. (A section 
only of the mil supporting the rod is ’'shown, as a small 
circle.) To determine where the weiglit must be for 
equilibrium, the forces acting are: the weight, W; the 
normal pressure of the wall, P; and the normal pressure 
of the mil, R. 

Now, here again are three forces, so to be in equilibrium 
they ought to intersect in a point; but in fig. 51 they do 
not intersect in a point, produce them as much as you 
like ; their direction encloses a triangle 
histead. Hence there is no equi- 
librium, and ciinnot be until the three 
points coincide in one point C. 

01)S6rve that no altemtion of magni- 
tude in any of the forces can assist 
equilibrium ; a shift of either the direc- 
tion or the position of some force is , 
essential. The easiest thing to shift is 
the load ; so to find where it ought to 
he shifted to, draw a fresh figure, and from C, the inter- 
section of P and draw a vertical j this will cut the rod 
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at the point where the weight ought to be placed for 
equilibrium (fig. 52). 

To measure the relation between the magnitudes of the forces 
when the weight is in this place, we can produce R till it cuts 
the wall in B ; then the triangle ABC has its sides parallel to the 
three forces, 

BAto W, 

AC to P, 

CB to R ; 

hence tlie lengths of these sides will give the forces, if one of them, 
say W, is known. 

It is easy to see that R*= P*-f \V» 

In fig. 51 the ro<l wonhl he slipping up the wall and falling 
over the rail ; this is liecause the line of W falls to the right of 
the point q, where P and R intersect. If the line of W fell to 
the left of ^ this point, the roil would slip down the wall, and 
drop between it and the rail. There is just one position where 
it does not slip citl^er way ; but it is unstably Imlanced, iHJcause 
fiiotiofi either way would allow the W'eight to get low'er. Of 
course if there was any friction, there would lie a margin of 
stability. 

142. Now consider a hoAy on an inclined plane held 
still by some force P acting in 
any given direction, as depicted 
in fig. 64, with a diagram, fig. 53. 
Tliere are three forces, P, R, and 
W, in equilibrium (R being the 
normal pressure of the plane), 
hence P must be in the plane 
of the other two. To find its 
magnitude : take off a length AB 
to represent the weight at the 
body, and from B draw a line 
parallel to P, till it cuts R pro- 
duced in the point C. Then we 
hare a tiian^e ABC (fig. 53) ; BC represents P, and AC 
represents R ; and it is easy to measure these lengths on 
the same scale as AB was drawn* 
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Tliere are in general two positions in which the same 
force P can hold up the body. For draw a circle with 
centre B and radius BC, it will cut E in two points, C 
and D ; hence the same force P would be just as effective 
if it acted in a direction shown dotted as P' parallel to 
BD ; but the pressure on the plane would then be greater 
than AC, namely, AT). 

There is one case when only one direction will do, and 
that is when the radius of the circle is so small that it 
only just touches R. ‘ This radius then represents the 
minimum force possible, and shows that it must act per- 
fiendicularly to R and therefore parallel to the plane, and 
must have the same relation to the weight that the height 
of the plane has to its lengtli. If the plane be rough, 
friction is such a force. • 

If the applied force P is smaller than this— that is, so small 
that the line representing it is unable to reach across from 
B to the line K, then there cannot l>e 
equilibrium ; and even if P is greater 
than this, but does not act in the best 
direction, there need not be equilibrium, 
and the body will .slide down, as in fig. 

54 : the accelerative or resultant effect- 
ive force being the component of W 
along the plane— namely, AM, minus the 
component of P along the plane — namely, 

AN. The pressure on the plane is the 
component of W at right angles to the 
plane, minus the comiKinent of P at 
right angles to the plane; that is, 

Am— Alt. 

When the plane is rough its reaction R need not be noimal, 
but may be inclined at any angle up to the limiting angle of 
irietion on either side of the v*ionnai. There will thus be two 
critical cases— one when the body is on the point of sliding 
down, the other when it is on the verge of being hauled up. 
The same construction as above (fig. 53) suffices to determine 
the needful applied force conesponding to one or other of these 
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two conditions— namely, produce either limiting K backward 
and bridge the gap between it and B with a line in the desired 
direction (tig. 55). If no force at all is 
iice<led to hold the body up, the reaction 
K is verticiil ; and if the body is on tiie 
verge of slipping down, the tilt of the 
plane is the angle of rejH>»e. The least 
force necessary in any given case is the 
*perf)eiulicular from B on to the line of 
^ . U; hence the least force is inclined to 

pAi ' 

^ the plane just as much as K is incline<l 
to the normal, or the l>est angle of trac> 
tion is the angle of repose. If the pro* 
Fij:. dnced line of H ever lies to the left of 

B, it means that some force is necessary 
to drag the body down ; the inclination of the plane being in 
that case less than the angle of re|M)se. 



143. Wo have hero considered only the slipping of the 
body ; but if it were a Ixill it would n)ll, and if it were 
a block it might t4^pple over, l)efore it Iwgan to slide. I>et 
us just see how scKjn a rectangular block on a rough inclined 
plane will topple over. 

We know that the rcmulUint of all the forces which 
gravity exerts on the jKirticlcs of the Inxly passes through 

the centre of gravity — that is, 
the Ixxly acts statically as 
If its weight were all concen- 
trated at the centre of gravity. 
Hence if this point sup- 
IJorUwl, the whole body is 
supported. Tlie line of W 
is the vertical through G ; 
and if this lino falls inside 
tiie base,'*' the body cannot topple over; it can only slide 
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^ By *tlMi btse* must b« tUMletstoocl itm um encloNed by s string stmtchml 
found tlmt pftit of tbe body which touchet the plane : consider, ht example, the 
CMMlora iwkort staiid with a forked foot 
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down. To upset the Ixnly, it must be tilted through the angle 
A(tO (fig. 66) ; and if it be momentarily tilted through 
less than this, it will return to its old position. The 
angle AGO is a measure 
of the ‘ steadiness : * the 
larger this angle, the more 
steady is the body. If the 
vertical through G fell 
through 0, the body would 
be balanced in unstable 
equilibrium, and directly the vertical passed outside the 
ixjint O, the body would topple over; and this applies 
universiilly, 

A wagon going along with one wheel in the gutter does not 
upset so long as the vertical through its centre of gravity falls 
inside the wheel base; but the act of going over a stone may 
tilt it sufficiently to make this line pass beyond the base, and 
then it u]>scts. 

The two Ixxlies in fig. 57 resting on a flat plane are 
both evidently steady, but the steadiness of the first is 
much greater than that of the second ; and this for two 
reasoiLS, fii’stly, l)ecau8o its Imse is wider, secondly, because 
its centre of gravity isr lower.* 

The centre of gravity of an omnibus full outside, but with no 
insiile passengers, must l>c very high up ; and a moderate shock 
might be sufficient to destroy its stability and upset it. 

A block resting on a level surface can be upset by a 
horizontal force applied high enough. The criterion is 
obtained by considering moments about the forward edge 
of its base; if the moment of the force is equal to the 
moment of the weight aliout this edge, the body is on 

* TIte inont ttsenil meMuros of ars l«t, the moment <jf etobUUtf^ 

itfttnoly, tho iitoiiiomt of tho couple reaoired to tipset the body, or the weight of 
the body multiplied by the dietonce OA ; and 2d, the df/namie ftedUUth-namely, 
the work that ie required to upset it, or the weight of the body multipUed by t^ 
dlilbreuee of the distances AQ and 00 (fig. 07> 
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the point of tilting over. If the force applieii is sufficient 
to call out the maxiimun friction, the Ixxly is on the point 
of sliiUng ; anil at one i>articular altitude 1x)th conilitions 
can be satisfiod simultaneously. It is easy to show that 
this critical altitude for a symmetrical block is half the 
base divided by tlie coefficient of friction. 


Stability and Instability of Eanilibrinm. 

144. A iKxly in equilibrium, with infinitely small 
stobility, is said to possess umtable equilibrium ; the least 
shock must upset it. 

Thus, if you narrow the above block till its banc is nothing, 
there remains only a plane or line standing on its edge, and 
though, when vertic/J, the centre of gravity of this does not fall 
without its base, and therefore it is in equilibrium, yet the 
slightest breath will upset it. 

This is not the case wdth all iKxlies Imlanced on a 
point. A Ixxly with a rouudeil Ixise resting on a plane 
may Iw stable enough tliough it ciiiinot lie called steady, 
Bcxlies supjxirteil by a jxiint, whether shing like a pendu- 
lum or pivoted like a compass-needle or rolling like the 
half of a split billianMxill, are said to Iw in equilibrium ; 
ami those examples are in stable equilibrium, liccause, 
if you rock them, they will return to tlieir original position 
after a few oscillations (see sect 146). 

Any segment of a sphere less than the whole sphere w'ill so 
rock. And a leaden hemisphere would rock in stable equilibrium 
even if loaded above with a bulky pith figure. 

It is quite possible for a bod^ to possess an equilibrium 
which is neither stable nor unstable— that is, tlie body, 
when disturbed, neither topples over nor returns its 
original position. All that is necessary is that the vertical 
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throiigh 6 shall always pass through the point of support, 
as in the case of a sphere on a flat table; or that the 
centre of gravity itself shall be supported, as in a flywheel. 
The body is then indifierent how you place it, and its 
equilibrium is called neutral. 

An egg lying on its side has neutral ecj[uilibrium for rolling, and 
stable equilibrium for * pitching ; ’ it is unstable all ways when 
balanced on its end. 


145. In the case of a body pivoted at a jjoint, if the 


point is a1x>ve the centre of gravity, 
the eqtiilibriuin is iK*rfectly stable ; 
if at the centre of gravity, it is 
neutml ; and if below^ it is un- 
stable. 

Examples.— The nearer the centre 
of gravity of the beam of a balance 
is to the point of support, the more 
sensitive is the balance ; but it is 
necessary to have the centre of . 
gravity slightly lower than the point 
of support, or the equilibrium would not be stable. 

If the balance is to be equally sensitive for all loads, its three 
knife*edges, the one supporting the beam and the otlier two 
supporting the pans, must be in one straight line ; the restoiing 
force is then simply the moment of the displaced centre of 
gravity of the tilted beam. If the weight of the beam W is 
displaced a minute horizontal distance a*, by slightly unequal 
loads P and Q in the pans, each supported at a distance a 
from the fulcrum, the equation of equilibrium is (P-Q)a=:\V«; 
and of course the pressure on the fulcrum b P + Q -f W. 

A compass-needle is always made 
with a little central cap, into which 
the point supporting the needle passes 
from l>elow, so as to be alcove the 




centre of gravity of the needle. See Ftg. sa 

fig. 

Agiun, it is easy to balance a curved .beam on a knife-edge, 


while a straight one will not remain balan<^ for nioia than a 
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few seconds, unless loaded. Compare the diagrams in iig. 60. 
The weights in the third must be rigidly attache«I to the beam by 
rods, not by strings. 

SUbie. UiiHUble. SUble. 

60. 


146. Ill the Ciuse of a iKxly with a sph(?rical base .*<tamling 
on a level plane, its centre of gravity cannot help l>eing 
al)ove the |x)int of contact witli the plane, 
anJ yet the ecpiilihrium may lx* stable or 
nenti-al ; as, for inshince, in a spherf>! the 
ec|uilibnuiu is neiitml, and in a liemispliore 
it is shible ; or again, it may ho un.stible, 
as in lui egg l>alanceil on one eml. 

Tile centre of the spliere, of which the 
Imse forms a part, is in thesis cases to Ik? 
rc*gartled a.s the r(*al jxiint of suj>|)ort, ami 
then the former rules apply. Thus, if G 
lx? the centn? of gravity of tlic comhina- 
tion shown in tig. 61, and if C Ik? the centre of the 
.sphcr»? of which the bas»j forms a ixirt, the wliole will 
o8<?illate in stahle c^juilihriuiii. 



Fig. 61. 


When a Inxly rolls along any surface, its centre of gravity in 
general «lescrilxj6 a curve with crests and hollows ; every hollow 
corres{x>nds to a {>osition of stable equilibrium (the centre of 
gravity is then in one of its lowest positions) ; every csest corre- 
sponds to a [>osition of unstable equilibriuni, and a measure of 
the instabiliti/ is the curvature (see sect. 13) of the path of the 
centre of gravity. For instance, in the case of a body balanced 
Oft a point, the higher the centre of gravity above the point the 
less curved wiU be Its path, and the less unstable will lie the 
equilibrium : for example, it is Sa»y to balance a stick loa<led 
at one end on one’s finger if the load be at the top of the, stick, 
but if the stick be inverted it is not easy. 

The criterion for equilibrium, as well for its stability 
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or instability, obtained by considering the path of the 
centm of gravity, is a useful and very genenil one. When 
weights are in equilibrium, as on an inclined plane or on 
a system of pulleys, it is because the path of their common 
centre of gravity is horizontal if it move at all. If the 
path is a horizontal straight line, the equilibrium is neutral 
and a slight shift makes no difference. It is an instructive 
cxeraise to prove that in the case of weights in equilibrium 
on an inclined plane the path of their centre of gravity is a 
horizontal line. 

If the path of a centra of gravity is curved, the equi- 
librium is stable or unstable according as it curves upwards 
or downwards. 

An instnictive example is affoided by a wootlen disc loaded 
with lead near its circumference. Sucli a <^'linder placed on a 
slightly inclined plane may easily roll uphill into a position of 
equilibrium with its centre of gravity vertically over the point of 
support 

Metacentre. — In cjuses where a small disturbance changes 
the point of .supiKU’t, like the case of a portion of a sphere 
on a level table, then^ is usually a point in the body 
through wliicli a vertical through tlie point of support 
(what may lx*, called the line of support) will continue to 
pas.s at legist if the disturhaiice Iw urdy small. This 
point is the intersection of the new line of support with 
the old line of supiwt, if the latter be considered as 
marked in the Ixxly and rotating with it, and it is called 
the metacenire. In the case of a sphere, the centre of the 
sphere is its metacentro. The conditions of equilibrium for 
small disturlxinces are the same as if this point were a pivoti 
and its height above or below the centre of gravity measures 
the stability or the instability of the equilibrium. For 
bodie^ of irregular shape it does not follow that the suc- 
cessive lines of support intersect at all, and then there is no 
metacenl^re. Often there are two, one for a rolling or broad* 
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side motion, tlte other for ii pitcliing or lengthways motion. 
For further information on tliis subject, see sect 179. 

147. Criterion of equilibrium bjr sero work done. — 

A powerful metltod for determining condition of cquili- 



Fig, 62.--I.Atter-balAiic>c. 


briuin issoraetinu^s called the metluxl of ‘virtual velocities,' 
and consists in observing that if a Ixxly subject to any 
forces is in equilibrium, it must be true that when slightly 
shifted in any way no work is done ; that is to* stiy, if 
every force is multiplied by the vchxjity of its jK)int of 
application wlien a disjilacement i*s made, or by the virtual 
velocity of this jioint when displacement is only imagined, 
the pro<luct» will all add up to zero. 

It is interesting and easy to show that in cases of levers, 
inclined planes, pulley.n, &c,, worked hy gravity, only 
the centre of gravity of everything remains unchanged in 
vertical height wlienevcr there is smooth equilibrium. 

Again, in the case of any parallel motion, such as is 
employ e<l to 8up]K)rt the platform of railway weighing- 
machines and in the ordinary sade letter-balances, the 
position of the thing to lie weighed is unimportant ; and it 
is unimportant^ because wherevar the load is, on any parallel- 
moving 8C^e-pan, there will be the same vertical descent, 
and therefore the same virtual velocity, and the same work 
done. 
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EXAMPLES— XVIII. 

(1) When a weight is supported on an inclined plane by a force 

acting along the plane» show that the ratio of the force to 
the weight is the same as the ratio of the height of the 
plane to its length. 

(2) And show that the ratio of the supporting force to the 

normal pressure on the plane is the same as the ratio of 
the height of the plane to its base. 

(3) Hence show that if a body is supported on a plane only by 

friction, it will begin to slide down when the ratio of the 
height of the plane to its base is equal to the coefficient of 
friction (sec sects. 142 and 115). 

(4) A picture-frame weighing 10 lb. is hung by a cord passing 

over a nail, the two parts of the cord making an angle of 
120* with each other. Find the tension in the cord. 

(5) If the two parts of the cord included an angle of 90®, what 

would then l>e the tension? 

(6) If a rod rests inside a smooth spherical shell, its centre of 

gravity must l)e vertically under the centre of the sphere. 
Hence, if the ro<l l>e uniform, it can only lie horizontally, 
unless it is equal in length to the diameter of the sphere. 
V'erify these statements, 

(7) It is wished to upset a tall column by means of a rope of 

given length, pulled by men on the ground. At what 
height almve the base of the column will it l>e best to 
attach the rope ? 

(8) A uniform ro<l hanging from one end is pulled aside from the 

vertical by a horizontal force equal to half its weight 
applied at its low^er end. At what angle will it l>e in 
equilibrium? 

(9) A simple pendulum is pulled aside from the vertical by a 

horizontal force equal to half its weight. At what angle 
will it be in equilibrium? 

(10) A bar of uniform tliickness inclined at an angle of 30* with 

the horizontal, with one end rgainst a wall, rests across a 
rail at a point 2 feet away from that end. Find the 
length of the bar if the rail and wall are both smooth. 

(11) If the bar Ls 8 feet long fad weighs 10 lb., and the rail is 

smooth but the wall rough, show by help of a 4iRgi^RA the 
direction and magnitude of the pressure of the bar against 
the nail. 
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(12) Construct a diagram for the case of a l)ar in a given position, 
but with an adjustable loa<l, snpi>orted by a rough wall 
and rail ; (a) when the bar is on the point of falling over 
the rail ; (6) when it is on the point of slipping down 
l)etween rail and wall. 

(Id) Given distance of rail from w^all and length of bar, as a and 
b respectively, iind its position of equilibrium if perfectly 
smooth. 

(14) A lailder 30 feet long, whose centre of gravity is 12 feet 

from the lower end, rests on rough ground against a smooth 
wall, which is 10 feet distant from the foot of the Imider. 
Draw a figure to scale showing the directions of the 
reaction of the wall and of the ground ; and find by 
measurement the magnitudes of these reactions if the 
ladder weighs 80 lb. 

(15) Check the above by calculating the result by the method of 

moments, and determine the coefficient of friction. 

(16) Show tliat a light ladder ascendtisd by a heavy weight is not 

safe if iriclif etl at an angle greater than the angle of repose. 

(17) A l)eam 10 feet long weighing 80 lb., with its centre of 

gravity 4 feet from one end, is sus{>ended horizontally by 
two strings attached to its eniis, and fastened to two pegs 
in a horizontal line 16 feet apart ; the shorter one of the 
strings is 5 feet long. Find the length of the other string, 
and the tensions in the two strings. 

(18) A rectangular Idock of oak S inches long, 3 inches broad, and 

3 inches thick, rests with one of its square faces on a 
horizontal oak surface. If the surface l)e gradually tilted, 
how will the block begin to move! [Take the coefficient 
of friction as 0*4.] 

(19) If it stand on a le%'el surface with coefficient of friction J, 

and if it weigh 28 lb., what force would make it uncertain 
whether to topple over or slide along ! 

(20) A solid consists of a hemisphere with a cylindl^r standing 

centrally on the base of the hemisphere ; the radii of the 
hemisphere and cylinder are respectively 6 and 3 inches, 
and the height of fhe cylinder is 6 inches. Find the 
position of the centre of gravity of the solid. 

(21) If the above solid is pla^ on its hemispherical end on a 

horizontal table, will the equilibrium be stable or unstable t 

(22) If the same solid stands on its cylindrical end, through what 

angle must it be turned to upset it! 
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(23) A wooden cylinder, 1 foot in diameter, with some eymmet- 

rical holes of two inches diameter already bored through it 
lengthways at a margin of one inch from the circumference, 
is found to weigh 3 lb., and one of the lioles is then 
filled up with^ 3 lb. of lead. Find the position of the 
centre of gravity, the restoring moment wlten the cylinder 
is rolled through 90* on a flat surface, and also its i>osition 
of equilibiium when on an incline/l surface. 

(24) On what slant would this cylinder be on the verge of rolling 

down ? Construct its |>osit]on of equilibiium on a plane 
rising 1 in 6. 
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CHAPTER IX. 

ON MACHINES AND OTHER OONTRIVANOES 
ILLUSTRATINO THE FOBEGOmO PRINCIPLES. 

BTJEMBNTS OP APPLIED MECHANICS. 

148. A machine is an instrument for transferring energy 
in such a manner tliat certain useful or desirabk* work is 
done. Tke effective force exerte^l by the agent which losi's 
the energy iisinl ^)ften to be called tlie ‘ jK>wer/ the force 
exerted by the bo<ly winch receives it lacing called the 
• weight ; * but the terms ‘ effort * and ‘ njsistance/ intro- 
ductal by Kankine, are Wtter. The machine is simply 
a ine<liary by which th«! energy is indirectly tmiisferred 
from one Wxly to the other. 

llie quantity of energy gaine<l by the one Iwxly is equal 
to that h»st by the other, except for what may Iwcomc dis- 
8i[>ate<l as heat or other non-meclianical form of energy' ; in 
other wonls, no increasw? in quantity of energy is ever 
effectcrtl by any machine. 

Numerous attempts have 1>een mmle to construct a 
machine able to effect this: such attempts are called the 
search after perjietual motion, and always result in failure 
(cf. s^t. 88). All that one can do by means of any 
machine is to vary the raiio of the two factors, F and a, 
occaning in the product work, the product itself remaining 
unalterable. But just as the%:mmber 12 may bo split up 
into various {)airs of factors, 12 and 1, 6 and 2, 3 and 4, so 
the factors of the constant prorluct work may lie varied 
at will : and this is the use of a machine. Given a force. 
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and a distance through which it can aet| a nia<diine can 
always be devised to oveiconie any other force whatever 
through some definite distance^ such that the product 
of the second force and distance is nearly equal to the 
product of the first force and distance. The greater the 
force required to be overcome, the smaller is the distance 
through which it can be overcome by a given expenditure 
of energy. In other words, a feeUe agent moving quickly 
may \ye able, by means of a .nachine, to overcome a great re- 
sistance, that is, may move slowly an obstacle of considerable 
strength ; and the slowness will Ijc proi)ortional to the force 
be overcome. This is often expressed by saying that 
what is gained by any machine in power is lost in time (or 
in distance). Or again, by saying that the ‘mechanical 
a<lvantage ' of a machine — tlie ratio of tlm resistance over- 
come to the least force required — is the inverse of the ratio 
of the distance travelled by tJie ‘ resistance ’ to the distance 
travelled by the ‘effort;* supposing the machine to be 
j)erfectly efficient, having no friction. A brief way of 
stating the same thing is to say that the * force-ratio,* which 
is another name for ‘mechanical advantage,* varies inversely 
with the ‘speed-ratio.* 

This condition may also lie expressed by saying that if any 
system in equilibrium under the action of any number of forces 
receive a slight displacement, then the total work done by the 
whole of the forces, or the total loss of potential energy, is zero. 
In other words, the sum of the products of all the forces into the 
respective distances tliey have simultaneously moved, or, what is 
the same thing, into the respective velocities of their points of 
application measured along their linos of action, is zero. Tiiis is 
frequently a useful mode of finding the condition of equilibrium 
of a system, and it has already been so applied in sect. 147. 

It is often referred to as the principle of virtnai work or virtual 
veheitUs ; the meaning of th^ word * virtual * being merely that 
the displacement or shift supposed to take place is an ima^ary 
one, and need not really occur. 

Bfideneir* — If a machine could be arranged so that the 

II 
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work done by the one Ixxlj' wore eqtial to the gained 

by the other> the machine would oalletl iHjrfectly etlicient 
— that is, its efficiency would l)o unity. But in practice 
there is always some loss of energy by friction, ite., and so 
the efficiency is a pr(»i>er fri\ctiun ; and the nitio of the 
energy recovered to the energy put in is a measui*e of the 
‘efficiency' of the machine. It will lie si^en fnuu this 
deiinitit>ri of etficiencN* that it is equal to the product of the 
force-ratio and the speetbi-atio. 

Simple IKachines. 

149. A pulley is a simple machine hy which a weight may 
apparently l>e .supjKirteil by means of a force only half as great ns 
itself; th« obvious reason l>eing that the other half of the 
force necesHiif)' to siqiport the weight is suppHecl by the hook 
fixed in the ceiling, to which one 
end of the cord is attachcHl (fig. 63). If 
the force 1^ excee<is in the slightest 
degree half the weight, it must raise it ; 
but only half as fast as itself ascends. 
To raise it at the same rate would 
re(]uire both parts of the loop of cord in 
which W iH slung to be lifted. If only 
one end is liftecl, the wheel or pulley 
rotates, and W only rises at half the 
rate. 

The m^rhaniml advantage or * force- 
ratio ' of a simple pulley is thus 2, and its ‘ H|>eeibiratio ’ is J. 

An inclined plane is another simple machine on which a weight 

may he apparently snp[iorted 
by a force less than its own 
weight ; the reason being that 
the rest of the necessary 
force Is supplied in a station- 
ary manner by the pressure 
ng. 64 . of the plane. If the sustain- 

ing foixse or ‘effort,* P, is 
applied as shown in fig. 64, it is evident that a descent of P 
throngh a vertical height /, eqnal te the wliole length of the 
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plane, would pull W all the way up tlie plane indeed, but 
would only raise it a vertical height A ; hence the mechanical 

advantage of this machine is ^ ; and if P exceeds Wy in the 

slightest degree, it must raise the weight ; provided, of course, « 
that there is no friction. 

A lever, a wheel and axle, and a capstan are simple machines 
ill which a weight applied at a great distance from an axis of 
rotation may apparently support a greater weight nearer the 
axis ; the reason being that the rest, or the whole, of the sus- 
taining force is supplied by the support of the axis, or the 
ftdenwh 

Thus, in the left-hand diagram of lig. 65, P and W are lioth 
really supported by the fulcrum F ; the pressure on it being 
always W P ; in the right-hand diagram the weight is sustained 
by F and P jointly, and the pressure on the fulcrum is W - P. 
All that P does is to balance the rotntion tendency of W ; and 
for this puriKise its moment, Px AF, must equal the moment of 


AP 



W, W X BF* Hence the mechanical advantage of a lever, the 
ratio of W to P, is always or the ratio of the ‘arms’ of the 
lever. 

In the case of the steelyard (6g. 65), the weight of the *yard,* 
Y, acting at its centre of gravity, helps the smaller weight P, so 
tbatW. BF»P. AP^Y.GP. 
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A lever cannot, however, be nsetl to raise weigh t«/ar; but an 
easy modification, securing contin- 
uous action, is to make the ful- 
crum F into a pivot, and to apply 
P and W at the circumferences of 
circles or wheels, with common centre 
F. Tims we get the wheel and axle, 
or ca))stan (tig. 66), of which the 
mechanical advantage is, os liefore, 
the ratio of the distance of P from 
the pivot to the disUince of W from 
the pivot — that is, the radius of the wheel divided by the radius 
of the axle. 



Pig. ee. 


Combinations of Simple Machines. 

150. Ahy of these machines may be combined together, so 
that the resisUno^; of <»ne iiiaehitie constitutes the * effort ’ of the 
next, and the mechanical mlvtuitage of the comhiriation will be 
the pnxluct of their separate mechanical advantages. 

Thus three piilley.s are shown combined in fig. 67, and the 



FIf , «7. 


mechanical advantage of the combination is 9 x 12 x 2, or 8, if the 
pulleys are weightless. If W is raised one foot, P must rise 
eight feet. The whole pull on W is here the pull of the beam 
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al>ove plus P; hence the pull on the beam is W - F. The arrange- 
ment may evidently be turned upmdo down, so that the beam 
liecoines the weight, and the weight the beam (fig. 68). lu this 
case the weight supported is less by P than it was in the former 
case. Fig. 67 used often to be referred to as the first system of 
pulleys, and fig. 68 as the third. 

If the weight of the pulleys is not small enough to be neglecteil, 
call them ?Cj, tCj, &c., and consider fig. 67. The lowest pulley is 
attached to the weight, and rises at tlie same rate as it does ; tlie 
second pulley rises at twice, and the third at four times this 
speed. Now, if any weight w l)e raised a height A, the work 
<lone is wh : so if W is mised one foot, 

W + M*i + 4 m?3 

represents the whole work done by P, in moving through a 
distance of 8 feet, that is, by the expenditure of 8 P units of 
|K)tential energy ; hence, in general when there is ecjuilibrium, 
the mechanical advantage W : P must l>e determined from the 
equation, 

2'»P=rW + M?i+2a>3-f4tr3+ .... 

if there ai*e « pulleys. This e(|iiation expresses the fact 
that the algebraical total of the work done is nothing ; or, if we 
choose to ]mt it so, that the common centre of gravity remains 
fixed in position, or at any rate does not rise or fall. 

The only one of tlie old-fashioned systems of pulleys frequently 
eniployetl for hoisting is what was called the second system, 
where there are two blocks of pulleys, one attached to the weight, 
and the other to the beam ; and where the same rope passes 
round all (fig. 69). The inechanical advantage in this case is 
simply equal to the number of strings supporting the weight : 
which in the figure happens to lie four. 

I5I. A combination of levers is sometimes used, but more often 
for the purpose of magnifying small motions than for exerting 
great force ; that is, for increasing the factor s in the product 
work at the expense of the factor F. In fig. 79 the motion of 
the screw is magnified, the pointer describing a considerable arc 
for one turn of the screw ; sig; ;h an arrangement is sometimes 
employed for measuring expansion of a rod by heat, as in the 
so-called Ferguson’s pyrometer: the screw-support being there 
moved far hack, and the rod inserted hoiixo'ntally between the 
screw and the lever. A screw alone may be regarded as a 
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combination of a lever and an inclined plane, the inclined plane 
bein^ eoiletl up into a 8piral or screw-thread (fig, 71), For 
every complete revolution of the lever, the resistance is over- 
come through a distance e<pial to that l»etween the spires 
of the screw-threads; hence the mechanical advantage of a 
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screw-press is tlie eircuiiiference of I lit* circle travel setl by 
the force applied'^t right angles to the lever, dividetl by the 
* pitch * of the >M‘re\v ---that Is the di^^tanee lietween its successive 
spires. Wheels and axles are usually comldnetl by means of 
cogs, as is well MM*fi in the whe^d work of a clock. 

A pulley is often used in conjunction with a ca|>stan, the ro|Ki 
imssing round a pulley attached to the weight, and the mechanical 
tulvantage of the capstan l»eing thereby tlouhled. Moreover, the 
free end of the rope, instea<l of Uung rigidly fixed, may l»e coilefi 

toiind another smaller axle with the 
same centre F, so that its tension 
shall liclp the force F (fig. 7*2). By 
this means the mechanical advan- 
tage can lie increased to any desired 
extent, for the weight is now wound 
tip only Itecanse the <;prd wraps 
itself on to one, the larger, axle 
faster than it unwraps itself from 
the other smaller axle ; and the two 
* axles may Im as nearly the same 
stxe os one pleases. The mechanical 
a4lv;>!|tage U the rmlius of the wheel 
(or the length of P's arm) divided 
by the dtfiTerence of the radii of the 
two axles, the whole being multiplied by two because of the 
pulley. 
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One of the luoftt useful forms of pulley block, the * Weston * or 
diflerential pulley, dei^ends on this principle. It is shown in 
diagram and in actuality in fig. 73. An endless chain is em* 
[iloyed, and the wheels have teeth or ridges grip- 
ping links to prevent slipping. The two wheels ai-e 
of unequal size, and when the chain is pullefl, one qf 
its loojw increases in size and the other decreases, 
so the weight can be hauled up. Its mechanical 
advantage is twice the radius of the big wheel 
divi<le<l by the differertce of radii ; or, what is the 
same thing, twice the number of tectli in the big 
wheel divided by the number of its teeth in excess 
of the smaller one. Kut as the^ teeth dilfer in 
number u.sually by one only, the mechanical 
advantage is usually simply twice the number of 
teeth in the bigger wheel. It is a convenient 
feature of all machines with a great mechanical 
advantage that the friction is able to sustain the 
load without any applied force. 

A wheel and axle may be combined with a screw, 
m show'ri in the contrivance of fig. 74. When 
the handle is turned, the screw-thread on its axle 
sends the cog-wheel forwanl one tooth for every 
revolution. Such a screw, wliich itself does not 
advance in a nut, but which merely rotates in ^ 

ordinary bearings, is called an ‘endless* screw\ 

If / is the length of the handle arm, n the number of teeth in the 
wheel, and r the rmlius of the axle on which the rope winds itself, 

the mechanical advantage of the w^hole macliine is or 

152. To drive a raachino an agent must expend energy 
upon it, and its rate of expenditure of energy is called its 
‘[>ower.** But when the agent is inanimate (like running 
water or compressedT steam), its utilised power is often 
spoken of as the power of the machine driven by it The 

* Or somet(me)» iU odtvify. Thd ^ord * power* is frequently used to express 
Uio ttmxlinittn scUvlty of which «ii ougitie is capable ; the actual power at any 
instant is best called IU * activity,* fbr an engine of 30 horse-power may be idle 
sometimes. The use of the term * power* to denote a fbree applied to a lever 
is simple misuse, and can only be tolerated as an old*hMfiiioiied uaiqre. 
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poicer of a machine, then, means its rate of doing m^rk ; in 
other words, it equals the work done in any short time 
divided by that time — so many foot-ix>undal8 per second. 



fig.T4. 


A machine Ls said to have one ‘ horsf^qnover * when it can 
do 17,600 units of work eveiy st?cond ; which is c*qnivalent 
to raising 33,000 lb. of matter one fcxd high against gravity 
every minute. 


EXAMPLEB-XTX. 

(1) Apply the principle of * virtual vehKrities' to detennine the 

condition of e<|ai}tbrinm of a bqjjy resting on a rough 
tnciineti plane. 

The prindple It thst. If the body recelvee e flight dlMplacement, the 
total w<Jtk done tnuet be lero. The Itmitiiig ccmdtUoti rennired l« given 
infix. XVtII.<3XCh»p. Vllt. 

(2) Show that a body on a plane tilted to Uie * angle of repose ' 

(see sect. ] 15) is on the point of sliding. 

(3) If a htuidredweight be hong on to the hook W in 6g. 67i 
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what force P is required to support it, the pulleys being 
weightless ? 

(4) If each pulley weighed 4 lb., what force would be necessary? 

(5) In fig. 68 show that if the pulleys are weightless the 

mechanical advantage is 7 ; but that if they each weigh 
^th as much as the weight, then the mechanical advantage 
is 81. 

(6) If, in fig. 69, W=20 lb. and P=6, find the velocity of W when 

it has risen one foot, neglecting friction. 

(7) Find also the accelerations of W and of P, and the time 

required for P to descend 16 feet. 

(8) Find the correct position of the weight W in fig. 68, so that 

the rod on which it hangs may be horizontal. (The figure 
is not quite conect : the load has to be nearer the string 
with the greatest tension.) 

(9) If four men, each pushing with a foiee equal to 1 cwt., act 

at the ends of cai>stan bars 5 feet long, and Wind a yope 
about an axle 8 inches in diameter, vdta*: weight anchor 
can they raise ? 

(10) Find the tension in a light flexible rope which is passed 

round a single movable pulley supporting altogether 
20 lb., the free end of the i-ope passing over a fixed pulley 
and bearing a load of 12 lb.; and find the acceleration 
upwards of the 20-lb. weight. 

(11) What is the greatest w’eiglit a man of 12 stone can i-aise by 

means of a Weston pulley block (fig. 73) if the wheels 
have 12 and 13 teeth respectively? If tlie friction is 
Cipiivalent to ^th of the load, what weight hanging on 
the cliain will raise a hundredweight load 8U8[)ended 
on the movable pulley of the aliove system, and what 
weight hanging on another part of the chain will 
lower it? 

(12) In the fimt system of pulleys, with 3 equal movable pulleys, 

a small weight of 7 lb. is found able to balance a large one 
of 49 lb. Find tl^ weight of each pulley and the tension in 
each string. 

(13) In the first system of pulleys^ with three equal movable 

pulleys, au eflfort of 90 just supimrts 146 Ib. Find the 
weight of each pulley, tiie tension of each string, and the 
pull on the ceiling. 

(14) In tlie fimt system of pulleys, with four equal movable 

pulleys^ a foroe equal to the weight of 20 llx suffices to 
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support 245 lb. Calculate the weight of each pulley and 
the tciiHion in each string. 

(15) If a weight of 5 Ih. drags up a weight of 8 )b. by means of a 

single movable pu!Iey» calculate the tension in the cord. 

(16) A weight is to be lifted by means of a system of pulleys of 

the secoiui order : a block of two pulleys is fixed to the 
weight, and a rope is carried from an upper fixe^l block 
of two pulleys round one of the lower pulleys, up round 
one of the fixed pulleys, then through the second lower 
pulley and the second iip}>er pulley, and, finally, to the 
horizontal axle of a windlass tixed to the ground. The 
diameter of the axle of the windlass is 3 inches, and the 
length of the handle 18 inches. Find the ratio of the 
weight (including the lower block) to the elfort necessary 
to lift the weight ; and find also the numlier of turns of 
the windlass re<ptbite to raise the weight 22 feet. 
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CHAPTER X. 

ON PB0PERTIE8 AND STATES OF MATTER 

{Ritdiuicnls of ElwsUciUjt and Introduction to Fluid Mechanics^) 

153. The particular kind of effect which a given force 
will produce in a given piece of matter when it (l(x*s work 
on it, deiKUida not on the nature of the force^ for foiccs can 
only differ in amount and not in kind, hut on tlie natuie of 
the matter. Matter exists in various statojj, and has very 
diffeivnt iin)pertie8 in each sUite ; and though the principal 
effects of work, or fonns of enei^ 7 , may l)e summed up, 
as stated in the Intmduction (sect 5), under tlie heads 
Motion and Strain, yet the kind of motion and the kind 
of strain piHMluced in <liffei’ent sorts of matter may he very 
different; ami we must now pr<H*eed to consider briefly 
s<mio of the ])oculiar jjrojierties possessed by matt^^r in its 
different sUites ; ineiiiaand aj)|Kiivntly gravitative attmetion 
Ixung proj)ertics common to all. 

154. Hitherto wc have only considered matter in a rigid 

fom insusceptible of stmin, but it is time now to summariBe 
the most fundamental facts connected wi^i the intHluction 
of stmins in non-rigid matter by the of foifcs. 

Strain means either change of size or change of shaj)e. 

Change-of-size strain is aiUed Oompression or Dilatatioii, 
and the active resistance of matter to it is called Elaaticitsr 
of Volunie, or IncompressKfUitF. 

Change-of-siui])c strain is c«Uled DistorUon, and the active 
resistance to it is called Elasticity of Figiire, or Rigidity* 

The adijective * rigid’ is applied to all bodies wliieh 
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Htrongly resist awy kinJ of straiji ; but tlio term ‘rigidity* 
is ustni to denote the measure of the resistance to change 
of ehape^ while the term ‘ ineoiupit?ssibility * itjpreseuts tlie 
measure of the resistance to change of size, 

155. Ikxlies with high rigidity arts called Solids, nic 
incom])ressibility of solids such as india-rublicr is much 
givater than their rigidity, and the stune is true in a 
nKHloitite degree of most stdids ; but with a substance like 
cork the i*everse is true. By thti tenn ‘rigid Unly* in 
prtivious chapU'rs, we have always meant a perfeeihj rigid 
solid. Sueli a solid it would l)e iiajM>ssible to strain by any 
tinite forces ; all its {nirticles would maintain their ndative 
f>«jsitiuns unchanged, mdess the Ixxly were broken — for this 
would l^e possible ; [Misrfectly ritjul <bx3s not mean }w?rfcctly 
sittnnj. 

Such a solid d(x»s not exist, though it is apprt)ximated to 
by nxks and metals. All actual solids aif< (*a{)able of bcung 
strained — that is, tliey all yield somewhat to the action of 
oxtenial forces applie<l to them ; and they are. divide^l into 
two extn^me chesses, accoitling to the way in which tlu\y 
yield. 

llicy may yield (idiv4*iy ; the Hinm exerted hy tliidr 
j>article.s in op[xxjition to the <listoriing force continuing 
constant, no matter how long tliat force is applied, and 
ly^storing the Ixj^ly to its old sluiixs the instant tlie disU)rt- 
ing force is removed, wdtliout the lea.st jjertnaneni strain or 
set; in which case they are called j)er/ectly elastir. Glass 
and steel are practically so. 

Or they may yietd jsissively ; passing mto any shajie 
without exerting any emtlnuons stress in o)>position to the 
distorting forces, and therefore not recovering their form at 
all when th^ forces are remcwod. In tliis case they are 
(mlled p^rfiictly plaatio or indastic ; putty, wet clay, and 
dough are practically so. 

Moat solids (strictly speaking, aU existing ones) lie between 
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these two extremes ; they have a certain amount of elasticity 
coinhineci witli a certain amount of plasticity « partly yielding 
permanently and partly springing hack ; as you see at once if 
you hend iron, wood, paper, &c. 

166. A gixjat numl)er of things are elastic when the 
distorting forces are small, but exi)erience a ‘set' when 
they are too great These are said to be elastic Ijetween 
certain limits, called tlie limits of elasticity. If strained 
alx>ve those limits, they ai*e mora or less plastic, and if still 
more strained, they are tom asunder or broken. The 
greatest longitudinal stress (sect 160) Avliich a material 
can boar is called its tenacity. 

157. When a solid is strained, l)oih its elasticity of volume and 
its elasticity of figure are generally calle<l out, for b^tli size and 
shape usually change. For instance, if you stretch a piece of 
india ruhl)er, it alters greatly in 6ha|>e, huf it also expands a 
little. The strains practically produced in solids may 1>e con- 
veniently considered under the heiuls of~(l) longitudinal elonga- 
tion or comprafwion ; and (2) sktar. 

The first is produced wlien a rod is either stretched or squeezed 
lengthways by a simple traction, and the elasticity involved is 
called longiiudinal rigiditg^ or frequently Young's modnlm of 
elastkiig. 

Shear is produced by couples, as when you twist a rod or cut 
anything with a pair of scissors. It involves tiie sliding over one 
another of parallel planes in the liody— thus a book is sheared 
when its top cover is either pressed sideways or turned round, 
while its lower cover is held still. The sliding of the parallel 
planes (or leaves of the book) is then well seen, especially if you 
use a thick book like a London Directory. There is in a pure 
shear no chnnge of size, only of shape. The elasticity involved 
in a shear is called torsional Hgidity^ or simply rigidity* 

When a beam is lient, say by a weight resting on ibi middle, 
its lower or convex surface is elongateil, and ito upper concave 
surface is eompiessed, hence longitudinal rigidity only is called 
out ; unless indeed its hortiOES^fai planes slide over onp anotlier to 
some extent, in which case simple rigidity will also lie brought 
into play. If you bend a book, you will see that the leaves 
slide. 
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158. All resistances to strain are includoil under the 
geneml name EListieity (the term elastic having a slightly 
dillerent meaning from elmticitf/, just as lias from 

ritjidiii/y 

A Ixxly wliich exerts a gmit 8tit>s8 when subject to a 
given stniin, is said to have a high elasticity, but if a small 
stress, a low elasticity ; in fact, elasticity is defined as the 
ratio of the strass called out to the strain which calls it out; 
or shortly, 


elasticity ~- 


stresa 
strain ^ 


or what is the siimo thing, the elmtintt/ af a Itodtj is mean- 
ur*^d la/ the stress called otd in it htj unit strain. * Stress * 
is hen? shc>rt for pressure or tension per unit area. The 
fact that th(‘ alH)v<,^ ratio is constant is called Hookers Law. 

159. Tlie hind of elasticity dejamds on the nature of the 
strain ; if it is simple iiilaUition or compression, the ratio of 
the stress to the strain is elasticity of volume; if it is a 
linear elongation or contnurtion, the ratio is Ymmfs modu- 
lus ; if it is a twist or sliear, the ratio is simple rigulity ; 
and the most general kind of strain that can iK)ssibly bo 
given to a lK>dy can lx? coinjKnimlcfd of these three elements, 
or can lie resolved inb? them. 

Moit»over, a shear may lx? analyscxl inb> two longitudinal 
strains, a stretch and a squeeze, at right angles to one 
another ; similarly a shearing sin^ss may lx? rcsolve<l into a 
pressuni and an equal tension jieiqiendicular to it. - 

160. Strain is always measurwl a-s a ratio ; the ratio of 
a change to an original. The first fwirt of strain, simple 
change f>f size, is lx?st illHstmtcd by gasi?s. 8c?e Cliapter 
XIIL, Part il This strain is measured as the ratio 

The second jtind, or longitudinal strain, 
onginal yolume ^ n 

is meastired fey the ratio of the change of length of a rod to 

the original length, Tlie thinl kind, or shearing strain, is 
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measured by the angular contortion of the body in a direc- 
tion lying at 45"^ to the shearing stress. 

Stress is measured by the pressure or tension per unit 
area — for instance, the force applied to either end of a rod 
divided by the area of the cross section of the rod. 

161. Notice that elasticity is measured not by the ratio 
of distorting force to strain, but by the ratio of inteniat 
stress to stniin ; for a Ixxly may be quite inelastic, and yet 
i-equire a considerable force to distcj^rt it. You would find 
it haid work to flatten out or to punch a hole through a 
mass of wet clay, for instance ; but no active internal stress 
would be exerted capable of restoring the body to its old 
shape when the <listorting force was removed — the resistance 
would have l)een produced by friction between the different 
parts which have slid over one another, and friction, we 
know, is a passive forc^e which can destroy motion, but can 
not generate it. 

Such iKxlies as thee(? then, though plastic^ are viscous — 
that is, there is friction l)etween their juirticles, so that 
eneigy is converted into heat when they are distorted. 
Elastic bodies also may be viscous — that is, there may be 
stune friction between their particle>s whenever shear or 
sliding of parts occurs. Even steel is very slightly viscous, 
ami when lx5iit Ijccomes infinitesimally wanner, otherwise a 
tuning-fork in vacuo could go on vibrating for ever. 

162. ^Matter, however, is known to exist in a perfectly 
])lastic state, which is not viscous at all, but limpid; and in 
this state it is termed fluid, A perfect fluid is a body with 
zero rigidity and zero viscosity — in other words, it has in- 
finite plasticity and infinite limpidity. No force whatever 
is required to alter its shape, but it takes the shape of 
whatever vessel contains it^ Many actual fluids come very 
near to this, but they all have more or less trace of viscosity. 
Ether has a little less than water, while oil has more, treacle 
lias more than oil, Canada balsam stiU more, and pitch ct 
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«ea]ing-wax a gnwt tltml — so much that it is practically a 
solid except for very Iong>eontinued forces. The only 
elasticity jx>8sessed by fluids is elasticitf/ of volume; in 
other words, no pennanont stress is called out in them by 
any strain except simple expansion or contraction. 

163. All fluiils are perfectly clastic as regards volume — 
tliat is, they all regain their size perfectly when the com- 
pressing stress is removeii. Nevertheless the values of their 
elasticities vary veiy much, for some are nearly incom- 
pressible, while others are readily compresseii; and they 
are divided into two great groups on this ground* 

Tim gnmp of fluids which have a very high volume- 
elasticity, or are nearly incompressible, are termed liauids 
— type, water. A jmferl lupiid might l)e defined as an 
incompressible perfect fluid* 

The other or tompn^ssiblo group liave an elasticity not 
depending on themmdvcs at all, hut simply the pressure 
to which at the time they are subject — the elasticity lieing 
proportional to the j>ressuro ; these are termed gases — tyj^e, 
air. From this it follows that the volume occupied by a 
gas also dei)ends, not upon itself, but U}>on the pressure to 
which it is subject. Gases in fact take not only the shape^ 
as all fluitls do, but also the size of their containing vessel, 
no matter how laige this may be. 

We may sum up sliortly thus ; 

Solids have Iwth size and shape. 

Liquids have size, but not shape. 

Gase.s have neither size nor sliape* 

Matter exists in all kinds of states, some approximating 
closely to one of these three ^pes, otliers lying between 
them and parsing almost ir^nsibiy from one type to 
another. 

164. The only forms of matter which can be treated in a 
simple manner, liesides perfectly rigid and perfectly elastic 
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solids, aro perfect liquids and perfect gases; and also 
ordinaiy liquids and gases when at rest It remains now 
to see what sj^ecial mechanics is necessary for matter in 
these two fluid states. ^ 

The special mechanics for liquids is called Hydro- 
dynamics ; the branch of it treating of liquids at rest being 

Hydrostatics. 

The branch of hydrodynamics relating to liquids in motion, 
or Hydroldnetics, is not an easy subject, tliougli it is a 
profoundly instructive one. The practical ai>pIication of 
liquids in machinery is called Hydraulics. 

The si>ocial mechanics for gases is called Pneumatics, or 
sometimes AercKlynarnics. 

165. The essential difference between the mechanics of 
solids and the mechanics of fluids is based ‘upon the 
different ways in which they tmnsmit pi*c^afeure. Thus, take 
a rigid stick shinding on the ground, and press downwards 
u{M>u the upiwr end of it; the pitissure is transmitted 
unchanged to the other end, which therefore presses the 
ground with an equal force ; but not the slightest pressure 
is exorted sideways, say against a tulie suiTOunding and 
fitting the stick. But place some liquid in a closed tube, 
and press one end of the liquid with a piston ; then, though 
the pressure is still transmitted to the other end, it is also 
transmitted sideways to every part of the tube just as 
much ; and, moreover, the force exi)erienced by the closed 
end of the tul>c is not now necessarily equal to the force 
applied to the piston, unless the area of the closed end 
equals the area of the piston ; if the ai*ea is greater, the 
force transmitted is greater, and if less, less. Every iK)rtion 
of the surface of the tube which exposes to the liquid a 
surface equal to the area of the piston, experiences a pres- 
sure equal to that exerted *By the piston ; a fact which is 
briefly expressed thus : 

Fluids transmit pressure equally in all directions. 

N 



210 BIJBMKKTARY MECHANICS. [sECT. 165, 

This is entirely ])ocaiise of their plasticity, or the perfect 
mobility of their j>articles. Tlie str\ietin*e of a liquid might 
be imitated roughly by a number of exceedingly small well- 
oiled shot. A bag full of such shot, if compressed in any 
way, would exj>erience the pressure in every part of it. 

EXAMPLES-XX. 

(1) A wire of sectional area 1 square tnillinietre and 1 metre long 

is stretched 3 iiiilHinetres by a load of 6 kilogrammes. 
What is the Young's inotlulus of its material ? 

(2) What stress would lengthen the alwve wire I millimetre? 

(3) What sti^ess would lengthen a wire 1 per cent., if its 

Young a modulus is E ? 

(4) What 8tre».s would shorten a l>ar three parts in twelve 

thousand, if its Young’s modnltis is E? 

(5) What load on a vertical iron roil 1 inch square would shorten 

it by one-tht/tisaiidih of its length if tlio Young’s modulus 
of Iron is 1 million atmospheres? 

(6) If a linear thrust of 60 tons {>er square foot diminishes the 

length of a bar by a tenth per cent., and its volume hy a 
twentieth per cent, how much must the ro<l have tem^ 
porarily increased in diameter during the thrust? 

(7) With the aliove data, how much diminution of volume would 

you expect if the bar weresubjectetl to a uniform bydraulic 
pressure of 60 tons to the square foot all over its surface? 

(8) What then is the cubic compres-sibility of the bar? 

(9) What is the incompressibility or volume ehuaticity of tbe 

material of the alK)ve l>ar ; also wbat is its Young’s modulus ? 

(10) The volume elasticity of sea-w'atcr is about 20,000 atmo- 

spheres. How much compressed ifi*^it at a depth of 150 
times 34 feet, or say a mile ? » 

(11) How much would an ocean, two miles deep, rise in level 

if its wator became incompressible an<l resumed its 
Burface density ? 

(12) 1/ atmospheric air is squeezed one per cent, by the hundredth 

of an atmosphere applied for some time, what is its slow 
elastlcfty? 

(13) If the same air is sqneezetl quickly by the same pressure, it 

only shrinks at the first instant Bve sevenths of one per 
cent : wbat is its quick elasticity? 
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CHAPTER XL 

ON THE PSESSUBE OF OBAVITATINO LIQUIDS 
AT BEST. 

(Hydrostatics* ) 

166. Wo concoive a })erfoct liquid as an incompressible 
fluid, that is, a Ixxly all whose particles are capable of free 
motion among themselves without the slightest friction, 
who8(} sliaiie therefore is wholly indefiiiite, but wdiose 
volume it is impossible to change. Water is an imperfect 
liquid, partly l)ecause it is slightly compmssiblc, but prin- 
cipally l)ecause it is slightly viscous — tlmt is, liecause its 
l>articles exj^erience M-hen they slide over one another a 
certain amount of n^sistance analogous to friction, called 
viscosity. 

Hence it is that a basin full of water which has been stirred 
round and round and left to itself, will after a time come to rest. 
The energy of motion will be wasted by ‘ friction * against the 
wet sides of the vessel— that is, it will be expended in warming 
the water. But because the friction is very small, a particle of 
water can travel against it a long way before its energy is ex- 
pended— that is, before the ^vork done, F^, is equal to the eneigy 
to be got rid of, ^ mv\ 

167. The friction due to viscosity differs from ordinary 
friction in that it depends very greatly on the speed of the 
relative motions ; it seems, in fact, to be about proportional 
to the square of the velocity," and as the velocity vanishes, 
so does the viscosity-friction. The properties of water, or 
any other actual liquid in moHon^ are therefore very dif* 
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' ferent from tluxso of tho ideal perfect liquid ; but wlien 
water is ai re**/, there is no friction among its particles, 
their n^aotions are all normal, and its l>ehaviour is then 
identical with that of the perfect liquid. Hence it is that 
the mechanics of liquids at rent (even such liquitls ns 
treacle) is so simple ; the simple laws of the })erfect liquid 
are a[>plicablo to them, for their viscosity does not come ii)to 
action. 


Pressure of Fluids in General at Best. 

168. The gcneml law of pressure common to all fluids, 
and following at once frt>m tho mobility of their particles, is 
that they act like iw^rfectly smooth bodies (of. sect. 116) ; or, 

The pres.sux 3 B of a fluid at r«\st is always ixjrpendicular to 
every surface ouVhich it acts. 

For if the reaction of tho surface had any component 
alon{f it, it would 1^ able to move the fluid, which w'ould 
therefore l)e not at rest. 

A second genend law may also be stated thus: If a 
pnjssure is a{)plied to any area of tlm surface of a fluid in 
a full closed chaml)cr, that name pres.sure i.H transmitted to 
cveiy [K>rtioii of the walls of the 
c}iamlK*r of e<{ual an^a (sect. 166). 

Tints imagine a closed cistern quite full 
of water, witli tubes or cylindSrs let into 
the sides anywhere, and plungers or 
pistons, Af B, 0, D, fitting these tubes 
quite freely, but yet water tight (fig. 76); 
and let A have an area of 1 square inch ; 
B, 2 square inches ; C, 3 ; and D, 4 square 
inches. Ilow push A in with a force say 
of 20 pounds- weight ; every square inch of the interior surface of 
the cistern will experience this pressure, and therefore B will 
experience a force of 40, C of 00, and D of 00 pounds- weight. Of 
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the three larger pistons, let D be the only one free to move, and 
let a constant external load of 80 pounds be applied to it ; then 
if A is pressed in \^1th a load the least exceeding 20, D will move 
out and raise the 80 i^ounds. But it would only move ^th as fast 
as A. This is evident ; for suppose A were pushed in 1 foot, it 
would throw 12 cubic inches of water into the cistern, and this 
water would go into the cylinder of the piston D, if that were 
the only part of the walls free to move ; but as this cylinder is 4 
s<|uare inches in area, the 12 cubic inches of water would only 
cause D to move out 3 inches, the quarter of a foot. In other 
words, the work (F^) done by the piston A, 20x 12, is equal to 
the work done upon the piston D, 80 x 3. 

So that we have here simply a machine subject to the univei*sal 
law of machines, that * what is gained in force is lost in speed ; * 
and there is no gain of energy in a hydraulic machine any more 
than in any other. 

The machine just described, put into a working fomi, is known 
as the hydiaulic or Bramah press (fig. 76).^ It consists funda- 
mentally of two cylimlers of different sizes, with pistons or 
plungers fitting them, and a pipe connecting them. Water fills 



Fig. 76.-*HydxauUc Press. 

both cylinders, and the mechld^lcal advantage of the machine is 
the ratio of the areas of the two pistons A : a, so that a 501b, 

A 

pressure on the small piston balances 50-**lb. <m the large one. 
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The liquid acts only as an incomprebBihle plastic iiiediuiii for 
transmitting pressure. For a fuller account of the machine, see 
Ganot or Deschanel. 

169, So far we have supposed the pressure to be produced 
only by pistons wliich endeavour to compress the liquid, 
but it is important to consider also pressures <lue to the 
weight of the lii[uid. Every particle of a liquid is attracted 
to the centre of the eartli, and will tend to get there by 
percolation iinlevss prevented by l>eing enclosed iix some 
vessel with inqKjrvious sides : in other words, wahn* must 
be kept in non-porous vessels. The ves8<d, however, need 
not have a lid, for a liquid occupies an unchangeable 
volume, and therefore may have its upi)er surface free ; it 
keeps at the l)ottoTn of the vessel as the neamst accessible 
position to the centre of the earth. Ilut it will press on 
the lx)ttom ahd'hidc.H of the vessel with a certain force 
which will always l>c normal to those surfaces, and whose 
magnitude we have now to consider. 

Pressiure of Liquids due to their Weight. 

The first simple law is that the upi)er or free surface of 
a liquid at rest is horizontal; that is, is normal to the 
verticed force of gravity on each particle. Such a surface 
is said to l)e levels and it is practically flat or plane, because 
the forces on the several i>articlcs are practically parallel. 

Inasmuch, however, as thef»e forces are not really parallel, but 
intersect at the centre of the earth, the level surface of a liquid 
at rest is not really plane, but is curved round the centre of the 
earth ; in other words, it fonns part of a sphere with the radios 
of the earth as its riUliofi. The ourvature is too small to be 
appreciable in a bucketful of water, but it is apparent enough in 
the ocean. 

Another law, that the pressure of a liquid varies directly 
with the deptib^ is what we must now establish. 

170. Consider a cylindrical bucket with a flat bottom, 
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filled with water ; the base of the vessel has to support the 
whole of the water, as if it were a rigid mass slipped into 
the bucket with its sides well oiled. Fur although certainly 
the sides are pressed, and therefore exert reactionary 
pnsssure on tlie water, yet they, being upright, press it 
horizontally only, and so can have nothing to do with 
sustaining its weight. The pressures of the sides simply 
maintain the sha|>e of the water in opposition to the force 
of gmvity, wliich tends- to flatten it out. 

The pressure on one side is equal and opposite to the pressure 
on the other, and therefore there is equilibrium, unless part of 
one side be reniove<l by boring a hole through it. In that case 
the water will flow out, and the unconq^ensated pressure on the 
side opimsite the hole will force the vessel bodily along in a 
direction opiK>sed to the stream of water. This is the principle 
of Barker’.s mill, turbines, Catherine wheels,, rockets, &c. See 
Deschanel, page 92 ; or Ganot, sect. 193. 

In an upright cylindrical vessel, then — that is, any vessel 
wdth vertical sides — the pressui'e on the base is equal to the 
whole weight of water contained in the vessel. But the 
cubic contents of a cylinder are obtained by multiplying its 
height by the area of its Ixiso always, whether that hose be 
round or square, or any other shai^c ; and the weight of 
water a vessel can contain is, of course, its contents in cubic 
feet multiplied by the weight of each cubic foot. Hence, 
the pressure on the base of an upright-sided vessel A square 
feet in area, filled to a height of h feet vdth a liquid of 
which a cubic foot weiglis s lb., is in lb. weight, P =sAA, 

Thus, suppose an oblong-baseii plane-sided cylinder (also called 
a pristn) with base 10 inches by 5 inches, and height 15 inches ; 
the contents would be I0x5xl5«s750 cubic inches, and the 
pressure on its base when full of water would be the weight 
of 750 cnbia inches of water ; which happens to be about 27i Hk 
weight. ** 

171. If we are speaking about water, this s is often written ic, 
meaning the weight of a cubic unit of watei^ just as it might be 
written iw if we were speaking of inercuiy** Whether ic stand 
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for the weight of a cubic inch, a cubic foot, or a cubic centi- 
metre, is wholly iiuniaterial, lieiug only a matter of custom or 
convenience ; only we imi«t keep to one unit all through. Hence, 
we use the word, a cudic untf, m expressing the cube of whatever 
arbitrary length hapj>en« to i>e taken as the luiit of length in 
other [>arts of the Ixxik, or question, or problem umler con- 
sideration. 

A cubic f(K>t is fonnd to conttun 62*33 lb. avoirdu|x>is of water, 
which is not far olF 1000 ounces. 

A cubic inch con tain.s the lA^fh t)art of this-' namely, 252^ 
grains. 

A cubic centimetre contains one ijrmnme of water ; anti this is 
one reason why the Frencli system of weights founded on the 
gramme makes calculations simpler : the unit of mass, or unit 
quantity of matter, is dettned as that of unit volume of water. 

Mercury is 13*6 times as heavy as water. Hence 1 cubic inch 
contains about WsY ounces of mercury ; and a cubic centimetre 
13*6 grammes. . 

172. 8uji[M>He now that, insUwl of a cylindrical vessel, wc 
consider a conical one, set up like a 
tumbler, with the. wider end upjwnnost: 
then the pn‘Simrt^ on the sides, l)eing still 
[wupendicular to tfieni, is no longer hori- 
zontal, but has more or less of a vertical 
comiMiuent iw well as a horizonUil one ; 
hence, we can no longer say that the pres- 
mte on tlie l>ase is the whole weight of water in the vcasel, 
for the sides may and do support some. 

flow' much the sides support, and how much the base, may be 
reaiUly seen by imagining an infinitely thin circular dnnii of the 
same diameter as the base of the vessel to be let into the water, 
assltown by the dotte<l lines’ (fig. 77). Or yon may suppose a 
.thin circular drum of the liquid to freeze or become rigid, as 
indicated by tfm dotted lines. 

The pressure across the walls of this Imaginary dram is hori- 
zontal ; and inside the dram we have what is equivalent to a rigid 
blinder, with well-oiled sides, resting on imd entirely supported 
hy the base (just as we had in the cylindrical vessel) ; while 
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outAide we have a ring sliaped mass of water which is not sup« 
ported by the base at all, and therefore must be supported by the 
sides. It is, in fact, supported by the vertical component of the 
pressure of the sides, and therefore it has nothing to do with the 
pressure on the base, which is wKh as liefore. 

So also, if we turned the conical vessel the other way up, with 
the wide end as Imse ; the pressure on the base would then l)e 
greater than the whole weight of water in the vessel, because of 
the vertical component of the pressure of the sides, whicii now 
acts downwards. And, as the pressure of the water on the sides 
would, if the sides were removed, 1)C able to sustain the ring- 
shape<l moss of water completing a drum set up on the base, it 
follows that the whole pressui-e on the base is still the weight of 
a volume of liquid filling a cylinder whose base is the actual base, 
and whose height is the height to which the vessel is filled ; or 
again, wkh as before. 

Notice i);irticularly that none of this reasoning is impaired 
or atlected if the sides of the vessel, insU^ad of being plane, 
an) curved or zigzag, or indeed any shape whatever, a>s in 
figs. 78 and 79. The preasure on the base is always simply 
«AA, or the w'oight of a cylinder of the given liquid with 



Fig. 78. Pig. 79. 


the given base as base, and the given height as height ; for 
the Imso 8up|>orts this cylinder, the sides support the rest. 

173. The vessel shown in fig. 79 is supposed to be 
flexible like an india'rul^$r tube, and its base can be 
turned into different positions as in fig. 80; but^ since 
liquids transmit pressure equally in all directions, the presr 
sure on it will not vary except in so &r as tiie bending of 
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the tube alters the height of the litjuitl in it The only 
difficulty is the knowing what point to ineasui’e the depth to. 
The pressure on the lower j>art of tlie huso is greater than 
that on the upper p<»rtion ; hut 
since the prfjssure is simply pit>por- 
tional ^to the depth, the avemgc or 
mean pn'ssure will Ixj simply the 
, pn^ssui*e at the average or minin 

V v^^'- — depth (comj)ai‘e avemge velocity in 
^ 8<»ct 23) — that is, the pressure 
at the mkhlle jx>int of the l>ase. 
Hence, the prt>s8un> on any surface 
of an?a A, imrnersK'd under a liquid to the mean depth //, is 
always sA/*. 

Tlie surface^ pj^vinly nee<l not form the base of a vessel, 
but may l)e immersed anyhow. 



Fii?. 80. 


Thti.s let » mrUngiilar piste 5 inches lotig by 4 inches brosd be imnteme^l 
slsiitingly ttmier wster, so that its up{>er edge is 8, and its lower edge 10 inches 
below the siurfsce. Then evidently iU mean depth, or depth of its middle point, 
is 9 inches; and the pressure on its snrtsce, being equal to wAh, 19x5x4x9 

»l8(hc=il80x ounces weight 

If the liquid had been mercury, this pressure would liaire been 13'0 times as 
great. 


To find the mean dcjith of a l)cnt or curved plato of 
irregular ahajHi requires calculation, and the calcidation 
required i» just the same as that which would l>c used to 
find the centre of gravity of tlie plate (indeed, tlie centre 
of gravity is the most middle point in a Ixxly); hence the 
mean depth of a surface is often si>oken of as the depth of 
its centre of graeitp. 

* So we get the jKfTfectly general result for liquids subject 
only to gravity : 

The total pressure on any plane surface whatever, due to 
the weight of a liquid under which it is immerseci, is its 
area, multiplied by the vertical depth of its centre of gravity 
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below tlie free surface of the liquid, multiplied by the 
weight of a cubic unit of the liquid ; 
or in 8ymlx)l8, P = $AJi, 

There is nothing more to ■'explain. This simple formula 

contains it all. 

174. Since the pressure of a liquid does not dei)end upon 
the quantity of tlie liquid, but only upon its depth, we may 
make a small quantity of liquid exert any pressure we please 
by putting it in a Jong narroAP vertical tube, and giving it a 
large aitja to press upon. 

Tliis is the principle of the * Hydrostatic Bellows ; * which con- 
sists of a pair of circular boards joined 
Avater-tiglit by corrugated leather like 
ordinary blow-l>ellows, with a long tul)e 
opening into the cavity l>etween the 
boards, the tube rising a gootl height, and 
tinisliing. off with a funuel. See iig. 81. 

A man may stand on tlie iip}>er board 
of the liellows, and raise his own weight 
slowly by simply pouring water down the 
tube. 

For if A be tiie area of tiie upper board 
of the bellows, and h its vertical depth 
Wow the surface of the Avater in the tul>e, 
all that is necessary to balance the man is 
that wAh shall be equal to or greater than 
his weight, say 200 lb. or 3200 ounces. 

Suppose A is a square foot, then to And Uie necessary height h to whidi the 
tube must bo Ailed, we have 10Q0xlxft»8200; or feet, a very raodemte 
height indeed. 

The man is, in fact, equal to a cylinder of water standing on A 
as base, and of height 3*2 feet ; for this quantity of water would 
be balanced by the column of Avater in the tube (see sect. 176 and 
fig. 82), and the board and man talce iU place. The man rises 
so soon as this imaginary cylinder of water is equal to himself in 
weight ; and it will be equal $o him in weight jost about the 
same time as it is equal to iRtn in bulk, for a man is just about 
able to float in water (see Chapter XIL)* 

Hence the averego eroM eection of a nrnn It equal to the area of the board of a 
hydrostatie beUowe, on which he would Jnat be eappotted by a ooluina of liquid 
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eqiial to hiuiself i» height ; for instuice, if hie height were 6 feet, autl his weight 
15 stone (liiO Ib.X his average cross section would t>e 'SO square foot^ or 80'04 
Mluare inches, because lUOOx '60x0»210xl0. 

175. Tlie total pressure on a surface under a liquid 
dejiends partly on itself — namely, on its area; but the 
pressure per mpuire inch of surface deiieiuls not all on 
itself, but on external conditions — namely, how deep it is 
immersed, and what it is immei'sed in : hence it is coii' 
venient to distinguish these, and to call the pressure per 
unit of surface the intemity of the pnisssure, and to denote 
P 

it by p, so that /> = course, p - »h. 

One often sjxiuks sinqily of ‘ the pressure of a liquid ^ at 
such and such a depth, without specifying the surface on 
which the jiressure is exerted ; for instance, the pressui’e of 
the ocean at a depth <if one huudre<l fathoms, and so on. 
In such C4us(\i the inteiu^ity of pivssurc is always meant, or 
the pressimi which would Ixj ex[H?rieuced by a surface of 
unit area if placed at that depth — that is, simply sIl 

The j>ressure of an iiicompn^ssihle fluid (or li(|uid) there* 
fonj varies directly ivith the ilepth (for h is constant); being 
nothing at the surface, and increjising uniformly as you 
descend. 

In so far as actual lapiids are slightly compnxssible, this 
simple proportion Ijetwcen <lepth and jiresaun^ does not hold 



Fig. 82. 


down to great depths ; the liquid there becomes denser, or 
heavier Intlk for bulk, and acconlingly ocean pressure in- 
creases rather faster than the depth. 
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176. When any number of communicating vessels are 
filled with the same liquid, the level of the liquid in all is 
the same. See fig. 82, 


For the intensity of the pressure at any point due to every 
column of liquid must be the same, or there could not be equili- 
brium ; and this pressure is proportional to the depth. 


Further, when communicating vessels contain different 
liquids which do not mix, the heights of the columns of 
liquid are.inversely os their specific weights. 


For take any two communicating vessels, say the two legs of a 
U tube, one full of mercuiy say, the other of 
water. Cull the area of the surface of contact 
of the two liquids (fig. 83) A, and let the vertical 
height of the surface of the water B above A be 
callcil A, while the vertical height of C, the 
surface of the mercury nl»ove A, is calletl ft ; 
then tlie pressure on eacli side of the area A 
must l»e the same, ns soon as there is e<)uilibrium 
and the columns have ceosecl to oscillate ; but 
the pressure on its up|>er side is icA/i, and on its Fig. 8S. 
lower, inAh\ hence %ch = mh\ or h : A' : : w : tc. 

Tliis method of balancing columns is employed to find how 
much denser a liquid is when cold than when hot, the two 
columns lieing purposely kept at different temperatures and tlieir 
heights measured ; and thus the expansibility of a liquid can lie 
measured without having any regard to the .size, shape, or ex- 
pansibility of the vessel containing it. 



Centre of Pressure. 

177. The whole pressure or resultant force on any flat 
surface under a liquid may be considered as com|.K)sed of a 
number of {mrallel forces — namely, the pressures on each 
individual small area of the surface; and all these parallel 
forces will have a resultala^ equal to their sum, passing 
through a certain point of the surface which is called the 
centre of the parallel forces (cf. sect 129), or the ^centre of 



223 SLKMBNTAnT MECHANICS. [SECT. 177. 

pressure/ For a rectangular area like a doek-gaU) this 
point is I of the way down from the surface of the water, 
because the pressure increases uniformly with the depth. 
Tlie position of the centre of pressure of an immersed 
surface corres{X)nds closely with that of the centre of 
oscillation of a sunnging Ixxly (sect. 81). If A is the area 
of a plane surface immersed vertically in a liquid, and O is 
its centni of oscillation wlich swinging alnnit the line where 
the plane, or the plane proiluced, cuts the surface of tlie liquid, 
O is the centre of pressure due to the liquid. In tlic case 
of a rectangular plate inimerstHl, with just one edge in the 
surface, is two-thirds down the plate. 


EXAMPLEH-XXI. 

(1) The small plunger or pttmpqnsion of a Bramah press is half 

an inch, and the large one is 8 inches, in diameter ; the 
pump is worked hy a handle 5 feet long, the fulcrum lieing 
one inch from the i>oint of attachment of the plunger. 
What is the greatest weight that a man of 15 stone can 
lift hy this machine if he sits on the end of the handle! 

(2) Find the pressure on the bottom and sides of a cubical vessel 

10 centimetres in the .side full of nle^cur>^ 

(3) Find tlie pressure on one side of the almve cubical vessel if 

half full of water an<l half full of mercury. 

(4) What is the pressure of water at a depth of 1020 feet! 

(5) A couple of hemispheres 1 metre in raclius are joinetl water- 

tight and placed in water with their join vertical and just 
submerged. What is the resnltant force holding the two 
halves together ? 

(6) Find the total pressure on the bottom of a tank 10 feet 

square, 5 feet deep, and full of water. Find the pressure 
on a side of the same tank. 

(7) A block, in the form of an isosceles wedge, 1 foot high and 

having a base 1 foot square, is imnierseti in water with its 
base horizontal and* uppermost at 4 feet below the surface. 
De&rmine the pressure, aoibthe vertical component of the 
pressure on each face. Hence show what must be the 
weight of ^te wedge so that it may just float 

(8) A doek-gate 80 feet square has 21 feet and 12 feet depths of 
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water on its two aides respectively. Find the resultant of 
the pressures exerted upon it by the water. 

(9) A tnangular plate is immersed vertically in water with the 
vertex in the surface and the base hoiizontal. The height 
and base of the triangle are each 8 inches. Find the 
pressure on a face of the plate. Find also the depth of the 
centre of pressure. 

(10) The above plate is immersed vertically with its base in the 

surface. Find the pressure and the centre of pressure on 
its face. 

(11) A cubical tank of 1 foot side is one- third full of mercury and 

two-thirds full of water. Find the pressure on one of its 
sides. 

(12) What is the pressure against one side of a cubical cistern, 

Avhen full of water, which will hold 200 gallons? 

(13) What is the preasure, in tons- weight per square inch, at the 

bottom of the sea where the Avater is two miles deep? 

(A cubic foot of sea- water a ntite deep wetghn about 65 lb.] 

(14) In a hydraulic press the pump-plunger is R cjdinder 1 centi- 

metre in diameter, and makes a, stroke 7 centimetres 
long. The plunger of the press is 20 centimetres in 
diameter. Taking the collar friction as a quarter the 
load in each case, calculate (a) the pressuie in the press 
when a load of 1 ovt. is applied to the pump-plunger; 
(^) the available force of the press-plunger; (r) the 
nuinlier of strokes which the pump must make in oixler 
to rai.se the press-plunger 10 centimetres. 

(15) Find the work done per minute (o) hy the operator, (6) hy 

the machine, if the al>ove press is worked at the rate of a 
stroke a second : the load on the press-plunger being as 
already calculated. 
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CHAPTER XIL 

FLOATINO BODIES {Hydrostatics cmitinmd). 

178. We 8hall now proceed to consider wliat hapiKjns 
when a 8uli<l is wlndly or partially imniei*sed in a liipiid. 
Most of what we shall sUxte will l)c tmo of fluids in geneml, 
but r<»ceivevS its most obvious illustration in the ca.st* of 
liquids. 

Wlien .toti di[) your haiul in the water, you displace some 
of the water iir <5ther wonls, a iK)rtion of space Udow the 
surface which was formerly occupied by water is now 
occupie^l by your hand. The volume or bulk of the waUu' 
displaced is, of course, equal to the vrdumo or bulk of your 
hand. 

All solids, then, wh<*n immersed either wholly or {>artially 
in a liquid, disjilace a volume of that liquid equal to the 
bulk of that part of them which is immersetl. This is 
perftjctly obvious. . 

179. Further, when your hand is immersed you can feel, 
if you attend, a certain pressure urging it up out of the 
water. This upward pressure is more apparent if you 
immerse your whole Wly ; indeed' the upwarl pressure 
is then so great as nearly to counteract the weight of 
your body altogetlier, consequently, in a bath you \voigh 
apparently next to nothing. 

This iipwtini pressure is what wc must now disctiss. 

Take an orlinary chemical t^t-tube of vety thin glass, 
and plunge it in water with the closed end downward. You 
will feel a veiy distinct upward pressim!, and tlie tube null 
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be forced up if you let go. Keep, however, the tube 
imiuersec], and slowly fill it with water. You Arill find that 
it is forced up gnuliially less and less, until, when the level 
of the liquid inside and out is the same, the tul^e will cease 
to press up, and will w'eigh pretty nearly the same as it did 
l)eforc it was immersed at all. The displaced water has 
hem restored. 

If you perform this experiment accurately with a balance, you 
will find the tube does not quite recover its original weight, even 
when the level is the same inside and out. It will weigh 60 per 
cent, of its onginal weight. This is evidently because some 
little water is still displaced by the walls of the tube, which, 
however, are very thin, and in what follows will be assumed to 
1)6 infinitely thin. 

• 

Now imagine the glass tulie annihilated ^ the w’ater it 
contained will remain occupying the place the tube had 
occupied, and experiencing the same pressures as the tube 
did; Ixjcause the same quantity of vrater is displaced as 
Ixjfore, only now not l)y the glass txihe but by the liquid water 
which had been j^oured into it. Obviously, however, this 
water will he ui equilibrium, as all water in water at rest is ; 
hence the two forces under >vhose influence it is — namely, 
its weight downwards, and the pressure of the surroimding 
water upwards — are equal and opposite. But the pressure 
upwards is the same as the tube experienced before 
its annihilation ; therefore the pressure on the tube was 
equal to the weight of its own volume of water — that is, the 
weight of the water it displaced — and acted in the same 
straight line, namely, through the centre of gravity of the 
water displaced. 

This result is perfectly general, and is known as the 
principle of Archimedes, b^use it was the method that he 
invented when asked to ascertain the chemical composition 
of an irregular ornamental mass made of two unequally 
dense metals, without ohemical analysis or damagOt He 
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perceived that if its weight and its volume were known its 
average density could aseertaineil, and thiis the proportion 
of its knoAvn comjwnont mctids calculated. Ho deterinined 
its voliune by iininersing it in water and weighing it there. 

WTien any solid is immersed either wholly or partially in 
a fluid, it is pressed up with a force equal to the weight of 
the fluid displaced ; and this force may be considered to act 
at the centre of gravity of the fluid displaced. 

The fluiil displaced is equal in volume to the solid, hence 
the upwanl force is the weight of an equal bulk of the fluid. 

To #bow this by nieftoa of our iiytnboU, coiinbler a cane, nay a cubiCAl 

block of iitonc» a inches In the eide, iiiimersuHl in water, eo that iU tipsier atirfhce 
la at a depth h below the aurface of the water, and therefore, of cbiime, lU 
lower aurfkce at a depth A -fa (ftg. 84). The area 
of any of Ita facea la a*. The preaittire on Ita upper 
fkce (itect. 171) U miSA, and on ita under face is 
and on each of ita sides toaS(A4-|nX 
'Hie pressures on lU four aides are horizontal, aiul are 
in equilibiium among thenundvea two and two. The 
preaauroa on its upper and lower fncea are opi>oalte btit 
are not eqxuil, and therefore are not in e<piiUbrium : 
their resultant la 

iwia(A+a>— imUaWtt* unlta of force 

acting upwards. But aS ia tlie volume of the block, 
and teoA ia the weight of this volume of water-~ihat la, the water diaplaeext by the 
block ; so then the resultant of all the presauree on ita entire atirface is a atiigle 
force opwmnia equal to the weight of the water displaced. 

If we did not care about simplicity, the same might be shown by the symbol, 
for a solid of any Irregular sba(>e whatsoever, and a tiKsit important mathe- 
matical theoreiQ It would be. You may make its acquaintance hereafter in a 
more general form under the name of * Green's theorem/ 

180. But now we know that if the cube in fig. 84 were 
really a block of stone it would not stay where it is ; it would 
sink. This is liecause it is only pressed up by the weight 
of an equal bulk of whereas it is i>uiled ilorm by the 
weight of its own bulk of stone — which is greater. Tlie 
resultant force pulling it dowi^ or its apt)arent weight under 
wateTi is 

so* - or more generally (s - te)e ; 
if s stand for the specific weight of stonc^ and e for the 
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volume of the block, whatever shape it may happen to be. 
It still weighs downward, therefore, but it has lost weight 
equal to the weight of its own volume of water. If, on the 
other hand, it were a block of wooil, it w'ould pulled 
down only by the weight of the wood, whose specific weight 
d is less than that of water; consequently it is forced 
upwanls with a I'csultant force 

or (w-d)v. 

And so generally, an immersed body is always urged up or 
down with a force proportional to the difference of the 
si>ecific gmvities of itself and the liquid in which it is 
immersed — up, if its specific gravity be the less ; down, if it 
Ik) the greater. Only when the specific gravities of the solid 
and liquid art*, equal, docs the solid remain floating wholly 
irnmemed in any pt)aition — that is, in neutrul equilibrium. 

181. When a light body rises in a liquid, the resultant 
force urging it up is constant so long as it is wholly im- 
mersed ; but it decix?ases as soon as some of the body 
l><*gins to emeige, and it vanishes as soon as the w^eight of 
the water displaced equals the weight of the Ixxly. Hence, 
a body whoso sixjcific gmvity is less than that of a liquid 
can float in that iHpud, and does float in stable equilibrium 
wlien it Inis displaced a quantity of liquitl equal to itself in 
weiglit. 

"A piece of floating vrood, for instance, whose whole bulk 
is 9 cubic inches, and wdiich is | as heavy as water, must 
float with 6 cubic inches immersed ; for 6 cubic inches of 
water will be as heavy as 9 cubic inches of wooil. And so 
generally, 

immer sed vo latne of a floating body weight of unit vol. of solid 
v^TTvolime ~ weight of unit voirofTiquM 

» relative specific gravity of solid. 

Since ice, for instance, has a specific gravity of ^hat is, since 
19 cubic feet of ice weigh the same as 11 cable feet of water, it 
follows that an ieeheig must have H of its whole bulk im* 
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iiiened ; hence the visible berg ie only tV whole mafi8» 

there being eleven times as much underneath the water. So also 
a hoating cork whose specific gravity is J has | of its volume pro- 
jecting above the water. 

Determiiiation of Densities. 

182. The foregoing principles are all remarkably Avell 
illustmtel by tlieir practical ajipliciition to the iletenninu* 
tion of density or sfmnfic gmvity. 

The density of a iKniy is defined as its mass per unit volume, 
or the mass of any volume divider! I»y that volume, 

m 

similarly we might dehne H(>ecific gravity as the uteUfht per unit 
volume, or the weight of any volume divided by that volume, 

to 

; 

V ' 

which would make sijeoiftc gravity Ix! to density as weight is to 
mass ; or, as vreiglit is ^ times mass (sect. 64), the s{)eciric gravity 
of a sul)stance would be g times its density. 

This, however, is not the dehnitiou of the term specific gravity 
as ordinarily use<l ; it is the dehnition of what is calle<l abs<dute 
S|»eci6c gravity, which for distinction has lieen here called * specific 
weight/ whereas the ordinary or Ttlaiivt speciBc gravity is the 
weight of any volume of a sulwitance compared with the weight of 
an equal volume of some standard substance. The relative specific 
gravity of mercury with reference to water, for instance; is 13*6 ; 
of wood is, say *6, and so on. 

Wlien one 8[>eak8 of the relative sj>eeific gmvity of any 
Ixsly, withoiit stating the standard 8u)>Btance to which 
reference is made, it is understcKxl that that standard 8u)>* 
stance is water ; and so wc may define the relative specific 
gravity, or the s])ecific gravity of a snlistance, os the weight 
of any volume of it divided by the weight of the same 
volume of water. 

Its relative den^ig is precisely the same thing, both being simple 
numbers of equal value, hut one having a direct reference to 
weight, the oUier to mass. In all comparative methods of 
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measurement we need make no distinction between density and 
si)eciilc gravity. 

W« have, in the preceding cliapler, uiied s an atianding for the absolute specific 
gravity or *si)ecinc weight* of substances in general, m for Uiat of mercury, 
and w for tliat of water ; so the relative specific gravities of the tiiree things 
s St * w 

are, of course,^* “» and^; the relative specific gravity of water itself being, 
of course, unity. 

Ill Uie C.0.8. system of weights and iiie^nturcs, the absolute and relative specific 
gravity of a thing are represented by the saino number, liecause the unit 
volume of water is defined to be the unit of mass (cf. sect. 171). The absolute 
M|iecific gravity of water, or the .Weight of 1 cubic centimetre, is 1 gramme ; and 
if a thing is three times as heavy as water, a cubic centimetre of it w^eighs 3 
grammes, ami so on. 


To compare the Specific Gravities of two Liquids. 

183. Isi they do not mix, place them one in each 

of the two legs of a U tube, and measure the heights of their re* 

« A 

hiwctive coin iiiiifi (sect, J76); then / = ir* 

This method is used sonietimes to compare with great accuracy the relative 
densities of a liquid atdifTerent temperatures. (Duioiig and Petit's method for 
absolute coeflicieiit of ex|)ansion of mercury ; see Clanot, art. ^3, or Ueschanel, 
Part n., i»ago 267.) A convenient modification is to dip the oijen ends of an in- 
vertinl U tube into tlie two liquids, each in its own beaker, and to suck air out 
<»f the bond of the tube by means of a T piece, until the liquids rise and stand as 
measurable columns. 


2ud Method , — Weigh a bottle full of the firnt liquid, and then 
the same Imttle full of the second ; deduct from each the weight 
of the bottle, and you will have the weight of the same volume of 
the two liquids to compare. In symbols, if h is the weight of the 
empty bottle, 

M?j - 6 

This method Is often used. Flasks ('siieciflc-gravity bottles ') aie made for the 
purpose (fig. 65X They are \^ery light, and are arranged so 
that they can be accurately filled alwaj-a to Urn same extent. 

For this purpose their neck has a constriction witli a ring 
drawn round it with a diamond, and they are always filled 
up to this ring. This Is done by filling them at first too fiill 
and then extracting the surplus with a scrap of blotting- 
paper or a capillary tube, llie stopper Is then inserted to 
prevent evapomtion, and the whole ^^tirelghed in a delicate 
balance. Tlie weight of the empty bottle, b, must have been 
previously ascertained. 

Sitf irefAoef.—Take any non-poroua solid heavier than both 
liquids and insolable in eiUter of thetu^ such as glass, It 
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first in air (or vacuum), then imiiiei'se it wholly in one of the 
liquids (hanging it from the pan of the balance by a fine wire or 
hair), and weigh it in that. It now weighs less by the weight of 

the liquid it displaces—note this 
loss of weight. Now w'eigh it in 
the other liquid, "and note its loss 
of weight in that. The same 
volume of each licjuid has lieeii 
displaced, and the first loss of 
weight was the weight of this 
volume of the first liquid ; the 
second loss, the weight of the 
same volume of the second liquid ; 
so the specific gravity of the first 
liquid referre<l to the second, is 
the ratio of the first loss to the 
second loss. Or in symbols, if ir 
is the weight qf Jthp solid in air, and ir| and w.^ its weight in the 
two liquids rcsi)ectively, 

£l - ~ ir, 

#3 

Tliis method ban uimhI by Maiihieseen to tlelDiiuitte the expansibility of 
wftter by hwit, end it is called the areotiietric method. (.See Balfoiit Stewart's 
Hmt, page 51.) 

The ofieration of weighing a solid under a liquid is conducted 
by an ordinary lialance with one of its pans replaciHl by a much 
shorter one with a hook under it, to which the solid can l>e hung 
by a fine platinum wire (fig. 86). When so arranged, it is often 
called a liydrostatic l>alancc. 

iih Method, ^Tuike an insoluble and non>iK>roiis solid lighter 
than all the liquids you have to compare, and float it in eacli 
of them ; ascertaining in each case tlie volume of it immersed. 
The w^eight of this volume of the liquid must in each case l>e 
equal to the weight of the solid, which is constant ; so tve obtain 
a set of different volumes all of the same weight. Call these 
volumes r|, &c., and let w be the weight of the solid ; Uien, 

since 

the ratios of the specific gravities^ ^ one another are inversely as 
the tmiiiersed volumes. Instruments for carrying this ont are 
made of glass or metal, and sold under the name of hydromeitra 
(see sect 186). 

Uk ifcfAacf.«-Take a solid lighter than all the liquids, and 



Fig. SitJ.— Hy*lr<.'sUtic iJalaiice. 
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float it in each, loading it so as to immerse the same volume in 
all ; that is, always make it sink to a fixed mark. The weight 
of this volume of the liquid is the weight of the solid plus the 
load, so the specific gravities of the liquids are as the numbers 
representing this total weight in the»diflerent cases. 

An iiiMtruiuent for carrying iliia out is called Fahreubeit^s hydrometer, but it Ls 
selUoiii now used. 

Another method is given in Ganot, art. 121. 

« 

To determine the absolute Density of a Liquid* 

184. Ist Method . — Weigh a known volume of the liquid in a 
gauged specihC'gravity bottle (hg. 85), and divide the mass by 
the volume. 

2nrf Weigh a solid of known volume before and after 

immersion in tlie liquid, say a sphere of measured diameter. Its 
loss of weight will the weight of its own volume the liquid, 

so the weight of unit volume of the liquid is 

To determine the absolute Density of a Solid. 

Weigh a known volume of it, say a sphere or a cube or some- 
thing easily gauged, and divide the weight by the volume. 

To compare tbe Densities of a Solid and a Liquid. 

185. }st Mcthod.--l{ the solid be heavier than the liquid. 
Weigh it in air and in the liquid, anil divide the weight in air by 
the loss of w eight in the liquid ; tlie quotient is tbe relative specific 

gravity of the solid refen-ed to the liquid ; 

2nd AfefAor/.— Applicable only if the solid be lighter than the 
liquid. Float it in the liquid, and take the ratio of the volume 
immersed to the whole volume (sect 181). 

If the solid is a cylinder floating upright* volumes are proportional to lengtim; 
and tbe spcciftc gravity is then 

M J/efAoff.— If the solid lighter than the liquid. Weigh it 
first in air ; then immerse it in the liquid by attaching a heavy 
liody to it to sink it, and weigh the two. together. Also weigh 
tlie sinker by itself in air and. in the liquid. The loss of weight 
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of the two together gives the weight of liquid displaced by both ; 
the loss of weight of the sinker alone gives tlie weight of liquid 
it displaces ; therefore the dilFerence of the two losses gives the 
weight of the liquid displaced by the body itself^that is, the 
weight of an equal volume ol the liquid. So the relative specific 
gravity of the solid is its weight in air dividetl by the difiereiice 
of the twno losses. 

If the body is porous like coke or pumice, it is necessary to 
distinguish between its average density, including pores, and the 
actual density of its material. In the former cose it may Iks 
varnished over^ in the latter case it is 1>est to |>ouiid it in a 
mortar, and treat it by the method immediately to be descrilicd. 

A liquid must alwayn be chosen in which the eolld is not soluble. Tbue, fur 
t rock-salt, one tntuit not nse water, but either some such liquid an 

turpentiue or benaol, or a satnratoil solution of salt ; and the siiecitic gravity of 
the salt referred to this liquid must l>e iiinltiplied by the specittc gravity of the 
liquid to give tlie s]iecittc gravity of the solid with reference to water. 

Another,' though essentially similar, method is given under 
Nicholson’s hydrometer, sect. 136, tvhich see. 

4/A Useful when the solid is porous or in the form 

of a powder. The difficulty with a |)owder is that it is im|M>ssiblo 
to gRnge the volume of the solid particles directly, and also 
dlHicolt to suspend the powder in water so as to deteniiine its 
loss of weight. A specific-gravity liottle with a wider neck than 
that shown in fig. 35 is used. Ascertain the weight of the lioitle 
when empty, and also the weight of water it will contain when 
full np to the mark. Put a known w'eight of the |YOwder into the 
bottle, and fill up with water ; the powder displaces some water, 
80 it will not now hold so much as liefore the powder was in ; but 
the weight of the whole, minus the weight of the powder and 
Ixittle, gives the weight of the water now in. The difierence 
between thb weight and the weight of water the empty Isittle 
originally containeil, gives the weight of %vater displaoed by the 
solid powder ; so the specific gravity of the solid is 

weight powder _ 

wei^t of water requir^ to , wetjjpit ^ water rec|uit^ to liinip 
fill empty bottle bottle after the powder is in. 

If the powder*be soluble in water, of course some other liquid 
must ho used : the result can be niuKiplied by the specific gravity 
of this liquid, if the specific gravity of the ])owder referred to 
water be required. 

Uh MeihtkL^A more elaborate method, also serviceable when 
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the solid is soluble or porous^ is to use it to displace ouly air, in 
an arrangement something like Boyle’s tube (fig. 103), which is 
called a volumenometer. 


Hydrometers. 

186. A hydrometer is a light body loaded so as to float in stable 
equilibrium at the surface of a liquid, and of a shape wliich 
lendeiB it easy to olwerve accui-ately how much of its volume is 
iinmereed ; and its use is to compare the s]>eeific gravities of 
liquids, or of solids an<l liquids. See metliods 4 and 5, sect. 183, 
and methods 2 and 3, sect 185. They are of two classes. 

Ist, Hydrometers of variable 1010161*8100 or common hydrometers 
(TwaddelFs, Beauiiie*s, Sykes’, &c.). 

2nd^ Hydrometers of constant immersion (Nicholson’s and 
Falireuheit’s). 

l«f Common hydrometeia are glass cylinders or * stems,’ 

loaded and arranged so as to float upright This 
is done by making them terminate lielow ih % 
couple of bulbs, one full of air, the other full of 
mercury or shot (fig. 87). They must Iki of such 
weight as to fimvt in a liquid with part of the 
cylindrical stem projecting; hence they are usu- 
ally sold in seta, say a set of three, one for 
heavy liquids, one for medium, and one for 
light. Tlic heavier the liquid the more of the 
stem projects, but in a light liquid they sink 
pretty deep— always sinking until they have 
displaced their own weight of the liquid. A 
thin stem makes the instrument sensitive, a 
wide stem diminishes its sensitiveness, but in- 
creases its range. F!g. S7. 

The specific giuvity of the liquid is (see sect 181), 
the whole vo U une of the instnune nt the weight of the inetrmnent - . 

the voTuiiio^ iiutiierieOI ^ the weight of sti ©i|ual volume of water 

(the last fraction l)eing the average specific gravity of the instm- 
iiient) ; that is, the specific gravity of the liquid varies inversely 
with the volume immersed. The stem, however, is graduated 
BO that the specific gravity read off directly h'om Uie numbers 
on it 

and C/fwa— Hydrometers of constant immersion will serve not 
only tocompare the spedfic gravity of liquids^ but also to deter* 
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mine the specific gravity of any soliil, whether lieavier or Hgliter 
than water, and this is their princi|>al use ; they will, moreover^ 
make a very good substitute for a coiiiinoii balance. They con- 
sist, like the others, of a floating cylinder or i*oil, which, however, 
is usually maile very tliin (often only a wire), and instead of l>eing 
giaduated, has one lixed mark on It, to which it is always sunk. 
Its appendages are, a tray, A ; a large light bulb, B ; and a heavy 
bulb, or tray and cage, C. Fahrenheit s lias only a shoito<i bulb 
l>elow, and b made of glass. Nicholson's is made of metal, so that 
it cannot be nsetl in corrosive liquids. It is, in fact, only used 
Hoatiiig in water to determine the specilic gmvity of solids : it is 
the one wbicli hiut the tray and cage C, and is 
shown in fig. 88. 

It will not sink down to the fixed mark m on 
the fine cylimlrical stem, tinlcss some extra 
weights are put tm the tray A ; let 20 gmnimes 
he the weight require<l U> sink the instrument by 
itself. This cofistitiite.Ha constant of the iiistm- 
' mefit which must he known or determined liefore 
use. 

Now to use it as a common balance, you place 
on the ujqwjr tray the IxKly you >vish to wcigli, 
and then add weights, say 0} grammes, till it 
has sunk to m ; one then knows tliat the Isxly 
Fig. m. weighs 20 - 64-13} grammes. 

Nichoidoti M it as a hydrostatic Imlance, yon place 

Jlydronieter. low er tray ; and now it requires 

say 3 more grammes to sink it to tlie mark, showing that the 
solid has lost 3 grammes of weight by lieing immersed in >vater, 
hence this is the weight of the water it displaces ; and its specific 
131 

gravity is therefore (cf. mcthcKl 3, sect, 185). 

ilts weight when under water is, of course, lOJ granmies.) 

Bnpimse the solid horl lieen lighter than water, and that when 
it was in the upper tray 12 grammes had l^een required to sink the 
instrument, wdiereas, when placed in the lower tray (where, of 
course, it would tend to float upwanl, and have to he confined by 
the cage), 30 grammes were required ; then the loss of weight in 
water would 1>e 18 grammes, ami ^ its weight was 8, its specific 
gravity would lie J. 

(Its weight when under water is -10 grammes; that is, 10 
grammes upwards.) 
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Equilibrium of Floating Bodies as regards Botatiom 

187. We have now learned that a body necessarily floats 
in a liquid whenever it displaces its own w^eight of that 
li(|iiid — that is, that under these circumstiinces the two 
contrary forces, its own weight and the resultant of all 
the fluid pressures on its surface, are equal, and arc hence 
in ecpiilibriuin as far as translation is concerned. But in 
order tliat there may 1x3 also equilibrium as regards rota- 
tion^ tliese two equal contrary forces must act along the 
sanui straight line ; in other words, since the weight of the 
Ixxly })as8i3s through its centime of gravity, the resultant 
of the fluid pressures must also pass through this point; 
or, agiiin, in other wonls, the centn3 of piessure (sect. 177) 
of the immersed surface must lie vertically * under the 
ciuiti’c of gravity of tlie 1x>dy. 

When this condition is sjitisfied them is complete equili- 
brium ; but there n*imuns the question whether this equili- 
brium is stable or not. 

It is manifestly stable if the point of application of the 
upwaixl force is alx)ve the {wint of application of the down- 
wari one. 

Now, just as the downward force, tiie weight of the solid, may 
1)6 con-sidered as acting at its centi'e of gravity, so the upward 
force, the weight of the liquid displaced, may be considered as 
acting at its centre of gravity ; and this fioint, the centre of 
gravity of the liquid displaced, is the real centre of buoyancy or 
flotation; the term ‘centre of pressure* l>eing commonly applied 
only to simple surfaces which displace no water. The centre of 
pressure is always a point on the namely, that point 

where the line of resultant pressure meets the surface. This line 
of resultant pressure, which is vertical, and which always passes 
throiigli botli the centre of pressure and the centre of buoyancy, 
may be called the line of buoyancy. 

If, theu, the coutro of gravity of the water displaced be 
above the centre of gravity of tire solid, the equilibrium 
is certainly stable. 
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Thiis however, cannot lie the cane >’ith houn^jeneous hoHUs ; it 
can only lie Batbtieil by loading the tioatiiig Imk 1>\ And it ia 
satistied in all the above liydroineters ; their centre of gravity 
being down near the »hotteil bulb, while the centre of gmvity 
of the water displaced is up near the centre of tlie air-bulb ; 
consequently their etinilibiiuiu is very stable. 

But unless the floating body w totally immersed, it i« 
quite possible b> get stable e<{uilibriuni without satisfying 
the alxive condition ; in other wonls, this condition is 
cieuty but not mcemmjy for Inxlies tlositing at the surface of 
a liquid. 

For instance, in a canoe, tlie joint centre of gravity of canoe 
suul occupant is iimch liiglier than that of the w^ater displaced by 
it ; and so it is in shi{)s and Ixmtii generally, though bidlast is 
U8e<l to keep the centre of giavity of a vessel reasonably low. 

The higher the cep t re of gravity of a vessel is, the less is its 
stability ; and by making it high enough, the equilibriiini is sure 
to l>ecoiiie unstable, so that the least disturbance will cause the 
Isxly t4) rotate or turn over into some more stable position. 

Y<si wiH and 811 exaiiu»l« of tiiisUhle e<iailibrium if you try to an empty 
bottle or a common iieiicU upright. A penhoUler, however, or a liotllw half full, 
will float upright one way, Ixreaii^e loadeil. 

A long cylinder like a pencil or wine-cork floats in ntahle equilibrium on its 
Aide ; but a abort cylinder like a flat plato or a coUard>ox will flcait with iU 
length vertical. A sphere reatA in imntral ec}utlihriniu in any poaition ; and no 
do«H a totally iinrueraiKl homogeneous bofly of the projier weight, wltatevcr may 
lio ita altajie. 

188. To inve»tigaU5 fully the conditions of sbibility or 
instability of equilibrium, it is no use taking the Ixsly just 
in lUi [sisitiofi of e4|uilibrium with the two wpiHl forct^s 
acting along the same vertical line, any mote than it was 
when a round*hased Ixxly was standing on a flat table (in 
sect. 144) ; but one must imagine the body tiJtetl a little, so 
that the equal forces act along different though parallel 
lines^that is, form a coujile--«»dVid observe whether the 
effect of this couple is such as to restoro the Ixxly to its 
original [xisition, or whether it tends to increase the dis- 
placement more and more. In the former case the equUi* 
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brium in the original portion was stable ; in the latter, it 
was unstable. 

LfCt 1 (fig. 89) be a hemisphere floating in water in equilibrium, 
ami therefore with the two centres of gi-avity, G of the body, and 
C of the displaced water, in the same vertical line— the line of 
buoyancy or resultant pressure. And let 2 be the same body dis- 
turl)edfrom equilibrium into a new position, and therefore with a 
new centre of buoyancy, Ci. We have then the downward force 
IV acting atG, and the upward force equal to w acting at Cj ; the 
two constituting a couple, of moment wxab^ whose tendency is 
to restore the lK)dy into its original position ; which was therefore 
one of stable equililiriiiiii. In 3, this fig. 2 is repeated, but the old 
centre of buoyancy, C, of fig. 1 is indicated in the body as well as 
the new one, Cj ; and the old line of buoyancy, CG, is produced 
till it cuts the new one through C, in the point M ; which, in the 
case supposoil, happens to be the centre of the sphere. 

Tliis point M is the metacentre; as already explained in connec- 
tion with rolling iKidies in sect. 146. • . • 



The metaccntrc Is defined as the intersection of the old line of 
buoyancy, drawn in the lK>dy when in equilibrium, with the new 
line of buoyancy when the l>ody is slightly disturbed from its 
position of equilibrium ; and the rule for stability is : 

If the metacentre M is above the centre of gravity G, the equili- 
brium is stable. 

If it is below G, the equilibrium is unstable* 

If M coineides with G, it is neutral. 

And the height of M above G meaa^iires the stahUUy, 

All UiiA will he seen st once if one Just consideni the couple as In Qg. 2 above. 
For consider the upward force so^ng through the point M on the line 00 flxe<l 
to the body (fig. 8) ; if I! is above %l^e upthrust will tend to restore th^body 
and to bring 00 upright again, the inbmeiit of the couple being p|oportional to 
the length HQ ; wherees, if M is below O, it tends to topple the body over more 
and to turn the line GO iiioie and more from the vertical. 

The poeitioii of M depends on that of the hew centre of buoy- 
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iuiey« and this depends on the shape of the floating body alnnit 
the waterdine^ The shape of a ship or boat is devised so as to 
make the iiietaeeiitre as high as |>ossible, see flg. 90. 



Tefme), it intist hee) ovtr^ ttk« the Captain. 


Strictly si{>«ftkiog» the dlstorlMitieff firom «qu{- 
librium ought to Iw Inttnftely stiiaU in order to give 
the correct position of )l» and the correct measure 
of the tttabiUty MO, If ttie dietnrbance be great, 
the metacentre will in genera! be in a difTerent 
poeitiofi. If a ahip lurches too much, the meU* 
centre rotnea down very low, and may eveti paiut 
below O ; in which caee, unlesn all the men can 
rufth to one side, so as to alter the |K>Kitioti of O, 
or unless an opportune wave comes to right the 


Thus, in a floating boily in eqallibriuin, there are four points 
vertically over one another (see fig. 89, No. 1) : 


M, the metacentre ; 

G, the centre of gravity of the floating body ; 

C, Yhe centre of gravity of the fluid displace<l ; and 
P, thetentfe of pressure of the iminersetl surface. 


Of these P is always the lowest ; and M is always almvo C (hence 
if 0 happens to l)e alxivo G, much more is M) ; and tlie stability 
or instability of the equilibrium depends on whether M is nl>ove 
or l)eIow G, 


As a matter of fiict, a ship, like many Soating bodies, has two metacentres; one, 
the one ordinarily spoken of as tAc inetacentre, concemetl in rolling ; the other, 
very high up and of no practical account, roticemed in pitching. It would be 
next to Impossible to U|is«t a ship by tilting It at the bows. In theciretdar Russian 
ironclads the two coincide. In an onlinary wine^cork Soating on its side, one 
metacentre, the rolling one, coincides with the centre of gravity of the cork ; the 
rRlier, the pitching one, is a good height up. 

In liodies of irregular shape the two lines of buoyancy, CG and 
the vertical through Ci, nee<l not intersect at all, for they may lie 
in dilTerent planes : such borltes have no nietacentrc at all. 

The whole subject of the metacentre, however, is not one that 
can l>e treate<l in an elementaiy hook like the present ; and it 
will lie snflicient to have indicated the sort of ideas connected 
with the stability of equilibrium of floating IxKlies. 


EXAMPLE§-XXIL 

(1) Find the force with which a ttfihere one metre in radios is 
urgei upward, if it is totally immersed In water. 

-—Observe that the dtyfiA to which it is immersed 
Is now immaterial. 
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(2) Find the apparent weiglit of a decimetre cube of etone in 
water, if its speciito gravity is 2*5. 

(«^) How mncli of this block of stone would project above the 
' surface of mercury in which it was floating t 

(4) A solid which weighs 35 grammes in vacuo weighs when 

immersed in water only 5 grammes, while in another 
liquid it weiglis 14 grammes ; find the specific gravity of 
this liquid. 

(5) The stem of a common hydrometer is graduated into 100 

equal parts. The bulb and immei*sed |K)rtions, when it is 
sunk to the division 0, are equal to 3 times the stem in 
bulk. If it sinks to 20 in water, what will be the specific 
gravity of liquids in which it sinks to 80 and to 0 
respectively ? 

(0) How deep would the hydrometer of the last question sink 
in a liquid of specific gravity *8? 

(7) If a floating body projects i of its bulk above \vater, what 

will lye the 8j>ecific gravity of a liquid from which J of its 
bulk projects? 

(8) If a centimetre cube of metal weighs 8*5 grammes under 

water, what is its true weight ? 

(9) A Nicholson hydrometer which will sink to the fixed mark 

if 20 graiiiiiies be placed on the upper tray, requires 5 
grammes more if the weights are placed on the lower tray 
beneath the surface of the water instead of on the upper 
one. Wliat is the siiecific gravity of the metal of which 
the weights are made ? 

(10) A body A weighing 3 grammes is attached to another body 

11 weighing 6 grammes, and the whole immersed under 
water, when they are foumi to weigh 2 grammes. The 
iKKiy B alone weighs 4 grammes under water. What ai*e 
the specific gravities of A and B ? 

(11) A specific-gravity bottle, when empty, weighs 15 gi^ammes ; 

when full of mercury, it weighs 151 gmmmes ; and when 
full of another liquid, it >veigh8 33 grammes ; what is the 
specific gravity of this liqnht*? 

(12) The above liottle, when 8 grammes of a certain sand have 

lieon introdneed, and tlif rest filled up with water, weighs 
altogether 30*5 gramifies ; what is the specific gravity of 
the sand ? 

(13) A piece of cork weighs 10 grammes. A piece of iron Is 

attached to it, and the two together in water 20 
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grammeft. The iron alone in wato weiglie 70 grammea. 
Find the specific gravity of the cork. 

(14) A body weighs 10 lb. in air and B lb. in water. Find its 

volume and specific gravity. 

(15) Find the density of a piece of wood from those data : weight 

of wood— 2B0 grammes, weight of a piece of iron in water 
-5B0 grammes, weight of tlie wood and iron together in 
water -405 grammes. 

(16) A specific-gravity bottle, completely full of water, weighs 

38*4 grammes, and when 22*3 grammes of an insoluble 
* solid powder have l>een intro<(iiced it weighs 49*8 grammes. 
Calculate the density of the solid. 

(17) Find the specific gravity of sugar from the following data: 

a flask, which can just be filled with 50 grammes of 
alcohol, whose sjiecific gravity is 0*8, has 20 grammes of 
sugar put into it, and is then filled up with alcohol, the 
cont4yfits then weighing 60 grammes. 

(18) A cuhical block of wooil measures 8 inches in the side. It 

floats in witter with four edges vertical, and with one inch 
above the water. Find the sj)ecific gravity of tlie w^ood. 

(19) The specific gravity of a certain solntlon of sugar in water 

is 1*2. Find the weights of sugar and water in 100 |>arts 
of it, being given that the specific gravity of sugar is 1 *6, 
and supposing tliat no change of volume occurs on making 
the solution. 

(20) Find the length and specific gravity of a cylinder which 

fioais in water with 2 inches of its vertical axis out of the 
ivater, and also in a liquid of specific gravity 1 *5 with 6 
inches out of it. 

(21 ) Compare the apparent weights of equal masses of lead and 

cork, (1) in water ; (2) in air of sttecific gravity [The 
specific gravities of lead and cork are 1 1 and i resjpectively.) 

(22) 3 oz. of sugar of specific gravity 1 *5, are dissolved in 8 oa of 

water. Find the specific gravity of the mixture (1) 
assuming that its volume Is the sum of the volumes of its 
constituents, (2) assuming that the volume of tlie water 
is nnehang^, (3) assuming that the volume of the 
solntiofi is increased by halj the bulk of the sugar* 

(23) Find the specific gravity of naplitha if a piece of potassium 

of specific gravity 9*84 and weight 20 grammes in air 
wei^ 3} grammes in naphtha. 

(24) If equal weights of sugar and water result in a solution of 
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density 1*4, how mtich condensation of volume has 
occurred ? 

(25) A glass stopper weighs 2|f os. in vacuo^ 1 i oz. in water, and 

1} oz. in spirit Find the s|)eciric gravities of glass and 
spirit respectively. 

(26) Determine the thickness of a metal wire, a piece of which, 

3 metres long, weighs *24 grammes in air and *21 grammes 
in water. Find also the weight of a cubic centimetre of 
the metal. 

(27) A flask, which when filled with water weighs altogether 410 

grammes, has 80 grammes of a solid introiliiced, and being 
then filled up with water weighs 470 grammes. What is 
the volume of a kilogramme of the solid ? 

(28) A solid weighs 117 grammes in air, 08 in water, and 101 in 

another liquid. Calcnlate the specific gravities of the 
solid and the liquid. 

(29) A piece of opaque paraffin wax (sp. gr. *9) contains imbedded 

in it a sphere of glass (sp. gr. 2*5). Xhe yhole weighs 50 
grammes in air and 20 gi'ammes in water. How big is the 
sphere ? 

(30) How much silver is contained in a * gold * crown if it weighs 

985 grammes in air and 918 in cold water, taking gold as 
being 19 times and silver 8 times as heavy as water ? 


F 
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CHAPTER XIIL 

OK THE FRESSITBE OF THE ATMOSPHERE, AND 
ON THE PROPERTIES OF OASES. 

{Pneumatics.) 

189. Moat of what we have said in the last two chapters 
about liquids is equally true of all fluids, (hws have the 
same mobility of particKrs, anti thendorc transmit pressim? 
equally in all '•directions. (ias(?.s are subject to gravity, and 
therefore press upon all .surfaces exjxjscd to them with a 
pressure deptjnding on tladr depth and density ; anti they 
exert a sustaining force on bulky Inxlies equal to the weight 
of the gas displaced by those botlies, thus causing them to 
lose W'eight, and if verj' light to float upwanls ; thus acting 
just like liquiils. Hence, the only i>art of the two preceding 
chapters which does not apply to ga,ses is that wliich relat<»s 
directly or indircctly either to the constancy of density or 
to the fre<3 surface of a litpiid — a free surface Ixung precisely 
the thing which a perfect gjis never ha.s. It is infinitely 
expansible. 

This and all other pculiaritics of gases as distinguished 
from liquids are duo to the fact that their ela.sticity of 
volume is not constant or .dependent on the gas itself, but 
de{)ends on the pressure to wdiich at the time the gas 
happens to* he subject; but all the spcicial properties of 
gases, qua gases, we will remritS for consideration in sect. 
198 et ieq.; at present we will only deal with those proper- 
ties which they })Ossess in common with all fluids. 
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PAST I. -THE PBE8SUBE OF THE ATMOSPHEBH 

190. Now wc live immersed in an ocean of air of 
unknown and indefinite depth, and hence we and all 
terrestrial surfaces experience its weight just as if it were 
an ocean of liquid ; and many phenomena of common life 
dei>end upon this pressure. Its intensity may be expressed 
in iKninds-weight per square inch, or grammes-weight per 
s^juare centimetre, or units of force per unit area ; it is not 
quite constant at any one place, varying with many 
apparently accidental and local circumstances, but its 
av(U'age valiui is 1033 gmmmes weight (or 981 times this 
nuinlier of dynes), per square centimetie, or 14*6 lb. weight 
jMU‘ stjuarci inch, or njughly, a ton weight per squai’e foot. 

Hence, a man's bmly experiences a total pressure *of about 18 
tons weight, for we found Iiis average cross sccrien (sect. 174) to 
be 80 square inches, which is that of a rectangle 8" x 10", whose 
periphery is 3 feet ; so, if the man l>e 6 feet high, his surface, 
without allowing much for irregularities, is 18 square feet. 

The pi’cssui'e is exerted witli perfect uniformity on all 
sides, and not only on the outside but on the inside too, so 
that it is not felt. The only way to make it appreciated is 
to destroy its miifonnity by partial removal. If the pressure 
1 k‘ removed from one side of any surface, then the other 
shlc experiences the wliolo uncomixinsated pressure of 14^ 
lb. per srjuaio inch. If the air be withdrawn from any 
closed vessel, the outside experiences a crushing pi*essure, 
and if not very strong it >vill collapse. 

Again, if the air be removed from a vessel whose mouth 
is beneath the surface of a liquid, that liquid is forced up 
into the vessel by the atmospheric pressure on the rest of 
the surface, the weight of the air sustaining tlie weight of 
the liquid, and conipIeteIy,JJJing it if the vessel is not too 
high. The product which expresses the intensity of 
pressure of the liquid (sect. 175) at the mouth of the vessel, 
must therefore be about 1033 grammes weight per square 
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centinietTo, if the liquid ia supported by the average pressure 
of the air. Now, if the liqiiid Iks wuhi^r, s equals I gramme 
j)er cubic c<^ntimetit^, consequently fi cannot l)e much gnsater 
than 1033 eiuitimetri\s (or alx>ut 34 f<?et) ; if the veascl wr*i*i^ 
taller than this, it wouKl not l)o full. The atmospheus am 
therefore support a column of water 34 feet high, but of 
mercury, which ia 13*6 times as heavy a.s water, it can «>nly 
sup|K)rt a column 76 centimetres (alKuit 30 inches) high. 
(For noU^ that 34 x 12 ~ 30 x 13*6, as it hapjK?ns, exactly.) 


Modes of Bemoving the Air from Vessels. 

191. One way of exhausting a vessel is to drive out the 

air by steam, and then condense* the steam. 

♦ 

f Exf^erinicnt l.—Hiiil water in an airtight tin canister 

1 and cNrklt up : remove the lamp ami pour cold water 
over it : the uncompeimatefl pressure outside will 
crush it. 

E^pfrmmt 2. — ^Take a long tulie closwl at the top 
and i>ent as shown In fig. 91 ; fill it completely with 
steam, and dip its o|)cii end under iwercurj’. As the 
steam condenses, the mercury is forceil up to a height 

U of nearly 30 inches, and the tid)© may then l)e removal 
from the l>asln of mercury and carried almut. The 
weight of liquid in one limb of the tul>e is ladancal by 
the weiglit of the atmosphere in the other, wdiicli may 
lie supposed to l)e extended to the top of the atmosphere 
(compare fig. 83, Chap. XL). 

A still simpler way of removing air from a til1»e is to fill 
it with a liquid. This is the way in which Torriccdli 
originally perfonned the exi)eriment and measured the 
pressure of the atmosphere. lie filial a long tul)e witli 
mercury without airdnibbles, and then inverted it with its 
mouth under mercury in a busin (fig. 92). On removing 
his finger, he saw the mercuiy descend till its surface was 
'29 or 30 inches above that of the liquid in the basin, and 
there eome to rest after a few oscillations. 
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Above tlie mercury was a nearly perfect vacuum, now called a 
Torricellian vacuum. If any gas or vapour be introduced into 
tills it will depress the column more or less against the force of 
the atmosphere. For instance, the water vapour left in the cold 
tube after the experimentjsf .fig. 91 will depress the column half 
an inch or so. 


Pumps.— Another mode of removing air or any fluid 
from a vessdl is by means of an annngement of valves 
which oi)en and pemiit egi’css one way only, combined 
witli some method of squeez- 
ing the fluid so as to 
make it move in one direc- ( 

tion or other. Such a 
combination is ctdled a 
pump, and thiee kinds ^ 

ai*© shown in fig. 93. 

The valves in each are 

self’Closing flaps (stiown ^ mmmmrntt 

open in the figures for T 

clearness), which will open 

upwanls by pressuitj fi-oin 1 * 

l)eneath, but which only \ 1 

close more tightly if any ‘ i 

pressure be exerted on |j 

them from above, (Such 
valves exist in the veins, 

and cause whatever flow Exp.rim«.t 

there is to take place in 

one direction.) The compressing apparatus to cause motion 
in the fluid is in (1) an elastic bag to be alternately 
squeezed and relaxed, by the hand — such an apparatus, 
without valves and open only at one end, is the lung 
of an animal; in (2) qnd (3) it is a piston fitting a 
cylinder which is to be pushed to and fro, or up and down ; 
the peculiarity in (3) being that one valve is in the piston 
itself. 
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No. 1 is a pump use<l in for producing iiyections 

or for delivering a sti’ong jet of liquid. The lieart uf an 
animal acts on the same principle ; so (Um?s a i>air of 
blow-bellows inii>erfectly, for though it has only one valve, 
the narrowness of the nozzle acts |)artially as a second 
one. 

No. 2 is a mere modification of No. 1, and is used in 
ganlen and fire engines. Both these are called force* 
pumpa* 



A 


No. h 2. N*a S. 

FIff. 9 S. 

PiimpK : wlUi Ui« valves dtspUycci «s if kept open by a wind fh)in A to BL 

No. 3 is called a lift-[iump, IxiCituse it gets the fluid 
above the piston and then lifts it up when the piston is 
rais**d. It used also to be called a ‘ suction ' pump. 

All three arrangements evidently .tend to traflsfcr any 
fluid they may contain from A to B, producing an exhaus- 
tion in any vessel screwed on to the end A, and a con- 
densation in any vessel screwed on to B. 

Modes of Heasiiriiif tlio JLtanosplieric Pressure. 

192. Aneroid Barometers. — The pressure may be 
measured and its variations indicated by exhausting a 
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strong niotal box with a thin and flexible (corrugated) 
top, supported by a spring against the weight of the at- 
mospliere, as shown in fig. 94. 

If tlio atmospheric pressure 
increases, the spring is com- 
pressed a little more; if the 
pressure deceases, the spring 
recovers itself a little ; and so 
the lx)x lid indicates Variations 
of pressure by moving in or 
out, and its motions may bo 
magnified by a rack and pinion 
ami long index as shown. Such 
an instrument is called a ‘ baro- 
meter’ (wcight-measui'er), and 
l)eing made without 11101*0017 this form ^"of ^ it is called 
‘aneroid.’ The hox must empty, or its contents would 
vary in size with temperature, and so give spurious results. 
In so far m toinjKn'atuixj affects the strengtli of the spring, 
the instrument luus an error to be corrected or comiiensatcd. 

Mercury Barometers.— The mercury column (fig. 92) is a 
convenient 111008111*0 of the pressure of the air, and is the 
original form of barometer. If tlie pressure increases, tlie 
column is forced higher up; if it deci*eaj5es, the column 
descends. 

It h found to oscillate on different days between 31 and 28 
inches, at places near the seadevel ; being usually high when 
tlie atiuospheie over a country b quiet and dry, and the weather 
therefore fine and bright or fixisty; whereas, when a |)ortion of 
the atmosphere is hi a state of whirling motion called a cyclone, 
the centrihigal force of tlie whirl causes a depression or region 
of low pressure near the middle of it, and the i^rometric column 
in such places is accordidj^ly low. These large whirls of air 
travel along and convey with them much steamy warmth and 
clouds and rain, thereby destroying tlie continuance of fine bright 
weather and breaking up spelb of frost The approach of such 



cipio of au aneroid barometer, 
bat in practice the spring is out* 
aide tlie box. • 
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a cyclone, wlticli, wliew violent, constitutes a gale or storns. is 
lieraUleci by an incipient, and ^inctiines a rapid, fall of the 
barometer. 

Cyclonic or low barometer weather is chai-ac- 
terisetl in Great Britain by warm, damp, muggy 
weather, with clouds and often rain ami strong 
westerly wimls. Anti-cyclonic or high barometer 
weather is characterise<l by calms or gentle dry 
winds, hot sun in suiiimer, hard frost in winter, 
east winds in spring, and fogs in autumn. 

These facts cause a barometer to be used as a 
weather-glass; and a convenient form, for popular 
purposes, is that of ilg. 91, arranged as in lig. 05, 
where the motion of the mercury in the short 
open tube is usect as the indicator instead of that 
in the long tul>e, and its motion is magnified by a 
lloat counter|>oised over a pulley with an index ; 
or else by a rack and pinion as in lig. 04. The 
atU'j^iitage of this form is that the friction pre- 
vents very prompt motion, so that the accumulated 
changes of the last hour or two are indicated by 
the needle whenever you go and tap the instrument. 
As an aceurnte measurer of pressuie, however, it Is 
not of much use. 

The cistern form (fig. 92) is always 
Fig. 95. for accuracy, and some mechariit*al arnuigenicnt 
Weatiicr-giws, added by which the level of the meixun*}^ 
in the cistern can either lie kept constjint or can lio 
read off ; for, of course, when the mercury falls in the 
tul>c it rises in the cist<?m, and it is the difference of 
levels which really measures the pressure. »Sometimes 
the scale on which tlie height of the column is retid is 
acljustable, so that, before reading, its zero can Iks made 
to coincide with the level of the mercury in the 
cistern ; by which device the required difference of level 
can be read off at once. If barometer be carried up a 
moontain, the mercury column miist descend, because some 
of the column of air which formerly balanced it is left 
below. By this decrease of atmospheric pressure, the 
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height of the inouiitaiii may be calculated. For merer 
about barometers, see Deschanel or Ganot. 

193. Manometers. --Columns of liquid may Ije used to 
11160801X3 pressuixjs other tlian those of the 
atmospheix3 — such pressure gauges are called 
manometers. Fig.’ 96 shows a gauge for 
measuring the pix3ssurc of the steam in a 
boiler over and above that of the atmosphere 
by the height of a column of mercury ; and 
tlie pix3S8ure may be stated as etpial to so 
many inches or centimetres of 11101x31117, or if 
very large, it may Ije stated as so many 
* atiiiusplieres * — every 30 inches of mercury 
lieing called one atmosphere.* Metal mano- 

meterc are, however, prcferrcd in practice. 

• 

By < a pressure of 76 centimetres ’ 011 any area, 
then, is meant the pressure which would l>e pro* 
duce<l by a column of mercury 76 centimetres 
liigii with that area as base. The intensity of 
pressure in grammes jicr squarc centimetrc of a column of water 
is equal to its vertical height in centimetres 
(because 1 cubic centimetre of water weighs 
1 gramme); or in absolute measure (dynes) 
its pressure is 981 times Its height. Tiiat the 
pressure of a water column is numerically 
e<pial to its height, when expressed in gravi- 
tational e.G.S. units, is a convenient fact to 
remember. The pressure of any other liquid 
of specific gravity s is s times os great ; so 
•76 centimetres of mercury* means a pres- 
sure of 76x13*6 x 981 dynes per square 
centimetre.* 

The height of the column, of course, 
means the vertical height^ (cf. fig. 82 ); 

mu 

^ In Ui« C.O.S. system of nmiiUTSs, n mUUon dynes (or n tnegndyno) per sqnnie 
centimetre is conveniently called sn •stmospUere.* It is very nearly equal to 

oentlmetree of mercury. Regnault untertunately employed 7d centimetres as 
his sUndanl pressure. 




Fig. 90. 
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hence if a manometer or l)arometer tube l)o inclined, the 
meix‘ury will flow further tip the tul)e, but so that the 
vertical height of its surface is the same as before (fig. 97). 

Modes of Baising Water* 

19-t. The most obvious mode of raising watc^r is to get 
sometliing underneath it, and lift it up. This is the old 
metliod of a bucket and windlass. 
Since, however, the atmosphere 
can .supjKut a column of water 
al)out 34 feet high, it may l^e u.*hxI 
to force water up from wells not 
much more than 30 feet def*j). 
For this pur[K>8<i, a tulw is let 
ilown into a well, and then ex- 
hausted of air, either by filling it 
witli steam and condensing it 
(which is nearly the oldest form 
of steam-engine or steam-pump, 
and was set up by Captain 8avery 
at the water- works, York lluild- 
ings, Charing Cross, and used 
from 1698 to 1706, and in principle 
is still used in the nuxlcm ‘ puls- 
ng.iw.~Hou»e.puinp. ometer^, or by screwing the end 
A of one of the pum|>8 of fig. 93 
on to tlie tul)e, and working the j^uinip. Fig. *98 shows 
pump No. 3 so applied, and is a common house-jnnnp. 
First the air, and then the water, is transferred from A to 
B, and the water finds egrefis at the s^iout. 

It is often inquired to raise water from mines several 
hundred yawls deep. Atm(^|fliy^c pressure is of course 
quite incompetent to effect this: the only plan is to get 
something under the water and lift it. Pump No. 3 is still 
used, only it is arranged at the bottom of the mine, within 
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20 or 30 feet of the water, and its spout is transferred 
higher up, so tliat it delivers the water at the top of the 
shaft. Water may be thus raised any height whatever. 
Such pumps are called lift-pumps, and aie usually worked 
by engines at the top of the shaft ; long rods connecting 
the piston of the pump with the beam of the engine. 

A house-pump can also he used to lift water up to a 
cistern on the top of the house. The piston-rod of such a 
lift-pump works thi*ough a water-tight stuffing-l>ox, as in 
fig. 98, but the spout has a tap by which it can be closed 
when desii*ed ; and a pipe leads from the upper portion, 
B, of the pumi>-l)«nri’el to the cistern. 

Force-pumps Nos. 1 and 2 (fig. 93) are not used to raise 
water from any depth, but to deliver a strong jet; and fig. 


99 shows the armnge- 
tnent in a ganlen- 
ongine. The stieain of 
water is rcndciml con- 
tinuous instead of inter- 
mittent, either by an 
ela.stic l)ag, or by an air- 
chaml)cr. C is the air- 
chaml)cr which con- 
tains air compi’cssed 
by the over-supply of 
water, so that, if the 
pump stops working, 
the jet continues for a 



Fig. 99.— Oarden Foree-pam{». 


few seconds, only giwlually diminishing in strength as the 


compressed air exiNuids. 

Fig. 76 showed a force-pump applied in the hydraulic 
press, with plungers instead of pistons. Plungers are indeed 
generally used in force-pumps; they act precisely like 
pistons of equal area, the only difference is that they fit 
the stuffing-lwx instead of the cylinder. 
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195. In any kiiul uf lift-pump, tlie piston has, during its 
nj>-sti‘oko, virtually to su])|K)i‘t a column of water micliing 
from the surface of the water in the well to the highest 
surface of water in the pi|)e. Calling this height A, and 
the area of the piston A, the pressun? on it is wAh. To 
work the pump, a force somewhat givatcr than this must 
therofoi*e l)e a]>plied to the piston. In foice-puinps, the 
pressmtj tluring the iit^stiokc corresi»onds to a column of 
water fiom piston to well ; and during the down-stroke to 
a column from the j)iston to the highest point reachtjd by 
the water, whether it \xi a free jet or contine<l in a tulje 
(neglecting the friction of the moving water in all cas<.*s). 

Mode of Lowering Water. 

196. The f?rtx,'e of gmviiy remlem the lowering of water a 
very easy matter. If we have a litpiid in a vessel, and wish 
to transfer it to another at a lower level, all that is needed 

is two holes in the vessel — one to let the 
liquid out, which must bo l)elow the surface, 
and the other to lot the air in, which is best 
above the surface of the liquid ; if it is 
beneath the surface, it may act, but it will 
do so irregularly, letting the air in by bidddes. 
One hole half beneath and half alx)ve the 
surface will act os two holes, and this is the 
way one empties a jqg or bottle,* rotating it 
till its one hole occupies this position. If 
I tlic hole be latge, it will act as two even 
if wholly 4>eneath the surface, but the 
, flow will be very irregular. Tlie beer in a 
cask with the tap open, but without a venthole, is kept in 
by the atmospheric pressure, unless it is fermenting and 
forcing itself out by means of its own gais or unless you 
blow up the tap. A pipette (fig. 100) is a vessel with two 
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holes, and the flow of liquid from it can be stopijcd by 
closing either of tliein with the finger. 

Siphoxi.—Iii an (,q)eu glass vessel, however, it is not 
convenient to lx)rc a hole through the glass Ixiueath the 
surface of the liquid, neither is it always convenient to 
rotate the vessel till i)art of its moutli is })elow the 
surface. In such cases the necessary second hole may 
1)e introduced l)eneath the surface as one end A of a 
})ent tube, whoso other end, B, is at a lower level — 
say is immersed in another vessel at a lower level (fig, 
101). If this tube Ixj once exhausted of air, either by 
sucking liquid into it with the mouth, or by filling it at 
a tap lujfore inverting it, the atmospheric pressure will after- 
wanls keep it full of water ; ami the cohimn of water in 
one leg, l)eing longer than that 
in the other, will ovorKalancc 
it, and a steady flow fi’om A to 
B will 1x> kept up till either the 
water sinks IxjIow the opening A, 
or till the level in lx)th vesstds is 
tlio same. Such a tube is called 
a ‘siphon.’ Its shaj>o is w'holly 
immaterial, provided that no part of it is at a height above 
tlic surface in either vessel gi'cater than the column of 
liquid which the atmosphere can support, otherwise the 
action will cease. So also it would cease if it were put 
under the receiver of an aii'-pump and the nir exhausted.* 

While the air was being exhausted, the flow would go on with 
midiminUhcd speed until the air pressure became too weak to sus- 
tain the longer of tlie two columns ; the liquid would soon then 

* It ts probtblo that, in a perflsct ractuini, a siphon of tnoderate height would 
work perfectly well, because the cohesion of water free fVom air is pretty strong, 
and might maintain the conttnaitjw/ the eolumti of liquid in spite of gravity. 
Under these circumstances, the cause of the How would be exactly like that of a 
chain over a pulley with one end longer than the other ; and the analogy will bo 
complete If the chain be aupposed to uncoil itself firom a table, and to coil itsdf 
up on the floor. 
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snap at the highest point, and the longer column would fall till it 
was the same length m the other. As the air pressure still further 
diminished, the two columns would slowly 
sink, like barometers, until, when there was 
no pressure left, the level of the liquid 
inside and outside the tube would be the 
same. On readmitting the air, the action 
wouhl commence again, unless eitlier end A 
or B was not fully sabmerge<l. 



The 8hai>o of the siphon tube Ixnng immaterial, it might 
pass straight through the wall of the vessel from A to B 
(fig. 102), aiul such a pif>e wouhl empty the vessel U) just 
the same extent, ami at the s<unc rate, as the tulm of 
fig, 101 ; only it dot's not obviate the netM'ssity of a hole 
tlir»>ugli the si<h> of the vessel as the tulxi Ix'nt over the 
edge d<x?s.; neither, of coum*, would it cease to act in a 
vacuum. 


Floating of Bodies in Air. 

197. All things wdiieh displace any air (that is, which 
have any hulk) are pressed or buoyed up with a forae equal 
to the \veight of the air whtise place they occupy (st'ct. 179), 
ami so everything weighs less in air than it would in a 
vacuum. The tnic weight of a thing is its weight in vacno^ 
ami this equals its apparaiit weight plus the weight of an 
equal bulk of air. Tlie bulkier a thing is, the more does 
its apparent weiglit differ fmm its true ; and if a very light 
Ixxly 1)0 also very large, it may have no aj)panmt W'eight at 
all, but may float alxmt in equilibrium, or even l)e forceil 
upwards, like a imlloon. 

What is called a pound of cork is therefore really more than a 
true pound, for it has l»een \ueiglied gainst metal weights which 
are not so bulky os itself and displace much less air. A little 
demonstration Imlance is sometimes made to hold a ball of cork 
and another of lead of the same apparent ureight, so that they 
equilibrate each other In air; but if tlie buoyant power of the air 
be witlulrawn by potting the whole under an airpiimp, the cork 
will descend, showing that it is really the heavier of the two. 
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A tliiii copper or glass sphere with a tap may l)e used to 
measure tliis buoyant power. Wlien the tap is open, very 
little air is displaced by the sphere ; if you weigh it then, 
you get its true weight very nearly. But exhaust it and 
shut the tap. It now displaces a quantity of air, and 
acconlingly is buoyed upwards, and will be found to be 
apparently lighter than ^fore. The diiference between its 
true and appai-ent w'eights gives the weight of an equal 
volume of air. 

In tliis way 1 cubic centimetre of ordinary air, when the 
barometer stands 76 centimetres high and the thermometer 
stands at zero centigrade, is foiiml to weigh *001293 gramme. 
(This numlxu* ‘001293 is therefore the sp, gr. of air referred 
to water ; it is approximately equal to Another mode 

of quoting the sjxme result is to say that 11*2 liti'es weigh 
alKHit 14*4 grammes; or 1 cubic inch weigli^*31 grain; or 
that ti cul>ic foot w‘eighs al>out an ounce and a quarter, 
llonce, since 1 gallon of water weighs 10 pounds, 1 pound 
of common air occupies alKiut 80 gallons. 

A spliere of bims a yard in diameter displaces, if exhausted, 
rather more than half a cubic yard of air, say 14 cubic feet, 
which weighs 17i ounces about. If tlieii its own weight were 
only a |>ound or so, it would ascend slowly like a balloon. But if 
so light os this, its walls could not be strong or regular enough 
to resist the pres.sure, and it would collapse. Such balloons ai’e 
therefore Impracticable. To sustain very thin walls against the 
air pres.<«ure, it is necessary to hll the balloon with some gas ; 
and hydrogen, being the lightest gas known, is always used. 
Hydrogen enough to fill the aliove sphere would weigh only 
li ounce, so it would not add veiy gi*eatly to the weight, and its 
presence enables the walls to be of thin oil-silk instead of metal. 
The fust balloons were filled with.hot air, which occupies more 
room and therefore displaces more than its owm weight of cold 
air (see Deschanel, cliap. xxi., or Ganot, art. 169). 

EXAM^LES-XXin. 

(1) Wbat is the height of the mercary barometer when tiie 
intensity of the atmospherio pressure is a megadyne 
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per square centimetre? (A niUUon (iynes is calle«l a 
megaflyne.) 

(2) If A mercury barometer falls one inch, what will lie the fall 

of a water barometer ? 

(3) Show that the oscillation of the column in a ‘siphon* liar- 

ometer, with its lon^ and short limbs of equal cross section, 
is only half that of the column of a cistern barometer with 
an infinitely lai*ge cistern. 

(4) Show that the motion of the top of the niercuiy in a iwir- 

onietej* may be ilotibled by inclining the upper part of tl»e 
tul>e at an angle of .W to the horizon. 

(5) What is the total pressure inside a steam boiler \vhen the 

mercury gauge (fig, 96) stands at 150 centimeti-cs and the 
barometer at 75 ? 

(6) The piston of a lift-piimp is 7 inches in diameter, and the 

depth of the water in the mine l)elow tlie s{>out where the 
water Is discharged is 533 yanla Find the least force 
whidh can raise the piston ? 

(7) If a recta^guTar mass of cork, dimensions 10x8x5 centi- 

ntetres, is connterpoisc<l in air by 80 grammes of platinum, 
find the mass of tlie cork (neglecting the floating power of 
the air on the platinum). 

(8) A mass of wootl (sp. gr. *6) is counteri)oised by 105 corioct 

grammes of iron (sp. gr. 7*5); find the mass of the woo<l 
(or its true weight in mtcuo). 

A ns. The volume of the iron is 14 c. c., so its apparent 
weight is 105- (14 x *001293); and this is equal to the 
apparent weight of the wood, which is a* - (Jo; x *001293), 
where x is the number of grammes of the woo<l ; hence 
105*208. 

(9) A piece of metal weighs 2*4 grammes in mercury and 9 

grammes in water; what would be its weight in vacuo ^ 

(10) A lift-pump is used to lift water from a well whose water 
surface is initially 10 feet l>elow the level of 4he pump to a 
cistern 18 feet above the pump-level. The diameter of the 
wrell is 3 feet, and the internal dimensions of the cistern 
at*e 4 feet long by 3 feet broad by 2 feet high. Find the 
work needed to fill the cistern. 

Tlie water in the well will be lowered x feet, where 
iv{3)3*je=3x4x2 
4 ^8_32x7„ 224_l0. 2 
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height of final lift=88 + y+A+2 
and height of average lift=28-(-| + ^4-l=30+f f A 
work =3 X 4x2xfc?(30 + J +,V) 

« 24 X 62*3 (30 + « + s^jr) foot lb. 

62*3 

24 

1246 

249*2 

(30+J+A) 

30 44856 

1 498*4 

i 498*4 

* 45*3 

45898 

Ans. 45900 foot pounds or about 20 foot tons. 

(11) Determine the pressure of the atmosphere in lb. weight per 

square inch, correct to one decimal placefwlien the bar- 
ometer stands at 29 Inches. 

(12) Find the greatest height to which oil whose density is 0*9 

grammes per cubic centimetre can be raiserl by a common 
* suction ’ pump, when the atmospheric pressure is a million 
dynes per square centimetre, 

(13) On a day when the barometer stands at 76 cm,, 6nd the 

pressure in gi'ammes per square cm. at a point 3 metres 
i>elo>v the surface of a i>ond covereil with a thin film of ice, 

(14) A mercury barometer stands at 30 inches; find what it 

ought to read if it were sunk 50 feet below the surface of 
water. 

(15) Fintl the value in grammes weight, and in dynes, per square 

centimetre, of a pressure able to sustain a 75 cm. column 
of mercury, at O'* centigrade, when its specific gravity is 
"13*596. 

(16) The density of merenry decreases 180 parts in a millicHi for 

every degree rise of temperature, hence find the pressnre 
corresponding to a metre column of merouiy at 20"* C. 

FABT n.-ON PBOPEBfIES PEOULIAB TO OASES. 

198. A i>erfect fluid whose elasticity of volume (see 
Chap. X.) sects, 164, 158) is equal to the pressure upon 

9 
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it, provided the temixsrature is constimt, is called a perfect 
gas. Many actual gases — namely, those called permanent 
gases, veiy nearly satisfy this definition ; and we have now 
to consider what pioportics a gas possesses in consequence 
of this peculiarity. 

Fii-st of all, gases must be very compressible : any addi- 
tional pressure pioductus a corresi)onding change of volume. 
The incmise of pressui’e (sect. 175) is the stress ; the ratio 
of the change of volume to the original volume is the strain 
(sect. 160). I-iCt the original pix^ssure l)e P, and the new 
pressure P'; th(*n the stress is P' - P. Ix't the original vol- 
ume of the gas bo V, the new volume V', then the strain is 
V-V 

— ^ * Its elasticity, when in the compressed shite, by 
• F - P 

definition (se«^^ 158), is y ; ami for gascvs this is now 

V ‘ 

stated to equal the prc'ssuro on it when in that stah" — 
namely, V.* 

F - P F 

Hence ^ V’ l'V = FV', 

or P:F::V';V; 

or, in worrls, the volume of a given quantity of a jM^rfect 
gas varies inversely with the prassure, other things lieing 
equal. If the prassuro be doubled, the volume is halved ; 
if the pressure be halved, the volume is doubled. This 
is called Boyle's law, and may l)e verified by the l)ont Uihe 
of fig. 103. Its short leg is closed, its long leg rqien. 
Mercury poured down the long leg confines some air in the 
short one and compresses it, the whole pressure on the air 

* If the etnifn Ukee piece very eadtl^ly, the eleetleity f8 greeter Uien P, 
being 1*4 timee P. This is becense the temiierelnre does not then rsmelti 
constent— beet is genereted hj the cotnpressioti which Ium not tinte to escape. 
We will stippoee^ however, that all otir compressloiia and extensions take piece 
slowly eooitj^ to allow the temperatore of the gM to remain without change. 
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in the tube being that of the atmosphere plus that of the 
column of mei*cury in the tube. 

II the mercury stands 30 inches liiglier in the long 
leg tiian in the short, tlie original volume of the air 
will be found to be halved : for the original pressure it 
sustained was one atmosphere, and now it is two. 

Another 30 inches of mercuiy will make it shrink into 
one- third its original bulk, and so on. Under ordinary 
atmospheric pressure, 14*4 gmmmes of air occupy 11*2 
litres (see sect. 197) ; but under a pressure of two atnio- 
Bplieres they shrink to 5*6 litres. 

The shortest statement of Boyle’s law is tliat, 
ceteris parihfis, 

PV = constant ; 

but remember that cetera must be ]>aria,\ the ^tem- 
perature must not change, neither must the quantity 
(that is, mass) of gas. 

One gramme of hydrogen under a pressure of 76 centi- 
metres of mercury, and at 0® centigrade, occupies 11-2 
litres, or 11,200 cubic centimetres. Hence the value of 
the above constant PV for 1 gramme of hydrogen is in 
al)solute C.G.S. units (see sects. 190 and 193): 

76 X 13'6 X 981 x 11,200=1135 million ergs. 

m 

Call this K, It is the same constant for 16 grammes 
of oxygen, 14 of nitrogen, 22 of carbonic anhydride, 
and so on. It varies only with the absolute tempera- 
ture. For 5 grammes of hydrogen or 80 grammes oxygen, the 
constant is 5K ; it is, in fact, proportional to the mass of a gas, 
but varies for different gases with their molecular weights. A 
better statement of Boyle’s law is that the ratio of pressure to 

vp 

density t i^ constant ; for this is independent of everything 

hut the natute of the gas and ^e temperatuio. If the pressure 
of any gas is divided by its specific weight, s or the 
resulting constant is called the height of the hamo^neous 
atmosphere of that gas at tlie given temperature (see example 
xxiv. 2). 
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199. The density of a gas, therefore (the mass per unit 
volume, see sect. 35), is directly proix)rtional to the ptessure. 
One consequence of this is, that as one ascends in the 
atmosphere, the pressure does not decrease unifonnly as 
in the case of a liquid, but it decieases, at first at a inoi'e 
rapid rate, and afterwanls more slowly. At a height of 
only three niiles, for instance, the intensity of 2 )ressui*e is 
half what it is at the sea-level. For the pressure deci*eases 
not only by reason of the elevation, but also by reason of 
the diminution of density accompanying the deci’ease of 
pressure. Both causes combine, and the pvessin*e diminishes 
U 2 )wanl 8 in what is called geometneal instead of in arith- 
mefical progi-ession. 

200. But just as no actual liquids arc [)erfect, so no 
actual gas is q^i>er|ect gas. They all deviate slightly fi*om 
Boyle's law ; tliey aie pvolmbly not infinitely exi>ansible, 
and are certainly not infinitely compmssible, for many of 
tJiem, if siiueeze<l veiy much, condense into liquids ; and as 
they ap 2 )roach their condensing j>oint, they deviate fmm 
Boyle's law a gcxxl deal, l>cconi ing more and more com- 
pre.ssible. Oxygen, nitmgcn, and aigon have now all l>ecn 
liquefied in bulk, ajnl the two latter have been frozen. 
Hydrogen has l)cen momentarily liquefied as a mist, and 
the only gus that has m far i-c-sisted even momentary lique- 
faction is helium. Still, all these gases are, at ortiinary 
pressurcis and tcmj>cititui*es, a very long way off their con- 
densing points, and they ol^ey Boyle's law with considerable 
accuracy. They cannot, indeed, l)c condensed !)y (\}\y amount 
of simple squeezing; they have to l>c cooled enormously 
as well. 

Air-ptmips. 

201. Air^umps differ in no respect from other punqis 
except in details of arrangement. Their pecnliarity is that 
the vessels they are used to exhaust or to Ml contain always 
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the same volume of fluid ; its density and pressure, however, 
are diminished or increased to any extent. 

Pump No. 3 (fig. 93) is generally used for exhaustion, but 
pump No. 2 can also be used, and it will at the same time 
produce condensation in any vessel screwed on to its end B. It 
is then called a condensing syringe. If it obtains its air from 
the atmosphere, the same mass of air will be injected at every 
stroke, and consequently the pressure in a vessel screwed on 
to B will increase by a fixed amount at each stroke, that is, it 
will increase in arithmetical progression. 



Fig, 104.— Air-pump. 


Fig. 104 shows a double^iarrelM air-pump with two of 
the Noi 3 pumps arranged to exhaust a glass vessel known 
as the ‘receiver.' At every stroke the air in the receiver 
expands to fill both re^^h^er and pump-barrel, and the 
portion filling the latter is at the reverse stroke expelled into 
the atmosphere. 

Cull the volume of the receiver V, and that of a pump* 
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barrel v ; tlie same volume of air, i\ is extmeteil at every 
stroke, but not the same mass, l)eoause its density keeps on 
diminisliing. If the pi-essure id the air in tlie receiver to 
start witli, is P^, and after the first stroke, Pj ; tlie prutluct 
of pressui’e and volume Ixung constant, we have 

The contents t)f the puni|)-l>arn‘l aiv now exixdled, and the 
seeoiul .stroke In^gins. During the .st*cond strok<» the volume 
V again exjuinds to till the volume V + r, without the 
quantity of the air changing; s<^, if P.j is the pressure after 
the S4*cond stroke, 

P^V = P,(V + r). 

Similarly, 11^, the pressure after tin? thin! stroke, is given by 
' • P,V=P3{V + r); 

and so on 

The pl•essur<^ after three stroke.s may therefore 1)6 written 

similarly, the pressure after n strokes is 


Tlie pressures P^l^jP., P.. P,^ decrease, therefore, in a 

V 

geometrical progression with the common ratio y - 

Hence [x^rfect exhaustion (or prc&sure ecpial zero) cannot 
be obtained, even with a iicrfect pump, witliout an infinite 
number of strokes. 

202. To indicate the degreerof exhaustion, a mercury 
gauge is commonly used, which may be simply a long tube 
reaching from the receiver into a cistern of mercury, some- 
thing like a barometer ; or it may be of the form shown 
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Hcparately in tig, 105, and attached to the pump at G in 
tig. 104. The close<l limb of the U tube is completely full 
of mercury, and remains so till the air pressure 
in the little bell jar which is exliausted with 
the receiver gets unable to support it ; it then 
gradually descends as the exhaustion proceeds, 
and the pixissure of the residual air in the 
receiver is measured by the difference of level 
between the mercury in the two limbs. 

203. Compressed - air Manometers. — The 
diminution of the volume of a gas under 
l)ressiirc will measure that pressure in a more 
compact way than the. mercury gauges of 
sect. 193 (compare the length of the two 
branches of the tube, fig. 103), and mano- 
meter on this principle is shown in fig. 10^. 

Faraday used to measure high pressures in 
his glass veasels })y inserting little conic(il Vacuum Gauge, 
glass tubes, with one (?nd sealed, containing air and a 
globule of mercury (fig. 107). As the pressure of the gas 



Fig. 106. Fig. 107, 

Simple coinpres^ea-air Menometers. 


in which they were, increased, the globule moved up and 
compressed the air in the tube more and more; and the 
diminution of volume measured the increase of pressure, 
V 

P'saP-yV* 

Lord Kelvin has applied the same principle to ocean 



Fig. 105. 
Air-pump 
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sounding) for, vsince every 34 feet of water adds another 
atmosphei'o to the pi'essuiH?, if the pressure of the waiter 
be known, its depth cun lx* calculated. A tulx closed at 
one end is lowered into the sea, like a diving-lx?lJ, mouth 
downwards ; and a registering arrangement n3conlH how far 
the water has entered the tul)e, and therefore how far the 
air in it has l>een comj>ressed. 

Diving-bells.— (,>pen vessels contiiining air, then lowered 
into water mouth downward, need to be heavy in oitler to 
sink. It is usual to pump more air into a diving-lxll as it 
sinks, so as to keep the water out notwithstiinding its 
pressure ; but if no such pumping be done, the original air 
will lx compn»ssed into smaller compass, the water will 
l»artly enU^r, and, since the displaced fluid is less, the 
huoyancy (fiminislu^s or the apiKvront weight increases as it 
gets mortj dcejJIy iminei’sed. On this principle little hollow 
glass ligures, called ^Cartc‘sian divers/ rise and sink in a 
liquid according iis the [)ressure on them is diminished or 
increased. 


EXAMPLES- XXIV. 


(1) A Iwometer in a divingdxll imlicates a pressure of 45 inches 
of mercury, the height of the haroiiieter at the surface of 
the earth being 30 inches. Wliat is the depth of the 
diving-lxH? 

{ 2 ) Find the height of the homogeneous atmosphere at zero 
, centigrade. (This means the height an atmosphere must 
have, if it were tnoile of incompressible fluid, of the same 
density as the real atmosphere at any poinVaml if it 
exerteil the same pressure as the real atmosphere <loes at 
tliat point. Bee sect. 198.) 

Aii.9. 78x 13'6-f *001293, In centimetres, about 8000 
metres (or roaghly about 5 miles). 

AT, 4?. —Notice that this does not vary with the baro- 
metric height. 

(3) A siphon barometer wliicb has a little air In its * vacuum * 
in^cates a pressure of only 72 centiinetres ; and on pouring 
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more mercury into the open limb until the vacuum is 
diminished to half its former bulk, the difference of levels 
becomes 70 centimetres. What is the true height of a 
proper barometer ? 

(4) The cylinder of an air-pump barrel has a capacity |*j,th of. 

that of the receiver it is used to exliaust. Find tlie 
pressure in the receiver after 1 and after 2 strokes of the 
pump, if the oiiginal pressure was 77 centimetres. 

(5) If a quantity of air is squeezed in a closed tube into ri^^th 

of its original volume which it occupied when the bar- 
ometer was at 30 inches, what pressure does it indicate ; 
and at what deptli under water would this pressure be 
experienced ? 

(6) An inverted vessel like a diving-bell, 6 feet high and 

weighing half-a-ton, weighs apparently J of a ton when 
lowered so that the water inside it is 86 feet below the 
surface. What would lie its apparent weight when raised 
so as to be only just immerse<l, supposing that the same 
quantity of air now quite fills it ? 

(7) A Y tube is inverted, and each leg is dipped into a different 

liquid. Air is then sucked from its stem, and the liquids 
rise a vertical height of 17 and 15 cm. respectively. Com- 
pare the specific gravities of the two. 

(8) If, in last question, the heavier of the two liquids is water, 

find the pressure of the air in the stem when the height of 
the barometer is 75 cm. 

(9) A room has a volume of 150 cubic yards. The barometer rises 

from 28 to 30 inches. Find how many cubic yards of air 
in the room at the higher pressure have entered during the 
rise. 

(10) In a common air-pump, the volume of the receiver is 450 

cubic inches, and that of the barrol is 50 cubic inches. 
Find in what mtio the density is i-educed by one stroke 
and by two strokes. 

(11) The barrel of an mr-puinp is ^ a cubic foot in volume. Find 

the pressure in a receiver 8 cubic feet in volnme, after 5 
strokes of the pump, in tenns of its initial pressnro. 

(12) A barometer which has a^little air in it reads 29*6 inches, 

the top of the tube being 6 inches above the top of the 
mercury, when a standard barometer reads 80. What is 
the true roading when the faulty one marks 29 ? 

(13) Show tliat the apparent weight of a diving-bell increases as 



366 


KLIMBMTARY MWIUKm [bXS. XXlVt 

it 18 8iuik to greater depth in water, provided no freeh air 
Is pumped into it At what depth approximately will the 
austidning force or buoyancy of the water on it lie half 
what it is when just submergeii, assuming its walls thin 
and about 3 feet high ? 

(14) A diving-liell 10 feet high is sunk in water so tiiat its top is 

287 feet below the surface^ Find the height to which the 
water will rise insitlo the liell, aRsuming the pressure of 
the atmosphere equal to that of a coluiiiu of water 32 feet 
hi^di. 

(15) A diving- l)el! having a capacity of 125 cubic feet is sunk in 

salt water to a tlepth of 100 feet. If the specific gravity of 
salt water lie I *02, and the height of the water fwirometcr 
1)0 34 feet, fiml the total quantity of air at atmospheric 
pressure requirtsl to fill the hell. 

(16) A mass of g;is kept at constant temjierature has a volume of 

10 cubic feet at a pressure of 20 inches of mercuiy. Find 
the pressure whicli will reduce the volume to 3 cubic feet, 

(17) A pump cylihder I square inch in section and 6 inches long is 

used to condense atmospheric air into a reservoir of 1 cubic 
foot capacity, which is kept cool. What is the pressuro 
after 11)0 strokes ? 

(18) A barometer tuls* contains air a1s)ve the mercury column. 

On a certain day the merenrj' stands at 25 inches when the 
space above it is 6 inches long, and at 24 inches when the 
space is made only 5 inches long by letting the tulie lower 
down into its cistern. Find the true atmospheric prc8.sure. 

(19) A cylindriciil vessel, closed atone end only, is 20 centimetres 

tall, and its open emi is immersed in luercui'y until the 
interior level is 5 centimetres below that of the general 
level of the liquid outside. The Iwirometric heiglit lieiiig 
75 centimetres, calculate how far the mercury' has risen 
into the vessel, or how deep the lip of the vessel has l>cen 
submerged. 



MISCELLANEOUS EXERCISES. 


SET I, 

1. A bullet is fired verticully upwards with a velocity of 1600 
feet |Kjr sei*oiul. Find how high it will rise, and how soon it will 
hit the ground. 

2. If you throw 2 balls up with a velocity of 192 feet per 
second, one two secoiuls after the other, when and wdiere will 
they meet ? 

3. The iuten.Hity of gravity on Jupiter is 2 ‘6 times as much as 
on the earth. How long would a l*ody take to fall on Jupiter 
from a height of 167 feet 

4. A man in a stationary balloon throws a ball up with a 
velocity of 96 feet jier second. Where is the ball in 10 seconds, 
and what velocity has itt 

3. A man on a cliff 300 feet high throws a stone down to the 
ground in 3 seconds. With what velocity did he throw it ? 

6. A balloon is going up at the rate of 80 feet per second, and 
when at a height of 800 feet a halfpenny is dropp^ over its edge. 
What does the halfpenny do ? When and with what velocity does 
it hit the ground ? 

7. A cannon is fired horizontally at a height of 10 feet above a 
lake. Ho>v soon does the ball hit the water ? 

8. One stone is dropi>ed from the top of a cliff 400 feet high, 
and at the same moment another is thrown up fi-oin the bottom 
with a velocity sufficient to carry it to the top of the cliff. When 
and where do they meet ? 

9. A weiglit of 0 lb. is attached to one end of a string and 10 
U>. to the otlier, and the string is. hung over a freely movable 
pulley. Find the tension in the string ; and how long 9 feet of 
the string take to pass over the pulley. 

10. A knife is dropped fr^rn^ the middle of the ceiling of a 
railway-carriage going 50 miles an hour. How does it fall ? 

11. A train is going 50 miles an hour; a roan, leaning oat of 
window, throws a ball up vertically at 32 feet a second. What 
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becomes of it, ami how loii}; will it take befoi'O it oonieH back to 
his haml ? 

12, An iron cage descends a mine. The tension in the rope 
equals the weight of 200 lb. ; when at rest it was 225 lb. Find 
the time of ilescending 100 feet from rest. 

13, Find the tension in a rope which draws a carriage of 8 tons 
np a smooth incline of 1 in 5, and cause.s an increase of velocity 
of 3 feet per second [)er second. If on the same incline the ro{)e 
breaks when the carriage has a velocity of 48 feet a second, how 
far will it continue to move up the incline? 

SET II. 

1. Six forces act on a point making angles of GO'* with each 
other. Their magnitudes are 4, 6, 5, 1, 10, 7. Find, by drawing, 
the iimgnitnde and direction of the resultant. 

2. Three ftirces, 10, 10, 36, act on a point at angles of 120^ 
Find resulUjit. 

3. A htiQdt*e«l weight is hung to 2 hooks in the ceiling by 2 
cortls, one 3 times as long as the other, and the same length as 
the distance lietween the hooks. Find by construction the 
tension in each. 

4. A weight of 42 lb. is balanced at a height of 6 feet almve the 
ground on 2 inclined rmis meeting in a |)oint under the weight. 
One rod supports 36 Ih., the other 20 Ih. Find the length of each 
rod by a construction. 

5. ' Two hoys sitting at the ends of a plank 10 feet long see-saw 
over a log. The plank weighs 70 lb. The log sustains 2 cwU, 
and one Imy U 4 feet off it. What are the Imys’ weights 7 

6. Forces of 5, ~ 3, 4, - 2, 6, are arranged along a rod at equal 
distances (2 inches). Find resultant. 

7. A uniform rcnl weighing 4 lb. has 12 lb. at one end and 18 
at the other. The centre of gravity of the wliole is 0 inches from 
the middle. Wliat is the length of the rod ? * 

8. Two men carr>' a block of iron weighing 176 lb. suspended 
from a pole 14 feet long. Each man is 1 foot 6 inches from his 
end of the pole. Where must the block liang in order tliat one 
man may bear f of the weight borne by the other ? 

SET III. 

1. State the characteristic difference between solids and fluids 
in relation to the transmission of pressure, and explain clearly 
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what IB meant by the equal transmisBion of pressure by fluids in 
all directions. 

2. Show what the pressure exerted by a liquid on any part of 
the surface of the containing vessel depends upon, and explain 
how to calculate the amount of this pressure when the necessaiy^ 
data are given. 

3. Describe and explain an experiment proving that the pres- 
sure on the base of a vessel may be greater or less than the 
weight of liquid in the vessel. 

4. Prove that the resultant pressure on a submerged body acta 
vertically upwards, and is equal to the weight of a quantity of 
fluid equal in bulk to the body. 

5. Describe experiments proving that the air has weight, and 
show how the weight of a given volume of air can be approxi- 
mately ascertained. 

6. Explain the construction and action of the barometer, and 
show how to ascertain the pressure per unit of surface exerted by 
the air. 

7. In a barometer which contains a little etr in^the space above 
the mercury, this space amounts to 20 c. c. when the mercury in 
the tube is 70 centimetres above the niercury in the cistern ; on 
lowering the tube, so that the mercury in the inhe is only 67 
centimetres above that outside, the space above the mercury 
measures 12*5 c, c. Find true barometric heiglit. 

SET IV. 

1. Define the tenns ‘force,* ‘work,* ‘power,* ‘energy,* ‘mo- 
mentum.* 

2. What experiments or observations can you adduce to prove 
that the weight of a body is proportional to its inertia ? 

3. A light frictionless pulley with a string over it has 17 ounces 
hanging on one end of the string and 15 on the other. Calculate 
the tension in the string, and the acceleration of either mass. 

4. Discuss the direct impact of two small spheres on one 
another in the light of Newton*8 daw of motion, showing what 
happens to their separate momenta and energies— -(a) when 
inelastic ; (6) when elastiq. ^ 

5. Calculate the positioc of the centre of gravity of a light 
square frame, six inches in the side, with weights at its four 
corners, proportioned to 5, 2, 7» 4. 

6. Explain the common air-pump, and show how to oalculato 
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the pressure of the residual air after a speelOed number of 
strokes. 

7. A pressure is often specified as equal to 70 centimetres of 
mercury. Express this in absolute measure ; for example, in 
dynes per square centimetre. 

8. How can the specific gravity of sand be practically deter- 
mined ? Illustrate by an example. 

0. A ladder, weighing half a hundredweight and 80 feet long, 
rests against a smooth wall, with its foot 15 feet from the bottom 
of the wall. Find the presstii'e on the wall and ground, taking 
the centre of gravity of the ladder as one- third of its length up. 

10. A stone is thrown up with a velocity of 192 feet a second. 
Find how high it ascends, and how long it takes l>efor6 returning 
to the hand. Find also its position three seconds after throwing. 

11. A body, moving with uniform acceleration, descril)e8 180 
feet in the fifth second of its motion. Find its acceleration and 
the distance travelled in the five seconds. 

12. A tric^'cle, weighing 80 lb., moving along a level road at 
the rate of 12 snile^' an hour. Is 8top|)e^l by the friction in the 
space of 60 yards. What must the average resistance to its 
motion have been ? 

13L Of three blocks of wood one is pivoted on a point, another 
rests on an inclined plane, and the third floats in water. Dincusa 
the conditions necessary for equilibrium and for stable equili- 
brium in each. 

14. How would yon determine the coefficient of friction between 
two given fiat surfaces? 


SET V. 

1. Define Acceleration, Inertia, Force, and Work, showing 
how each is measured, and giving the most important standards 
or units of each iu present use. What is meant by the statement 
that g:::r981 ? 

2. It is found experimentally that in vacuo all liodies fall 
tlirongh a given distance in the same time. What consequences 
can be deduced from this fact ? If the distance were doubled, 
how much more time would the fidl require ? 

3. A falling body is observed to describe 100 feet in the last 
second of Its motion. Find how far it must have fallen, and also 
the time taken. Consider gsgg, and neglect the resistance of 
the air. 
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4. What is meant hy centripetal a4iceleraiton? Find the force 
necessary to cause a planet of mass ni to revolve in a circle of 
radius r in a time T. 

5. How have the masses (a) of the Earth and (h) of the Sun 
been ascertained ? 

6. Define moment of inertia. Find the time a solid cylinder 
will take to roll down an inclined plane 20 feet long, inclined at 
30® to the horizon ; the moment of inertia of the cylinder being 

7. Explain clearly what is meant by the centre of oscillation 
of a swinging rigid body ; and determine its position in the cose 
of a uniform rod swinging about one end, its moment of ineilia 
being Jwr*. 

How has the intensity of gravity been accurately measured ? 

8. Three weightless rods are jointed together, the two free ends 
*are pivoted to firm supports, and the middle rod is loaded at any 

point. Sketch the position of equilibrium which the system will 
take up, and show how to determine by constructioqithe stress in 
each of the unloaded rods. 

9. A weight rests on an inclined plane of given roughness. 
Find by construction the least force which will suffice to pull the 
weight up the plane, showing the angle at which it must act. 
Also find how much the plane must be tilted in order that the 
weight may slide down. 

10. A rectangular block weighing 20 lb. with a square base 8 
inches in the side, is set up on a level table ; and it is found that 
a horizontal force of b lb. weight, if applied below a certain 
l>oint, is just able to make it slide, while if it is applied alK>ve 
that point the block topples over. Find the position of this 
critical point, and also the coefficient of friction between the 
block and the table. 

11. Define density and specific gravity. 

A piece of iron weighing 84 grammes is put into a beaker, 
which is then filled with water up to a certain mark above the 
level of the iron, and the whole is found to w^eigh 128 grammes. 
The iron is then turned out, and utater poure<l in till the beaker 
is again full up to the same mark ; it now weiglis 56 grammes. 
Find the specific gravity of the piece of iron, and its weight when 
underwater. • * 

12. De8cril>e an accurate form of barometer ; and give some 
of the contrivances which have been employed to make bar* 
ometera more sensitive to slight changes of pressure* 
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13. A balance is arranged under water, and a mass of iron ore 
in one of its pans is counterpoised by 3 kilogrammes of lead in 
the other. What is the mass of the iron ore, its specific gravity 
being 7, while tliat of lead is 11 ! 

14. A ladder standing on rough horizontal ground r^ts against 
a rough vertical wall. Find its position when just not slipping 
down. 

15. A solid regular triangular pyramid is drawn along a rongli 
table by a horizontal force. What is the gieatest height at 
which the force can be applied without upsetting tlie p 3 'ramid ? 

16. A weight is swung round and round in a vertical circle by 
a roi)e of given length. Determine the conditions that the rope 
may keep tense. 


SET VI. 

1. Describe fully a method of coii]{>aring the specific gravities, 
(o) of a soU^ and liquid, (6) of two liquids. 

2. Explain diearly why a diving bell which is not supplied 
with additional air apf)ears to get heavier as it descends in 
water ; anti show how its depth niiglit lie ascertained, either by 
reatling a barometer inside the l>ell, or by noticing the heiglit to 
which the sea- water hatl risen into its interior. 

.3. A gun is fired horizontally, at a height of 169 feet almvo a 
lake, with an initial velocity of 1000 feet a second. Find how 
soon, and how far away, the ball will first strike the lake, 
neglecting the resistance of the air, and taking the acceleration 
produced by gravity m 32 feet-per-second per second. 

4. What is the principle of virtual work (or virtual velodtics) 1 
Illustrate it by applying it to find the mecbaiiical advantage of 
any system of pulleys when the ^velghts of the pulleys are not 
neglected. 

5. A mass of 3 lb., banging vertically, drags a mass of 17 lb. 

along a perfectly smooth level table by means of a*string over 
the edge. Find the acceleration, and the distance travelled in 
five seconds. * 

6. Find the tension in a flexible rope which is passed round a 
single movable pulley supporting ,20 lb., while to the free end of 
the rope 12 lb* is hung ; and find tli.'s acceleration upwards of the 
201b. weight (neglecting the mass of the pnlley and of the rope). 

Show that this may be done either by direct application of 
Newton’s Second Law, or by a work-and*etteigy method* 
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7. State Newton’s Third Law. If t>vo spheres of given masses 
and coetTicients of restitution impinge directly on each other with 
known velocities, show how to find the velocities after the impact. 

Consider specially the case when the masses are equal. 

8. A ball let fall on to a stone slab from a height of 16 feet, 
bounces tlie first time to a height of 9 feet. What is the coeffi- 
cient of restitution, neglecting the i*esistanceof the air? and how 
high will the ball bounce next time ? 

Find also the total distance it will travel before coming to rest. 

9. Given the moment of inertia of a body about an axis through 
its centre of gravity, determine it about any other parallel axis. 

10. A uniform rod of .given length is swung as a pendulum 
about a given point in it. Find the length of the equivalent 
simple pendulum, and 6nd for what point of suspension the time 
of swing will be a minimum. [The moment of inertia of a rod 
about its centre is 

11. A conical pendulum or governor ball (considered as a 
particle) is spinning round a vertical axis 20 tim<!:!^ a second. 
Find its distance in inches or centimetres *belcl\v a horizontal 
plane through its hinge. 

12. How has the value of ^ been determined accurately ? Ex- 
plain its variation with latitude. 

13. Define the unit of force. How has the force of attraction 
between two pound masses one foot apart been determined ? 

Show how a knowledge of this urould enable us to express the 
mass of the earth in terms of its bulk, and also would tell ns the 
mass of the sun in terms of its distance. 

14. What is the law of acceleration to which a body is subject 
if it is dropped into a deep hole in the earth ? How long would 
it take to reach the centre, if the density of the earth is 57. 
Show that this time is independent of the size of the earth. 

15. A body slides down a plane inclined at a given angle to the 
liorizon. Determine its acceleration, and the time taken to slide 
down, supposing the coefficient of friction constant. 

Determine also the least force necessary to support the body, 
and the direction in which it must iCCt. 

16. A uniform narrow beam is pivoted at one end at a given 
height above a pond, and tiie other end rests in the water. 
Determine its position of equilibrium, the specific gravity of the 
wood being known. 

Discuss its change of position if tlie level of the pond is grade* 
ally rising towards, and ultin^ately above, the pivots 

B 
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[aBT VII. 


SET VII, 

1. A ball thrown up is caught again in 7 seconda How high 
did it go, and with what speed was it thrown ? 

2. A cannon-ball is fired horizontally with a velocity of 1000 
feet a second across a lake from a tower 100 feet high. When 
and where does it strike the water ? 

3. A 3-cwt. cage is l)eing Iowei*ed down a coal -pit witli a down- 
ward acceleration of 5 foot-second units. Find the tension in its 
rope. 

4. Equal weights of 21 lb. each are slung by a string over a 
perfectly smooth bar, and 3 lb. is adde<l to one side. Find the 
distance moved and the velocity acquired in one second from 
rest, and find also the tension in the string. 

5. A gun weighing 12 lb. fires a bullet of an ounce and a half. 
If the initial i*eeoil velocity is 13 feet a second, what is the speed 
of the Imllet;; 

6. The above-bullet at the end of a string 5 feet long is whirled 
round and round till the string breaks. If the string had l>een 
able to support half a hundredweight, %vhat was the rate of 
whirling of the tmllet ? 

7. A nuinl)er of particles slide down different chords of a 
vertical circle, all of them meeting at the lowest point of the 
circle. Compare their speeds and times of descent. 

B. Show that if the planets descril^etl circles round the sun, 
under the action of graiitation, the distances cit)>e<l would be 
proportional to their iieriods squared. How can the mass of the 
sun be thus calcnlated, in terms of the mass of the earth ? 

9. What is the value of g where a simple pendulum 7 feet 
long makes a complete swing in 3 seconds ? 

10. Find the range, the time of flight, and the greatest eleva- 
tion of a projectile fired at 45*' with a speed of 1000 feet a second. 

11. What is the necessary difference of tensions ip a driving- 
belt 30 inches wide, which is mnniog 4200 feet a minute and 
transmitting 300 horse-power? 
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South Kensington Examination.— Solids. 

1. One of two forcee, which act at a point, is represented 
nuincrically by 7 ; the resultant is 14 and makes an angle of 30® 
with the force of 7 ; find grapliically the magnitude and line of 
action of the second force, Also calculate the magnitude to two 
places of decimals, and nica<ture the angle between the two forces 
as acciimtely as yon can. 

2. Define the moment of a force with respect to a point. 

The moments of two forces are taken with respect to a 
point; explain under what circumstances the moments will 
l>e of <lifferent signs. 

Draw a square A BOD, and let a force of It units act from C to 
D, and another force of 23 units from C to B ; find the moment 
of their resultant with respect to the point A. 

3. Explain what is meant by the tension of a thread. 

Two men pull at opposite ends of a rope, and each pulls with a 
force of 50 lb. Aveight ; what is the tension of the rope ? 

A bo<ly ^veighing 10 lb. hangs at one end of a thread, the other 
end of which is fastened to a hook in the ceiling ; what is the 
tension of the thread, and what are the forces that produce it? 

4. A circular lamina of radius b centimetres weighs W lb. ; 
fin<l the common centre of gravity of the lamina and of a weight 
of W lb. distant a cm. from the i>erimeter and external to it. 

When is the centre of gmvity (u) inside the perimeter, {b) on 
the perimeter, (c) outside the i)erimeter ? 

5. Let a hoiizontal line AC represent a rod 12 ft long, resting 
on two fixed points A and B, 10 ft apart Each foot of the 
length of the rod weighs 12 oz. ; a weight of 16 lb. is hung from 
C. Show that the rod will stay at rest, and find the pressure at 
each of the points of support 

6. Explain the principle of il^ lever. 

Describe the common baluice, and show that the weights in 
the scale-pans will not be equal unless the beam is horizontak 

7. A piece of wire is hung up by one end, and at the othet 
carries a \reight State the law which regulates the amount by 
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which the wire is 8tretclie<l, ami what limit there is to the extent 
of the elongation. 

The wire is 12 ft. long, and its cross section is l*120th of a 
sqnare inch ; it is fonnd to bet stretched one*fifth of an inch by 
a weight of 300 lb. ; find the modulus of elasticity. 

8. When the acceleration of the velocity of a bmly moving in a 
straight line is constant, how is the acceleration measured ? 

In what units is acceleration commonly measnied ? 

A body moves in a straight line, and at a certain instant its 
velocity is 10 ft. a second ; at the end of If seconds its velocity is 
31 ft. a second ; at the end of 3J seconds iu velocity is 52 ft. a 
second. Show that this is consistent with a constant accelera- 
tion, and find what that acceleration is in feet and seconds. 

9. A train has a speeil of 30 miles an hour at a certain station, 
and moves with a constant acceleration of | foot per second i>er 
second till it passes a station a mile distant ; what time does it 
take l>etween the stations, and what is its average velocity ? 

10* Defm^oa poundal and a foot*|M)UDda). 

The mass of k IxKfy is 15 lb. and its velocity is 20 ft. a second ; 
find its kinetic energy in foot-{>oumlals. Find also the niiml>er of 
fiouiidals in the force that would bring it to rest in 1-lOth of a 
second. What would the force be in pounds-weight ? 

11. Desenbe Atwood’s machine. 

Weights of P and Q lb. arc connected by a string passing over 
a smooth fixed pulley, wdiose plane is vertical ; determine the 
ratio of P to Q, so that the acceleration of the system may l>e 
one-tenth of that dne to gravity. 

12. A small but heavy Ixuly is snspcnde<l by means of a long, 
inextensible thread, and Is able to swing to and fro in short arcs. 
How are the times of successive swings connected ? 

Find the length of the threarl when a complete oscillation takes 
half" a second, being 32*2. {r*=9*87.) 


BOPTH KENSINOTOJf EXAMINATION.— -FLUIDS. 

1. A body moves In a straight line; explain how its velocity 
is measured at any instant— (a), when the velocity is constant, 
{b) when it variable. < 

A body falls freely at a place where gs=d2*2 ; find its velocity 
at the end of 5 seconds ; also find its velocity when it has fallen 
tbtongh 144*9 ft. 
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*2. Enumerate forms of energy produced in material bodies 
wlien work is done upon them. 

If a one-ounce riiie-bullet be propelled with a velocity of 1500 ft. 
per second, what is its kinetic energy ? 

What work must be done upon it to produce this energy ? 

3. State broadly the dilTerences between solids, liquids, and 
gases. How do they behave in general when attempts are made 
to compress them ? 

Make remarks on the statement: *The pressure of a liquid 
at rest is always perpendicular to every surface on which 
it acts.’ 

4. Tliere is a cylindrical vessel 2 ft. high, closed at both ends 
and standing upright. Suppose that a pipe is let ipto the side of 
the vessel and extends upward to a vertical height of 12 ft. above 
the top of the vessel. Now suppose that water is poured down the 
pipe until the vessel is full, and that the water stands in the pipe 
at a height of 10 ft. above the top of the vessel. If you were 
considering the pressure of the water on the m3idQ,^df the vessel, 
where would you take the surface of the w*ater1x) be ? Bearing 
your answer in mind, find the pressure on each square foot of the 
top and of the bottom of the vessel. 

Assuming that the height of 10 It. is not changed, explain 
whether the results would or would not be different if the 
diameter of the tube were doubled, and if it came into the 
vessel above or below the jwint at which it actually enters. 

5. A vertical side of a rectangnlar cistern is 4 ft. broad by 5 ft. 
deep ; the cbtern is {ths full ; what is the magnitude of the 
resultant pressure of the water on the side, and wliere and how 
does it act? 

6. State the conditions of equilibrium of a iloating body. 

A solid boily floating in water has (th of its volume above the 
surface. What fraction of its volume will pi*oject if it float in a 
liquid of siiecific gravity 1*2 ? 

7. A cylinder, whose specific gravity is 0*6, is fastened to the 
bottom of a vessel by a thread attaclied to a |K»int in the circum- 
ference of its l>ase ; its radius is 2 and height 6 in. If water 
Is poure<l into the vessel, and the body comes to i-est entirely 
under water, show, in a carefi|]ly drawn diagram, the position in 
which it comes to rest, and Tmd the tension of the thread. 

8. Explain how to find the specific gravity of a substance lighter 
t^n water, by means of the Manoe. 

A piece of wood weighs 15 ox. and its specific gravity is 0*8; 
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when it u attacheil to a sinker, the conii>ound hotly weighs 16 oz. 
ill water ; liml the weight of the sinker in water. 

9. Give a rule for converting the reatling of a Fahrenheit 
thermometer into that of a Centigrade. 

What reading Centigrade c9rres|M>nds to 98*4 F. ? 

10. Given that, at the standard pressure and teiiiperatnrc, tlie 
weight of a cubic inch of dry air is 0 309 grains, and that a cubic 
foot of water weighs 62*4 lb., show that the density of water is 
very nearly 818 times that of the dry air. 

A substance of small s[>ecilic gravity is weighed by brass 
weights; explain whether the true weiglit of the substance is 
greater or less than the apparent weiglit 

11. Explain what is meant by the water barometer. 

Descril^ a siphon, explain its action, and state what are the 

limits within w’hich it will act 

A siphon is working, wlien a small hole is ma<le at the top of 
the bend ; explain what follows. 

12. If 24tMb. of air are coiitaiiietl in a room whose dimenHions 
ate 18, 15, and 12* ft, the teiii|>erataro l>eitig 60" F. and the 
pressure that <liie to «'10 in. of mercury, 6 mi the weight of one 
cubic foot of air at 37"* F. under the pressure due to 29*7 in. of 
mercury. 


SotTK Kknsixoton Exa.mination.—8olii)s. 

1. Two forces act at a iHilut along given straight lines ; explain 
how to find the force that will lialance them. 

I^t AB and AC be the lines, and let the angle BAC lie 51' ; 
let a force of 27 units act from A to B, and one of 41 units from 
A to C ; find by construction the force tliat w ill iHihince them, 
and, if it act from I) to A, find (in degrees) the angle BAD. 

2. Two men carry a block of metal siispende<l fi*om a {sdc 
7 feet long, each man lieing 6 inches from his end of the |>oIe ; 
find the point of sas|iension when one man bears^^ths of the 
weight lionie hy the other. 

3. What is the 'moment^' of a force aWiit a point? An 
liexagonal lamina ABCDEF is fixed at the centre and capable of 
rotation about an axis perfiendicitlar to its plane. A force of 1 IK 
weight is applied at A |>erpendicula/ to AB and in the plane of 
the laititna ; find the magnitude of the force along CD which will 
prevent rotation, and show tlie directions of the two forces hy 
anrow^heads in a diagram. 
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4. A body is hung up by a piece of string. What do we know 
a1>out the position of its centre of gravity ? 

A triangular board, ABC, is hung up by a thread fastened to 
A ; show, in a carefully drawn diagram, the position in which it 
will come to rest 

If the board weighs 1 lb« and a weight of 1 lb. is fastened to B, 
show, in a second diagram, the position in which it will now 
come to rest. 

5. A, B, C are fixed smooth points, such that ABC is an equi- 
lateral triangle, with BC horizontal and above A. A fine thread 
is fastened to A, parses over B and C, and carries a weight of 
10 lb. ; find the pressures on B and C, produced by the weight. 

6. Define a foot-pound of work. State what is meant by the 
power of an agent. 

There are two agents A and B ; A can lift 25 lb. through 6 feet 
in a tenth of a second ; B can lift 10 tons through 15 feet in 70 
seconds ; find the ratio of A’s power to B’s. 

7. How are two velocities eomi>ounded ? ^ 

A Imat is rowed at right angle.s to the* stream of a straight 
river one-third as fast again as the river flows. If the distance 
roweil from bank to bank be five miles, find the breadth of the 
river and the distance made in the direction of the stream. 

8. A liody moves from rest in a straight line, and its velocity 
is uniformly accelerated ; show how to represent graphically its 
velocity at end of a given time, and the total distance described. 

A body is moving at the rate of 80 feet a second ; find the 
height to which that velocity is due. 

9. In the motion of a body in a straight line, define constant 
velocity and constant acceleration, and show that the former is a 
particular case of the latter. 

In the same system of units the constant velocity of one body 
and the constant acceleration of another body ai-e denoted by the 
same nuinlier ; if the second body start from rest, show that in 
two seconds lioth bodies will iiave passed over the same distance. 

10. Distinguish between ^mtential energy and kinetic energy. 

How many units of work aie uecessary to raise 47 ounces 5*8 

feet high ? 

11. Explain how it is that a 1>ody moving with uniform 
velocity in a smooth hoUzoiital circular groove can have at 
every instant an acceleration, constant in magnitude, directed 
towards the centre of the circle. 

How is this acceleration produced? What is the magnitude 
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of the force which produces the accelemiion ? If the body weigh 
2 oz., the diameter of the circle l)e a yard, and the uniform 
velocity be 5 feet per second, express the force in poutidals and 
in |)ouuds<weighf. 

12. State what is meant when it is said that, at a certain place, 
the acceleration due to gravity is 32*2. 

Find the nanil»er of beats made at that place in one minute by 
a pendulum 20*125 feet long. 


South Kensington Examination.— Fluids. 

1. Deliue the British absolute units of force, and show how 
force is measurcil in any particular case of a laxly ’s motion. 

A body weighing 2 lb. at rest is actetl utjon by a force of 7 
poundals for 3 seconds ; what velocity does it acquire ? 

2. A boily whose mass is 264 lb. moves at the rate of KKX) ft. 

per second ; find its kinetic energy (a) in footqK>undals, [h) in 
foot* pounda ^ = 32.) 

If that energy' weie imparted to a machine, and were able to 
make it work uniformly for 5 minutes, with what horse*power 
would the machine be working during those five minutes ? 

3. Define the centre of gravity of a botly. State where the 
centre of gravity is sitiiate^l in the case of any two bodies. 

A rope unwinds from a dram, and the hanging end descends 
vertically at the rate of 10 ft. a second ; with what velocity does 
the centre of gravity of the hanging part of the ro|)e descend ? 

4. Explain how the pressure of a Iluid is measured. 

If you had a cylin<ler standing upright and containing water 
2 ft. deep, explain how you would estimate its pre^ssure at any 
point of the base. How would your statement l)e modified if 
you considere<l a point on the side of the vessel 1 ft. Ixjlow the 
surface of the water? (7 cub. in. of water weigh 4 oz.) 

5. What is the resultant pressure on a liody wholly immersed 

in water? ♦ 

State, with reasons, if this de{)ends (i.) upon the weight of 
the bo«ly ; (ii.) the size or shape of the body ; {iii.) the depth 
to which it is immersed. 

Find the force with which a sphere 1 foot in diameter is urged 
upward if it be totally immersed in water. 

6. A cube v^iose edge is 6 inches is placed in water with a face 
horizontal and its centre of mass at a depth of 8 feet. Find the 
pressure in lb. on each lace of the cube. 
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7. There are two liquids, which do not contract when mixed, 
and their specific gi*avities are 0*6 and 0*75. If equal volumes of 
them are mixed, what is the sp. gr. of the mixture ? If equal 
weights of them are mixed, what is the sp. gr. of the mixture ? 

8. Describe a ‘speciiic gravity Ijottle.* 

Such a bottle when empty weighs 20 grammes ; when full of 
inercui-y it W'eighs 141 gi*., and when full of another liquid it 
weighs 73 gr. ; compare the specific gravities of the two liquids. 

9. State Boyle’s law, and descrilie the experimental veiihcation 
in the case of air, when the pressure is increased. 

The barometer stands at 30*1 in. ; there is no change of tem- 
perature, but the barometer falls to 29*025 in. What w*ill now 
be the volume of the quantity of air which at fii‘st had a volume 
of one cubic yard ? 

10. A cylindrical tube closed at one end is held in a vertical 

l>osition and immersed mouth downwards in water ; what is the 
tlepth of the middle of the tulie when the water has risen half- 
way up the tulie, the atmospheric pressure being^^l lb. weight 
per s<]uare inch ? * ^ 

11. Draw a diagram of a compressed-air manometer, and 
explain the piinciple involved in the construction. 

12. Describe the hydrometer of variable immei*sion. 

The hy<h*ometer when floating in a liquid (A) has more of the 
stem above the surface than it has when floating in another 
liquid (B). Explain which of the two liquids is the denser. 

One inch of the stem of a hydrometer is one-fiftieth part of its 
whole volume. When it is placed in the liquid A, two inches of 
the stem are above the sudace ; when it is placed in B, one inch 
and a half ai'C above the surface ; compare the specific gmvities 
of A and B. 


Koyal University of Ireland Matriculation 
Examination. 

1. Explain the terms *poundal,’ *dyne,’ 'erg.’ 

2. State the law's of friction, «aud describe any method of 
determining by experiment the coefficient of friction. 

3. Masses of 3, 4, and 5 1^ I'espectively are equally spaced 
along a straight line ; find ilmr centre of gravity. 

4. A body is dropped vertically ; what distance does it pass 
over during the third second ? 

5. Define ' moiueotuni.’ Compare the momentum of a mass of 
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7 lb. having a velocity of 1000 feet per second with that of a 
mass of one ton moving at the rate of 2 miles per hour. 

6. Deiiue tlie pressure at a point in a fluid. 

7. A b<Kly floats with a cubic foot of its vcduine under water. 
What volume would be iiuiiierseil in a liquid of sp. gr. 1 *2 ? 

8. A balloon is not completely filled with coal-gas, so that the 
skin is slack. Why, as it rises, does it till ? 

9. Descril>e some methcHl of finding the sp. gr. of a liquid. 

10. Describe the hydraulic press, and calculate its mechanical 
advantage. 


Koyal University of Ireland Matriculation 
Examination (Honours). 

1. How would you examine experimentally the sensitiveness 
of a balance? On what |H>iiits in its construction does the 
sensitiveness depend ? ( Jive proofs of your statements. 

2. A uni)i»*ni triangular plate w divided by a line drawn 
paralltd to its BSiise. Find the |>o.sition of this line if the distance 
l>etwceu the centres of gravity of the two parts is equal to half 
the median. 

Two moving lKKlie.s, A and H, are brought to re.«it by the 
application of the .same retarding force to each. If A move.H p 
times as long, and q times as far, as B l>efoie coming to rest, find 
the ratios of the maases, and of the H|>eeds of the Imdies. 

A. State the laws which govern the direct impact of moving 
ImkHcs, aiul explain ho^v they could be leste«l experiinenialiy. 

5. In the arrangement of one movable and one fixed pulley, in 
wdiich the theoretical advantage is two, find the accelerations of 
the parts, wlien a oiie-|H>und weight is hung on the free end 
of the string, ami the tiiovahle pulley and its attached weight 
have a mass of thi ee |Kmmls. 

6. Two particles are juojected verti willy at the .same instant 
and from the same iH)int, their velocities being any whatever. 
Sfiow that their relative velcKity remains unchangetl until one of 
them strikes the ground. * 

7. Prove that the free .surface of a liquid at rest under gravity 

is horizontal. • 

8. Calculate the thrust on a tri&ngular lamina which is held 
in a llqithl with its plane vertical and base horizontal, throO' 
fourths of the area being immersed. 

9. A piece of iron weighs 500 grammes. It is made into a 
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hollow spherical shell. What is the outside radius of the shell if 
(a) it just floats, (6) it floats half imnieised ? 

10. A body of specific giavity s floats in water with a certain 
water-line ; prove that if the body were inverted, and of specific 
gravity 1 - it wouhl float with the same water-line. 

11. Describe some form of double-cylinder force-pump. 

12. A cylindrical tube three feet long and one square inch in 
sectional area is used as a barometer, the mercury standing at 
30 inches. Find tiie effect of introducing into the Torricellian 
vacuum a volume of air wliich, at atmospheric pressure, measures 
five cubic inches. 


University of London Matriculation Examination. 

1. A body falls freely from rest and reaches the ground with a 
velocity of 40 feet per second. Find the velocity with which it 
would reach the ground if, for 9 feet after passing the mid -point 
of its descent, the body were subject to no accele^iou. 

Would it be possible to reproduce approximate^, in an experi- 
ment, conditions similar to those described above ? 

2. Explain wbat is meant by relative ixlocity. 

Two small marbles A and B are moving in clockwise direction 
ill concentnc circular grooves of 2 and 3 inches radius respec- 
tively. The velocity of A in its groove is 2 inches per second, 
and that of B is 9 inches per second. At a given instant the 
marbles are 1 inch apart; wbat time will elapse before the 
distance between them is 5 inches? 

3. A shot weighing 10 lb. is dischargeil from a gun weighing 
10 tons. The shot escapes from the gun, witli a velocity of 
2000 feet jHjr second, |tbs of a second after the powder is fired. 
Calculate the velocity of tlie gun at the instant the shot leaves 
it, assuming that its motion is unimpeded. 

Wliat average force would it be necesgary to exert upon the 
gun to keep it from changing its i>osition during discharge ? 

4. A train is moving at a uniform speed of 40 miles iier hour 
along a level track, and tlie pull Exerted u^mn it by the engine is 
3qual to the weight of two tons. How much work, in foot-lb., 
is expended by the engine per minute against frictional resist- 
ance to the motion of the train ? 

What further knowleilge would be required in order to calcu- 
late the frictional resistemce at» any instant if the speed of the 
train were not uniform t 
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5. Exp)<uu the ineaning of the teniiB atabie, UMtabk^ and 
ntHiral equilibrium. 

A uniform triangiilar jtlate weighing 1 lb. lunt an extra weight of 
1 lb. attached to it at one of ite aitgulai* points. It is free to rotate 
about a horizontal axis at right angles to its surface and passing 
through the point of intersection of its median lines. Show in 
which positions the plate w'ill l>o in stable and unstable equi- 
libriiiin respectively. Has it any position of neutral equilibrium ? 

b. What is meant by the mechanical advantage of a machine ? 

Show how to calculate the mechanical advantage of a differeu- 
tial wheel and axle. 

What practical advantage has such a wheel and axle over a 
simple wheel and axle of the same mechanical advantage? 

7. Mercury Ls |K)nred into a U tul>e which has a section of one 

square inch, and which is .standing with its limbs vertical, sf) as 
to more than <K‘Cupy the Ijcnd ; 20 cubic inches of water are then 
poured into one limb. Through what height will the nicrcuiy 
rise ill the (S[>eciric gravity of mercury = 13*0.) 

Explain ho^^tciran arrangement iniglit lie U8C<1 to determine 
the s]>eci<ic gravity of a liquid. Is it necessary for this purpo.se 
tJiat the two linilis shouhl have the same sectional area? 

8. Descrilie and explain the action of an air-pump in which 
exhaustion is effecteil hy a piston. 

Why should the valves of such an air-pump be made of a very 
light material ? 

Why Is an air-pump with two Imrrels easier to w^ork than one 
with a single barrel ? 

UNIVER.SITV OF LONDON MaTIUCULATION EXAMINATION. 

1. A heavy weight falls freely, lieing guidei] in its tlescent hy 
a smooth vertical roil down which it sliden. A jieucil attacheil 
to the weight leaves a trace njion a sheet of j»n|>er itilleil round a 
vertical cylinder which is made to rotate iqioii its axis with 
uniform speed. 8how u|K)n a diagram the trace of the jiencil 
pointy supiKising the |ia|)er to be unrolleil after the exfieriinent, 
and show bow fvoni the trace yon could prove that the weight 
hail fallen with constant acceleratipii. 

2. The diameter of a bicycle wheeh is 30 tnehee, and it is sup- 
posed to be so geareil that the wheel revolves twice for every 
revolution of the treadle. Determine the actual velocity of tfie 
treadle in utagnitode and direction at each quarter of a revolu- 
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lion, starting from the lowest xmint, supposing the crank to be 
7-1 inches long, and the bicycle to be moving forward on a 
horizontal track with a speed of 10 yards per second. 

3. A stone is whirled ronn<l in a vertical circle at the end of a 
string 21 inches long with a speed that may be regarded as 
uniform, and makes a revolution every second^ The centre of 
the circle is 4 feet al>ove the ground. Determine the subsequent 
history of the stone if the string wera to break (i.) at the instant 
that the stone was at the lowest point of its circular path, (ii.) a 
quarter of a revolution later. 

4. A train of moss 200 tons travels with constant speed of 
GO miles an hour in a northerly direction. It suddenly comes to 
a curve, on running over which for 10 seconds its motion has 
1)ecome deflected towards the east so that it makes an angle of 
SO'’ with north. What eastward velocity has the tmin acquired 
by running round the curve, and what easterly momentum? 
Wliat force must have Ijeen applied to it to give it this 
momentum, and how has the force been ax>plie<l ? 

5. An equilateral triangular lamina is stispeiKfm by threads 
fastened to two of its angular points. The directions of the 
threads [irtMlucecl pass through the centre of mass of the lamina, 
and one of them is horizontal and has a tension of 1 lb. Find the 
tension of the other thiead, and the weight of the lamina. 

6. A table consists of a uniform circular board weighing 9 lb., 
supported by three vertical legs fixed at equal distances round 
the circumference. A weight of 12 lb. place<l on the edge of the 
table, midway between two legs, is just siilficient to cause the 
table to overturn. Find the weight of each leg. 

7. Show that the resultant thrust on a solid immersed in a 
liquid acts vertically up'wards through the centre of gravity of 
the displaced liquid. 

A long, thin stick of uniform cross-section and density has a 
bullet, of weight equal to its own, attached to one end and floats, 
half immersetl, in a veasel of water. Show that it is in neutral 
equilibrium. 

8. Describe a siphon and explain its action. 

How does the rate at which a vessel is emptied by a siphon 
depend upon (1) the lengths of the limbs, (2) their cross-section, 
(3) the density of the contayieft liquid, and (4) the pressure of the 
atmosphere? 



ANSWERS TO EXAMPLKa 


Examples I. Pagta 10, 11. 

(1) 8i*i seconds. -v 

(2) miles per honr. I . • ,, 

r Answers given in fall on page 11. 

|4) 4rV . * 

(5) 60.1-2 ; J (7) 10,*, seconds. 

(6) 75 feet ^ (8) 8-8 feet per second. 

Example-s If. Pogrs 14, 16. 

(1) 20 ft./(«ec.)*; t.<. 20 feet iier second per second. 

(2) 8 ft/(8cc.)* 

(3) 52. 84, 116, 212 ft/sec. 

(4) 4 miles an lionr per minnte, or 240 miles an hour per hoar. 

(5) 78,645^. 

( 6 ) 1 *. 

(7) -12ft./(sec.)*. 

(8) In 4 seconds ; 96, 32, - 32, - 96 ft.^tec. 

(9) 16 seconds. 

(10) f 

(11) 116,868. 

(12) 6 inclies/(sec.)*; t.e. its velocity increases by 6 inches per 

second every second. 

(13) } mile/(roin.)*sH ft./{sec.)*. 

(14) 17f ft/(aec.)*. 

* Examples IIL Pdgt$ 20, 21. 


(4) 24,960 miles, 

(6) 1} rsdians'per-second per second. 
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(6) 3000 ft./sec. ; 5730 (nearly). 

(7) 2*095. 

(B) 19*. 

(9) 1*2; 11*46. 

(10) 9*4 radians/sec. ; 16 mlles/hoar, or 23) ft. /nee. 

(11) 192 radians/aec. ; 48 feet/eec. 

(1*2) 37*7 ft. /sec. ; 60 J radians/sec., or 480 revs, per minute. 
Examples IV. 29-31. 

(1) In Question 1 the initial velocity is 0, the final is 600; there- 

fore the average is 300 ; therefore in 30 seconds it will have 
gone 9000 feet. In Question 2 the average velocity is 
J(50 + 102) = 76, so ill 6) seconds it will go 494 feet ; and so 
on. Or we may use the formula )oP. (3) 36, 104, 

204, 696 feet respectively. (4) ( of a mile. (6) } mile 
=3911 yards. (7) 304 feet (8) The respective distances 
from the .starting-point are 5]^=^7=112 feet|^ ^3=«^=240 
feet ; ^*=256 feet. (9) 4096 feet. 

(2) 52* ft./(8ec.)* 

(3) 1*96 ft. /(sec. )«. 

(4) A and n, -2; C,+2; D,- 11*25. 

(5) A, 5 seconds; B and C, 10 seconds; D, lOJ seconds. The 

diagram for 0 will look like fig. 18 upside down. 

(6) It will continue moving for 26 seconds with an average 

velocity of 39 feet per second, and therefore will go 1014 
feet 

(7) The acceleration must be 4, because the average velocity 

during the first second spoken of, and therefore the velocity 
in tlie middle of that second, is 16, while in the middle of 
the next second it is 20. The velocity at the beginning of 
the former of these seconds must therefore have been 14, 
and at the end of the latter second 22. To gain the 
velocity 14 with acceleration 4 required SJ seconds, which 
is therefore the time the point had been moving at the 
beginning of the first second spoken of. Starting with 
velocity 22, it would go 552 feet in the next 12 seconds ; 
and its velocity would^ be 128 in 32 seconds from the 
original start, or 26)» seconds from the time its velocity 
was 22. 

(8) In another 11^ yards, which will take 2^ seconds, 

(9) S3 miles; done in 86 minutes. 
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(10) Nearly 2 iiiilefi/hour per second, or 2-87 ft/sec. per second. 

(11) 1 mile an hoar per second ; Sf miles an hour per second ; 176 

miles an honr per second»ss258 ft/(8ec.)^ 

(12) 400 feet ; 176 feet. 

(13) 210| feet ; 3t seconds. 

(14) 160 feet; 90 feet. 

(15) See Ex. 11. 8, and Ex. IV. 1. 

(16) 25 feet ; 21 seconds ; 20 feet. 

(17) 25 feet from the top, in U second. 

(18) 100 feet ; 80 feet per second. 

Examples V. Pages 36, 

(1) It moves with a uniform velocity 50 in a straight line nearly 

NE. by N. 

(2) 3 miles ; ^13 miles. 

Examples VI. Pages 41, 42. 

(1) Shortest distance, 352 yards; time, 4 rain. 12 sec. One of 

the ships will have still *16 miles to go before reaching 
the crossing* point, the other will have passed it by *12 
miles. 

(2) In the 6rst case, she will cross the middle of the rood 5 yards 

in front of the vehicle, though it will afterwaids pass 
witliin 1*6 yards of her (that is, 1 n/ 10 yards). In the 
second case, by choosing a direction perpendicular to the 
line joining their initial position, she can just get across 
at 2*6 miles an hoar withont being run over. 

(3) Belative velocity, 35 miles an hour ; minimum distance, almut 

173 yards. 

(4) 50*3 feet per second, its easterly component !>eing 10(1 + V2)» 

and its northerly component 10(3 + 

(5) 2 feet per second in a direction 30* weiM; of south. 

(6) 48|^ miles from its starting-point. 

(7) 10*6 miles away from its* correct line; 50^ miles from its 

starting-point 

Examples Til. Caga H Mi 


(I) 139 lb. (ftp. 
^ 418301b. (fby*. 
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(3) About 876,300 F.P.S. units. 

(4) In lb. (ft.)« units; (a) 10*; (b) 418; (e) 16; {d)26i; (e) 3f ; 

C/)68. 

(6) A kgm. (metre)*. 

(6) The moment of inertia of the hollow sphere is § that of the 

hollow cylinder ; the moment of inertia of the solid sphere 
is i that of the solid cylinder. 

(7) 66 lb. (ft.)* 

(8) 61 lb. (inch)* 

(9) 2* lb. (inch)*. 


(13) Moment of ineitia of a hollow sphere whose exteinal radius 
is r, and internal is p being its density. 

Its mass = /)( Jsr* - J 


its moment of inertia may be written = - m x 

o 


~ r'* 


_ 2 -f + ?*r'* + 


which, when r'=r (as is the 


case in the limit), reduces to 


2 

6 


?« X 


5r* 2 


,ftrK 


Examples VIII. Pages 65, 66. 

(1) 9 units of acceleration ; 460 units of length. 

(2) 36 poundals, about equal to the weight of 1 lb. 2 oz. 

(3) 2 ft./(8ec.)* ; 70 units. 

(4) 1 minute. 

(6) 6260 yds., i,e, about 31 miles, 

(6) 10 seconds. 

(7) 39,240 dynes = 391 kilotlynes = * of the weight. 

(8) 60 poundals, which is about the weight of 1 lb. 14 oz. 

(9) 600 units. 

(10) 76 feet. 

(11) 371 weight. 

(12) About 10191 grammes weight, or nearly 2 per cent more 

than the weight of a kilc^gramme ; 27,810 dynes will support 
an ounce, and 996f million dynes will support a ton. 

(13) 192 ft/sec. ; between 870 pud 880 miles. 

(14) 14 centimetres per sec.^ 

(15) 300 dynes. 

(16) (a) 37i lb. weight ; (6) 62i Ib. weight; (c) 60 lb. weight 

(17) Its own weight 


8 
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Examples IX. Pagta 71-73, 


(1) 61 feet per second. 

(2) 2 feet per second. 

(3) 31i ft/sec. (assuming the clay to stick to the body). 

(4) i- 

(6) 7*2 and 9*7 ft. /sec. 

(6) 1600 ft./sec. 

(7) 1 ft/sec. nearly, 

(8) 11§ and 213 ft/sec. 

(9) The velocity of the larger body will be reduced to 2 ft/sec., 
. while the smaller l)ody will have a revei*sed velocity of 

7 ft/sec. 

(10) 7 lb. ; reversed velocity of 5 ft/sec. 


( 11 ) h 

(12) 607 kilogrammetres, being over 95 per cent of the initial 

energy. 

(13) J; 6iVtt.s,67f/t 

(14) 1’wo cases may ho drawn. In one, the direct component 

of the velocity of the heavier sphere, A, is changed from 
+ 17*32 to -11*4 ft. /sec., while its transvci-se velocity 
remains 10 ft/.sec., giving a resultant 1617 ft/sec.; and 
the direct component of B*s velocity is changed from ~ 16 
to +20*9, its unchanged component being 16\/3, and the 
resultant 33*34 ft. /sec. In tlie other case, the direct com- 
ponent of A*8 velocity changes from +10 to ~22, its trans- 
verse component being lOv/3, and the resultant 28 ; while 
the direct component of B’s velocity changes from - 15\/3 
to +14, its transverse component being 16, and the 
resultant 20*5. 

(16) 4i ft./sec. (nearly). 

(16) 500 poundals, le. about 15} lb. weight. 

(17) 2.30 poundals, t.e. about 7 lb. weight. 

(181 The kick felt is the jerk of maximum force at thd relaxation 
of the accumulated pressure. The speed of the bullet may 
have to he mainly acquired in the last inch of the barrel 
instead of being gradually imparted over the whole 4 feet. 


Examples X. Pages 82, 83. 

(1)' 27ir^ poundals, equivalent to the weight of about 8*4 lb. 
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(2) (Taking ir* as equal to 10) 6 feet. 

(3) 6 inches. 

(4) 80 ft./sec. 

(6) 5^ tons weight. 

(6) 140 lb. (approx.). 


Examples XI. Pages 96-96L 

(1) 160 ponndals, or ^ of their usual weight. 

(2) At a height equal to the earth’s radius. 

(3) In 16g seconds. 

(4) 981. 

(5) 44$ grammes weight, or 43,600 dynes. 

(6) 2 ft. /(sec. )® ; 90 ponndals, or 45 oz. weight. 

(7) 6 inches-per-second per second. 

(8) 224 feet. 

(9) 4*4 seconds. 

(10) 20 poundals per lb. 

(11) 60 poundals; 2 ft./(sec.)*. 

(12) 2 ft./(8ec.)*; 510 poundals. 

(13) ; i.c. 3*2 ft./(sec.)*, or 98 centimetres/(8ec.)*. 

(1^ 12 feet ; 8 ft./sec. ; 1461 and 1383 poundals. 

(15) 4 lb. 

(16) 12 feet; 1173 poundals. 

(17) 1 second. 46 ft. /sec. vp^ or 14 ft./sec. dmvn. Rising with a 

velocity of 48 it^lseo. 

(18) The weight of 3 tons. 

(19) The weight of 3^ tons. 

(20) The weight ascends at the same rate ; and whatever the 

monkey does the weight does tlie same. 


Examples XII. Pages 101, 102. 


(1) 73 seconds. 

(2) 1-875 mile. 

(3) The tension in the stringt being greatest at its lowest point 

(because of gravity), *1^he string is most likely to break 
there. The centrifugal force being equal to the weight 
of 100 lb., the velocity of the stone when the string hre^ 
must be 40 feet per seeond, It will start forw^ hori* 
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zontally with this velocity and desciibe a portion of a 
parabola~-striking tlie ground after the lapse of half a 
second 20 feet away. 

(4) In seconds ; 100 feet from where it would have dropped if 
the balloon had been stationary ; with 80 ft. /sec. vertical, 
and 40 ft./sec. lionzoutal velocity. 

(6) 600 feet, 225 feet. 

(6) 900 ft., 1800 ft. ; 3 seconds. 

(7) 10 seconds ; 400 feet. 

(8) 40 V6 ft./sec. ; 46*. 

(9) 40 V6 ft. /sec. ; 25 ft.; 24 seconds. 

(10) 40 ft/sec. 

(11) 204 miles ; 15,625 feet, or nearly 3 miles. 

(12) 100 ft./sec. 


^ Auglc. 

S 1 

Seconds. 

DisUnce 
in feet. 

Maximum 
olevatiofi 
in feet. 

0 

24 

.3000 

100 

.w 

374 

390()U 

5625 

45" 

53 

45000 

11*250 

60" 

65 

39000 

16875 

-30" 

4 

173 

100 

Droppeil 

24 

0 

100 


Examples XHL Pages 105, 106. 

(1) 0*999785 of a second. 

(2) 32 0763. 

(3) 216. 

(4) 261 ; 99*396 centimetres. 

(5) 87| inches. 

(6) 8531. 

(7) ife of RR IroIi. 

(8) thdt is to say 39*14 inches, *or 99*4 centimetres. 

(9) 32*0763 ponndals per lb. 

(10) 32*128. 
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(11) 0*3009, 0*5015, and 0*4012 sec. respectively. 

( 12 ) 624 . 

(13) w= 4 radians per sec.; v=8\/3 ft./sec.; ^=4* seconds. 


Examples XIV. Pages 109, 110. 


(1) 24 inches. 

(2) 6\/3 inches (Lc. about 10*4 inches) from the middle; 1*46 

seconds. 

(3) At a distance from the hinge = § of the breadth of the door. 

(4) 1284 ft. /sec. 

(5) 14 seconds ; 131 inches. 

(6) 2jV seconds. 

(7) At any point 10 inches from its centre. It will swing 

quickest about an axis distant 17*32 inches from the 
centre. 

(8) of simple pendulum Mass =3w. 

(9) Length same as in No. (8) ; Mass = Jwl* 

(10) Time of complete swing =1*88 sec. 

(11) 31b. 

(12) 150. 

(13) “VO second®* 

(14) 1280 ft/sec. 


Examples XV. Pages 128-132. 

(1) IGV^feet per second. 

(2) 2400 foot-poundals, or about 75 foot-pounds. 

(3) 4 ft./sec. 

(4) (By equating the initial and final energies) 615*8 ft/see. 

(5) 689 feet per second. 

(6) Sith of the weight of the projectile. 

(7) 400 poundals ; second. 

(8) 93} lbs. weight. 

(9) 2174 s*^ foot-poundals, orobout 68 foot-pounds. 

(10) 28} million foot-poundals, or about 880 thousand foot- 

pounds, «.e. nearly 400 foot- tons. 

(11) About 15,600 foot-tons. 

(12) 2000 foot-poundals, or about 62 foot-pounds. 
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(13) 100, OCX) foot*poaiid8 per minute, or about 3 horse-power 

(see No. 19). 

(14) 13} tons weight (nearly). 

(15) 155 foot-pounds ; energy at lowest point, 45 foot-iK)unds, 

. 46- x=U, i.e. it rises Hf feet. 

(16) 171i : 236. ' 

(17) 67 tons weight 

(18) of the weight of the truck s the weight of liV cw^t j 
40 ft/sec. 

(19) 98,ar. 

(20) 35/r lb. weight 

(21) 314*16 foot pounds ; 141^ British units. 

(22) Energy = 1 foot-ton ; momentum = 5666*8 British units. 

(23) xV of a hoi'se-power. 

(24) 37J lb. 

(25) 6400 feet 

(26) 600 (nearly). 

(27) 460 (nearlyt ^ 

(28) 0*17 ; 3*6 seconds ; 36 ft 

(29) 3221 tons weight 

(30) 264 foot-tons ; {a) 5*6 lb. weiglit ; (6) 7 lb. weight 

(31) 8640 foot-pounds ; 2180 footpounds. 

(32) The sliding body. 

(33) Energy of roller = mgh = + 4 ^ [See 

list in Sect 43.] 

Energy of slider = 

-mgh 

ssmgh - mgbfi^ 

. mgbta—mgh - 
-^mgh. 



height _ 1 
be^ 16* 


^The general solution is /i « 


(84) Energy as wigrA3sJnit^+ JIw* 



.-. of igh, 


and is therefore the same lor all the spheres. 
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(35) In the case of cylinders, of The average 

velocity will be half this final velocity, hence the time 
occupied in descending a slope s, whose height is A, is 



/ 14 

The time taken by a sphere would be 8 * 

. • . the ratio of the times = Jt€ 


(36) 560 foot'poundals, or about I7i foot-pounds. 

(37) 140 foot-pounds. 


Examples XVL Pages 145-147. 

(1) 10, 10v'2or 14-142, 10v3orl7-32, 10\/(2 + V2), 10V(2 + v3). 

(2) Each equals 6\/2. 

(3) 84 lb. weight (nearly). 

(4) The fractions of the weight in each case are 

V3~l 1 JL 1 V3tl 
\/2 * V3' V2' ' * 

The best way with a single cord is to use two nails as far 
apart as tlie eyes on the picture. 

(5) (1) ^of 10 lb. weight, =5-77 lb. weight; normal pressure 

= 11-55 lb. weight. (2) 5 lb. ^veight; normal pressure = 
8*66 lb. weight. 

(6) J ton weight. 

(7) {a) 200 V26 lb.; (6) 1000 lb. 

(9) \/247=:45-7. If OC be the resultant, in the diagram, of the 
given forces acting on the particle at 0, and if a circle be 
drawn on OC as diameter, any pair of choi-ds dra>vn through 
0 at right angles to each other will be a pair of components 
equivalent to OC, and therefore to the given forces. 
Their magnitudes are given by the equation ^*=247. 

(10) 6V67=37SuiiiUs. , 

(11) The forces can be reduped to I 04 units acting along the line of 

3\/3 

action of the greatest of the given forces, and perpen- 
dicular to it, the resultant being VII7. {Or, they may be 
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reduced to 9 units and 3 units acting respectively along 
the lines of action of the given forces 10 and 9. ) 

(12) 29*72. 

(13) (a) 2500 lb. weight ; (b) Depends upon a new set of the sail, 

and tlie wind speed, and too many assumptions to permit a 
satisfactory brief answer. 

(14) Resultant =25*58 units, 18*22 along AB, and 17*96 along DA. 

(15) 77 lb. (nearly). 

(16) Resultant = 24*2 lb. weight, its components along AB, AD 

being 15 A and 18x\ respectively. 

(17) j second. 

(18) S\/3=0*577. 

(19) In No. 18, 56V3(=97) lb. weight; in No. 17, 61*94 lb. 

weight. 


Examples XVII. Pages 166-169. 

(1) 5 and or 30 and - 10. 

(2) 3 inches frofh the middle. 

(3) 2 inches from the middle. 

(4) The diameter of the hole being its area is ^ of that of 

the whole disc; so the centre of gravity is ^th of the 
radius of the disc away from its centre, on the side oppo- 
site the hole. 

(5) Magnitude of resultant, 2\/2 lb. weight. Its line of action 

lies outside the square 3 inches from the point where the 
two larger force.s act, and is perpendicular to the diagonal 
through that point. 

(6) 5 foot-pounds. 

(7) 50 lb. weight. 

(8) 86*6 and 100 lb. weight. 

(9) A couple whose moment is 3 foot-pounda 

(11) 133i lb. weight; 1663 lb. weight. 

(12) Each equals 15 lb. weight. 

(13) 27* and 32xV lb. 

(14) 4 feet. 

(15) 86} and 293}. 

(16) 6*58 Inches from the opposite corner, i.e. nearly } inch from 

the middle. 

(17) i inch from centre of disc. 

(18) 5} inches from the Ist side of the square, and 4} inches from 

the 2nd side. 
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(19) 7 inches from the Ist side of the square, and 5 inches fi'om 

the 2nd side. 

(20) On the diagonal joining the 3 and 6 lb. weights, 7 inches 

from the latter. 

(22) 8 inches from the vertex. 

(23) 7 inches from the heavier weight. 

(24) 1 inch. 

(25) inch from tlie middle. 

(26) 3 inches from the loatled side. 

(27) 21*6 inches from the shorter bar, and 9*6 inches from the 

longer. 

(28) 13;^ inches from the top, and 10{ from the bottom. 

(29) 12*8 inches from the top, and 11*2 from the bottom. 

(30) 1 ’282 inch from the centre, away from the hole. 

(31) About IJ inch from the centre of the plate. 

(.32) iV inch from centre of plate. 

(33) A- 

(.34) S of height from the shortest side =2*06 inches £rqm that side. 

(35) 2*18 inches, i.e. } 2 of the height, from'the shortest side. 

(36) 4i\ inches fronj the remaining short bar. 

(37) li inch from the shortest side, and 1 inch from the 

medium side, in each case. 


Examples XVIII. Fa^^es 189-191. 

(4) 10 lb. weight. 

(5) 5\/2 lb. weight. 

(7) At a height :;^2^h of the length of the rope, because then 

the perpendicular distance of the rope from the base of the 
column will be greatest, and therefore the moment of any 
stress in the rope about it will be a maximum. 

(8) 45". 

(9) 30". 

(10) 5 feet 4 inches. 

(11) 10 lb. weight, at an angle of 30" l>elow the horizontal. 

(13) If 21 is the length of the bar, and a is the distance of the 

rail from the wall, Mie point of the rod which rests on the 
mil is at a distance z from its wall-end given by 

(14) 11*3 and 80*8 lb. weight. 

(17) 5 ft. 8 in. ; 64*7 and 41*4 lb. weights 
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(18) It will fall over when the slope is 3 vertical to 8 horizontal. 

(19) A horizon tal. force of (about) 7 lb. weight applied 6 inches 

up. 

(20) 5]\ inches above the ground, i.e. ^ of an inch below the 

centre of the sphere (which is the nietacentre). 

(21) Stable. 

(22) 244® (by protractor, approx.). 

(23) 2 inches from the centre ; 1 foot-pound. Considering the 

circular cross-section of the cylinder which contains G (the 
centre of gravity), G will lie somewhere on a concentric 
circle of 2 inches radius. The vertical line through the 
point of support will cut this circle in two points ; G must 
be at one of these points— the upper will give unstable, 
and the lower, stable equilibrium. 

(24) 1 vertical to 3 .slant. In this case the vertical line through 

the i>oint of support will just graze the above described 
gravity circle. 


Examples XIX. rages 200-202. 

(3) 448 i>ounda1s, or a weight of 14 lb. 

(4) 17-4 lb. weight. 

(6) r486 feet a second (nearly). 

(7) Accelei-ation of acceleration of tinie^^ 

4 V29 seoond.s. 

(8) of distance between hooks from middle hook. 

(9) 3 tons. 

(10) 10} J lb. weight ; nearly 2 ft./(sec.)*. 

(11) 39 cwt.; 9-908 lb. ; 1*293 lb. 

(12) Pulleys; I lb. each. Tensions; 7, 13, 251b. weight. 

(13) Pulleys; 2 lb. each. Tensions; 20, 38, 74 lb. weight. Ptill 

on 132 lb. weight. 

(14) Pulleys ; 5 lb. each. Tensions ; 20, 35, 65, 125 lb. weight. 

(15) 4| lb. weight 

(16) Weight = 48 times the required effort. During each turn of 

the windlass the end of the handle (where the effort isapplied) 
3 X 22 

moves through 3ir feet — — jfeet ; and the weight is 

22 22 

raised A this— viz. yI 5 ^ Therefore 

112 turns are require to raise the weight 22 feet 
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Examples XX. Page 210. 

(1) The strain is 3 parts in a thousand ; the stress is 600,000 

grammes weight per square centimetre, hence the ratio 
of stress to strain, or Young’s modulus, is 200 million 
grammes per square centim., or about 200,000 atmospheres 
linear traction per unit strain. 

Note.— 'B y an 'atmosphere' is meant a pressure of about 14'6 lb. to the square 
inch, or 1 ton to the square foot, or a kilogramme per square centimetre, 
or 30 inches of mercury, or 84 feet of water; or, when precise, 75 cm. of 
mercury at a certain temperature. 

(2) 200 atmospheres, or a load of two kilogrammes. 

(3) Tiu E traction. 

(4) i^js E thrast. 

(6) 1000 times 14*6 lb., or say 64 tons. 

(6) One-fortieth per cent. 

(7) Three- twentieths per cent. 

(8) Three parts in two thousand for about 60 atmospheres, or 

*000025 per atmosphere. 

(9) The volume elasticity is nearly the*reci{)rocal of the last 

answer— namely, 40,000 atmospheres; the Young’s modu- 
lus is 60,000 atmospheres. 

[To complete this it may be as well to state, without proof, that the reciprocal of 
the rigidity of the above material would be two-tenths plus two-fortieths 
per cent, for the 60 atmospheres, or that the rigidity itself would be 24,000 
atmospheres.] 

(10) 150 parts in 20,000, or about three- quartern of one per cent, 

(11) The average compression would be that at the depth of 1 

mile, found above. Hence the rise of level would be three 
parts out of each 400 in the two mUes— namely, about 120 
feet. [John Canton, 1747.] 

(12) 1 atmosphere. 

(13) 1 *4 atmosphere. 


Examples XXL Pages 222, 223. 

(1) The meclianical advantage of the lever is 60, and of the 

press itself 256 ; hencJ, the total mechanical advantage is 
15,360, and the greiitest weight the man can raise is 1440 
tons. 

(2) 13,600 grammes weight on the bottom, and 6800 on each 

side. 
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(3) 2075 grammes weight, made up as follows : (1) 125 grammes 

weight on the upper half of the side, due to the water, 
acting at a point § down that half, i,e, cm. from the top ; 

(2) a transmitted pressure of 250 grammes weight on the 
lower half, due to the water, and acting at the centre of 
that half, t.c. 7i cm. from the top ; (3) 13*6 x 125 grammes 
= 1700 grammes weight on the lower half, due to the 
mercury, acting § down that side, t.c. 8i cm. from the 
top. These make a total pressure of 2075 grammes weight 
acting at 2*07 cm. from the bottom. 

(4) 30 * atmospheres * or about 440 lb. weight per square inch. 

(5) T tonnes^ or 3141*6 kilogrammes weight. 

[The atmospherfc pressure >vould hold them together about ten times as strongly 
if the interior were exhau8t«<!.) 

(6) 14 tons (nearly) ; 3^ tons (nearly). 

(7) Downward pressure on base = 250 lb. weight. 

Pressure on each side = 140\/»> 11>- weight, of which 
140 Ib.^ weight is the vertical component. Weight of wedge 
in order to float»= 280 - 250 = 30 lb. 

(8) 124 tons weight, acting horizontally 8J feet from bottom of 

gate. 

(9) 6154 lb. weight ; 6 inches down. 

(10) 3-077 lb. weight ; 4 inches down. 

(11) 74| lb. weight. 

(12) 10001b. weight. 

(13) 2i. 

(14) (a) ^ — or about 107 lb. weight per sq. centimetre; (h) 11 J 

tons weight ; V (20)®=:571 t» 

(15) (a) 1543J foot-pounds; (b) of (a) = 868 foot pounds. 

Examples XXII. 238-241. 

(1) tonnes, or 41 88 -8 kilogrammes weight. 

(2) 1500 grammes. 

(3) 816 cubic centimetres. 

(4) 0*7. 

(5) 0'8421 and l-Od ; i.e. \i and 

(6) To the dirision 100. 

(7) 1*2. 

(8) 9*5 grammes. 

(9) 5. 
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(10) 0*6 and 3 respectively. 

( 11 ) 1 * 8 . 

(12) 3-2. 

(13) i. 

(14) cubic inches (nearly) ; sp. gr. « 6. 

(15) I 

(16) 2 05 approx. 

(17) 1*6. 

( 18 ) 1 . 

(19) 50 parts of each. 

(20) 14 inches ; ?• 

(21) (1) 10: -44; (2) 168:167. 

(22) M; (2) 19; (3)1?: 

(23) 0-7. 

(24) 7 : 6. 

(25) 2i and |. 

(26) 0*113 millimetre; 8 grammes. 

(27) 250 cubic centimetres. 

(28) 6r\ and jg* 

(29) Volume = 14§ cubic centim.; diameter = 3*02 centim. 

(30) 209 iV grammes. 


Examples XXIIT. Pcu/es 256-^251. 

(1) 75 centimetres. 

(2) 13*6 inches. 

(5) 3 inegadynes per square centimetre. 

(6) Al)Out 12 tons weight. 

(7) 80*517 grammes. 

(9) 9*523 grammes. 

(11) 14*2. 

(12) 11*3 metres. 

(13) 1334. 

(14) 74iV inches. 

(15) 1019*7 gi*ammes weight, = 1,0(X),325 dynes. 

(16) 1354*7 grammes weight per Siqnare centimetre. 


ExAMPLE5f XXIV. Pages 264-266. 


(1) 17 feet. 

(8) 74 centimetres. 
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(4) After one stroke, 70 centimetres ; after two, 63*4i ; after 

three strokes, 57*6426, and so on ; each time dividing by 11 
and multiplying by 10. 

(5) *652 ton weight per square inch. At a depth of 3366 feet 

(6) (Neglecting the thickness of its wall, and taking the haro- 

inetric height as equal to 34 feet of the water), 0. 

(7) 15 to 17. 

(8) 1005 grammes weight 

( 9 ) 10 . 

(10) It is re<lnce<l to A hy 1 stroke, and to in 2 strokes. 

(11) 0*463 of its initial pressure. 

(12) 29rV- 

(13) 38 ft, or 40 ft, according as barometer is taken as 34 or 

32 ft 

(14) 9 feet, leaving only 1 foot depth of air space. 

(15) 500 cubic feet. 

(16) 66J inches of mercury. 

(17) m atmo^here. 

(18) .30inchdS. . . 

(19) Mercury has risen 1| cm. ; ie. lip is submerged 6^ cm. 
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Set I. Pages 267, 268. 

Air-resistance neglected tlironghout.1 

(1) 40,000 feet ; 100 seconds. 

(2) 5 seconds after the last ball is thrown, at a height of 660 

feet. 

(3) 2 seconds. 

(4) 640 feet below the balloon ; velocity y 224 ft./se<;. downwards. 

(5) 52 ft./sec. 

(6) In 10 seconds ; 240 ft. /sec. 

(7) In JVIO 01’ about 0*8 second. 

(8) In 2^ seconds, 100 feet from the top. 

(9) 240 poundals, or 7i lb. weight; IJ second. 

(10) Vertically as seen by the passengei-s ; in a portion of a pam- 

bola whose vertical and horizontal dimensions are about 
9 feet and 57 feet respectively, relatively to the earth. 

(11) It goes up 16 feet, describing a parabola so as to be always 

vertically over tlie man's hand, to which it returns in 2 
seconds, having really travelled a horizontal distance of 
about 150 feet. 

(12) 74 seconds. 

(13) 47cwt.; 180 feet. 


Set II. Page 268. 

» 

(1) Magnitude = V31=5-57. Equivalent to 0, 0, 0, 0, 1, 6 in 

the given direction. 

(2) 26 along line of greatqf^t force. 

(3) 19 lb, weight in the long cord ; 107*3 in the short cord. 

(4) 7 '3 feet and 11 -6 feet. 

(5) 99 *4 and 54*6 lb. 
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(6) 10 units, at 4*6 inches from first force. 

(7) 8i feet 

(8) 7i inches from the middle of the pole. 


ISet hi. Pages 268. 269. 


(7) 76 centimetres. 


Set IV. Pages 269, 270. 

(3) 16*94 02 . weight ; 2 ft. /sec. per second. 

(5) 33 inches from the side containing the first two >veights, and 
equidistant from these weights. 

(7) 933,912 dynes per square cm. — i.e., *934 atmosphere. 

(9) HorizonM pressure^ lOJ ; vertical, 56 ; gnnnul resultant, 
presstire, alMut 57. 

(10) 576 feet ; 12 8econd.s ; 432 feet up. 

(11) 40 ft/s^. pqr second ; 500 feet 

(12) 2*15 lb. weight 


Set V. Pages 270-272, 

(2) V2 times as long. 

(3) 210J feet ; 38 seconds. 

(4) 4^r®mr-5*T^. 

(6) iVi6 (i.e. nearly 2) seconds. 

(7) 3 of the length of the ro<l from the axis. 

(8) The vertical through the weight must pass through the 

intersection of the lines along which the unloaded rotls lie. 

(9) It must make an angle with the plane equal to the angle of 

repose. 

(10) 16 inches; 

(11) 7; 72 grammes. 

(13) 3*1S kilogrammes. 

(14) If At is the coefficient of friction with the ground, and /i' with 

the wall, and if the centre of gravity is - of its length 

I ft 

from the ground, then, if h is the elevation of the top of 
the ladder, and b is the distance of its foot from the wall, 

I .V, I 
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(16) a4-Ai\/3, where a is the length of all edge of the pyramid, 
and /A is the ooefficient of friction. (The drawing cord must 
be fastened to an edge^ to give this best chance of not up- 
setting. ) 

(16) V iun^t be greater than s/{gr). 


Set VI. Pages 272, 273. 

(3) In seconds ; 3250 feet. 

(5^'.4i ft. /sec. per second ; 60 feet. 

(6) Tension = 10} ? lb. weight ; acceleration = 

(8) The recoil velocity is j of the approach velocity. See also 

answer to IX. (13). 

(9) The required moment exceeds the central moment by 

the product of the mass into the square of the distance 
between the axes. 

(10) If a is the distance of the centre of rod from th^ axis of sus- 

pension, and X the length of the equivalent simple pen- 
dulum, a(a;~a)=i*y^ ; » is a maximum, and the time of 
swing is therefore a minimum, when 

(11) One five-hundi*edtli of an inch. 

(12) ii. g varies apparently on account of centrifugal force, and 

really on account of the shape of the earth. The two 
effects add together. 

(13) iii. By equating the weight of a satellite or planet to its 

centrifugal force. 

(14) Directly as distance from centre. About 21 minutes. The 

motion is simply harmonic and independent of amplitude. 
The maximum velocity at centre is VfS'R)* and g varies 
directly with R if density is given. Hence linear size -r 
velocity is constant. 

1 12 
(16) The rod has ~th immeraed, such that n-f or if water 

is above pivot, such that n^s=:l; otherwise the rod is 
vertical. 


Set yiL Page 274. 

(1) 196 feet ; 112 feet per second. 

ifi) 21 secs. ; 2500 feet from base of tower. 

T 
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(3) if of 3 cwt. ; or 2834 lb. weight. 

(4) 1*06 foot, 2*16 feet per sec. 22*4 lb. weight 

(5) 1664 feet per see. 

(6) 24*7 revolutions per sec. 

(7) Speeds pro]>ortional to the chords. Times all the same. 

(9) 30*73 foot-second units. 

(10) 31,260 feet; 44*2 seconds; 7812*6 feet 

(11) A^ut 80 lU per inch of width. 
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1. Omission from Sect, 103 {page 126). 

Tims, in the cajse of a bent bow, the force with which the arrow 
has been pulled lias varied from zero to a maximum, of perhaps 
56 lb. weight. In that case, since the force is proportional to the 
strain (see sect. 158, Hooke's Law), the average force was 28 lb. 
weight, and so if the range of pull is 1 foot^ th%amo6nt of energy 
stored up in the elastic strained wood of the bow is the equivalent 
of 28 foot-pounds. 

This energy is imparted to the arrow when the string is released, 
and accordingly it flies off with 28 x 32 F.P.S. units of energy. If 
its mass is 4 ounces, this means an initial velocity of 84*6 feet 
per second. A very high initial velocity can be obtained by the 
use of a light straw needle-pointed aiTow and a tapered bow of 
light stiff wood, like deal. Such an aiTangement is used by Mr 
Boys for the purpose of drawing out molten quartz with extreme 
rapidity into excessively fine fibres. 
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The C.G.S. system of units, as now adopted 
•throughout Europe, is as follows : 

Tha eettiimetre is the unit of length. A second 
is the unit of time. The cubic centi- 
metre is the unit of volume. 

The mass of one cubic centimetre of distilled 
water at its temperature of maxiiuuiti 
density is called a gramme^ and is the 
unit of mass. 

(For the derived unltA dyitr and see sects. 46 and 86.) 

The weight of a pound = 445,000 dynes (approx.), 
atmosphere pressure == 10^ dynes per sq. centim. 
• • =s 75 centiins. of mercury. 


1 foot as 

1 cubic inch =a 

1 pound = 

1 gramme = 

The weight of a gramme = 


30*48 centimetres. 
16*387 cubic centima 
453*59 grammes. 

15*43 grains. 

981 dynes (approx, in 
these latitudes). 
1 centimetre = *3937 inch. 

1 metre « 3*281 feet. 

1 litre = 1000 cubic ccntinis. 

A velocity of one mile per hour = 44*704 
centimetres per second. 

The weight of one grain = 63*57 dynes. 

A pressure of one pound-weight per square 
foot as 479 dynes per square centiiilbtre. 
An acceleration of 32*18 feet-per-second per 
second as 981 centimetres-per-second per 
second. * 

33 centimetres as p inches very nearly indeed. 

For further details, ^ Professor Everett’s book, 
Units and PhfsicaX Constants. 
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